SOME FIBBONACCI GENERATING FUNCTIONS

JANUARY 21, 2008

The following problems are all connected. Build up the library of generating functions you know
by solving for the generating functions in the exercises below.

Recall F(q) e ano Fn—i—lqn — 1_q_q2 and L(q) = ano Ln+1qn = 1i—5322

(1) (a) Use the fact that (A(q) + A(—q))/2 = 3,50 a20.¢*" to give a generating function for
the odd Fibbonacci numbers Fyqq(q) = > ,~0 Fon+14™
(b) Use the fact that (A(q) — A(—q))/2 = Zn>_0 azn+1¢°" ! to give a generating function
for the even Fibbonacci numbers Feyen(q) = Ym0 Font2q™.
(2) Use the same tricks to find the generating functions for the even and odd Lucas numbers,

Lodd(Q) = ano L2n+1qn and Leven(Q) = ano Lopt2q".
(3) (a) Use the following set of three formulas:

F? = Fp(Foo1 + Fog) = FuFyoy + FuFs
FouFos1 = Fo(Fy + Fao1) = Fy + FoFo
FoyoFy = Fo(Fpi1 + Fy) = Fyp1 Fy + Fa
to write down three equations with the generating functions D) (q) = Soso B2 119",
D(l)(q) = ano Foi1Fni0q™, D(Q)(q) = ano Fo11F,13q". Use those equations to
solve for D (q), DM (q), D@ (q).
(b) Find a formula for D®) (@) = > >0 Fnr1Fnyaq” by replacing Fy, 4 = F i3+ F 0 and
expressing it in terms of D®(¢q) and DM (q).
(4) (a) The Lucas number satisfy the same recurrence as the Fibbonaci numbers from the
previous problem. Use the same technique to find formulas for E(©) (q) = S0 L2 14"
EW(q) = ano Lyt1Ln12q", E®(q) = ano Lni1Lnt3q".
(b) Find a formula for E(3)(q) = 50 Lnt1Lntaq" by replacing Ly 44 = Lyy3+ Lypqo and
expressing it in terms of E®)(q) and EM(q).
(5) (a) Use the results of the previous problems and the fact that L,, = Fj,11 + F,,—1 for n > 2
to give a formula for the generating function M) (q) = Y om0 Frv1Lns1q".
(b) Use the generating functions D (q), DM (q), D®(q) to give a formula for the gener-
ating function M(l)(q) = s0Fnrolniiq™
(c) Use the previous two problems and the fact that L, 2 = Ly 11 + Ly, to find a formula
for the generating function M=V (q) = 3>, oo Fut1Lnt2q"
(6) (a) Find a formula for Feyensgr(q) = 2,50 Faoniod™-
(b) Find a formula for Fyagsqr(q) =D ,50 F22n+1q”.
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Record your answers below:

Foaa(q) = 1429 +5¢° +13¢° +34¢" + - = > Fopaq”
n>0
Feven(q) = 14 3¢ +8¢° +21¢° + 55¢* + -+ = Y Fyniaq”
n>0
Loaa(q) = 2+3q+7¢° +18¢> +47¢" +--- = > " Lopy1q"
n>0
Leven(q) = 1+ 4q + 11¢° +29¢° + 76¢* + - =Y Lony2q"
n>0
D) =1+q+4¢> +9¢°* +25¢" +--- = F2,,q"
n>0
DW(q) =1+ 2¢+ 64" +15¢° +40¢" +--- =) Fy2Fi1q"
n>0
D®)(q) =2+ 3¢ +10” + 24¢° + 65¢* + -~ = > FuyaFnia1q"
n>0
D®(q) =3+ 5¢ + 16¢> + 39¢° + 105¢" + - =Y FoaFnia1q"
n>0
EO(q) =4+ q+9¢° +16¢° +49¢" + - =D L2 ,,¢"
n>0
EW(q) =2+3¢+12¢° +28¢° +77¢" + -+ =) LujoLns1q"
n>0
E®(q) = 6 +4q +21¢° + 44¢° +126¢" + - = > LoysLut1q"
n>0
E®(q) =8+ 7q+33¢> + 72¢° + 203¢* + - = " LypsaLni1q"
n>0
MO (q) =1+3q+8¢ +21¢° +55¢* +--- =Y FuprLusag"
n>0
MW (q) =1+ 6q +12¢° +35¢° +88¢" +--- = > FuyaLnt1q"
n>0
MUV(q)=3+4¢+14¢* +33¢° +90¢* + - =) Fri1Lnyaq”
n>0
Fevensgr(q) = 1+ 9¢° + 64¢° + 441¢° + 3025¢" + -~ = > F3,,»q"
n>0
Foaasgr(q) = 1+ 4¢% + 25¢° + 169¢° + 1156¢" + -+ = Y " F5, 1" =

n>0
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P =1,F=1F3=2F,=3F;=05,F =8,F; =13, Fg =21, Fg = 34, F190 = 55
L1 =2Ly=1,L3=3,Ly=4,Ls=7,Lg=11,L7y =18, Lg =29,Lg =47, L19 = 76

Using the equations that you found above, find a generating function proof of the following identities
for n > 0:
F\Fy+ FyF3+ F3Fy+ -+ + Fopp1 Fopo = Fi o
FE+F;+Fi+ + F2=Fp1Fypo
Fi+ F3+ F5+ -+ Fopng1 = Fongo
Fi B+ By Py + FsFy+ -+ FopoFopis = Fy g — 1
Fni1Lpi1 = Fopgo
E2 o+ 2F1Foio = Fonya
Fis—Fiy = Fonga
Flo=FnpFops+ (-1

Fn+2Fn+3 = Fn+1Fn+4 + (_1)n—1

(10)
FotoLlnio + Fry1Lni1 = Lonys
(11)
Fovolnto — Fpy1Lnt1 = Fopys
(12)
S(Fp+Fha)=Lig+ L2
(13)
5Fpy — Loy =4(=1)"
(14
L2, —2Loyo = —5F;
(15)
Fria— Fny1 = 2F549
(16)
Foya+ Foy1 =2F,43
(17)
Foys + Foy1 = 3Fn3
(18)

Fn+5 - Fn+1 = Ln+3



