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EXERCISES

I. Prove that
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2. Prove that
18 4+29 43374 ARt =(1+2+3+4, . .+ n)i
[Hint: Use Theorem 1-1.]
3. Prove that
¥ eyt=(x—y)(xr? T Ty a4 y" oy,

4. Prove that
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5. Prove that
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7. Suppose that Fi=1.F=1F,= 2, F,=3,F,=5, and in
mw:ﬁ.& m.: =F, i+ T, , forn 23. (F, is called the nth
Fibonacci number,) Prove that

mﬁ,_+ﬁm+.ﬂa+...+m‘,~_Hﬂ=+n|H.
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In Exercises 8 through 16, F, stands for the nth Fibonacei
number. (See Exercise 7.]

8. Prove that
FoFot Byt Fo = Fa
9. Prove that
Fot+ F,+Fe+. . .t F,=F. — L
10. Prove that
= F.F, = (—1%
11. Prove that
F Fo+ FoFo+ FyFy+ .+ Fas Fuy=Fi,.
12, Prove that
FIF,+ F,Fy+ FyF o+ .+ Fy Fopn = Fi,..—1

13. The Lucas numbers L, are defined by the cquations
i,=1, and L,=F,,, + F,_, for each n = 2. Prove that

H.,:“. H _uT P:..u _Ta W“wv.

14. What is wrong with the following argument?

“Assuming L, = F, for n=1.2, ...k, we see that

Li =L+ L, {lry Exercise 13}
=F,+F;., {lyy our assumption)
=Fy.1 (by definition of Fy_,}

Hence, by the principle of mathematical induction,
F,= L, for each positive integer n.”

15. Prove that F,, = F,L,.
16. Prove that

Ly+2L,+4L, +8L,+ ... +2" 'L, =2"F, ., — L.
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17. Prove that n{n? — 1) (3n + 2) is divisible by 24 for each
positive integer n.

18. Prove that if n is an odd positive integer, then x + y iy a
factor of x" + y*. (For example, if n =3, then x* + y® =
(x +y) (22— xy + y2).)
1-2  THE BASIS REPRESENTATION THEOREM
Early in grade school, you learned to express the integers in
terms of the decimal system of notation. The number ten is said to be
the base for decimal notation, becausc the digity in any integer are

coeflicients of the progressive nowers of 10,

Example !-I: In the decimal system, two hundred nine is
written 209, which stands for

2-102+0-100 4 9- 100,

Similarly, for four thousand one hundred twenty-nine we write 4129,
which stands for

4-10° + 11024+ 210"+ 9-10°
We can likewise express integers in binary, or hase two, notation.
In this case the digits 0 and I are used as the cocflicients of the

progressive powers of 2,

Example 1-2: In binary notation, we write twenty-three s
10111, which stands for

124 4+0-27 41924 1204 1.0
and thirty-six has the form 100100, which stands for
127402040294 1.22 £ 0-21 4 (20,

The basis representation theorem states that each integer greater
than 1 can serve as a hase for representing the positive integers,

THEOREM 1-3 (Busis Representation Theorem): Let § he any
infeger larger than 1. Then, for cach positive integer n, there exists o
representation

n=ak kg ., (1-2-1)
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twhere a, # 0, and where each a; is nonnegative a:&.ﬁm_ﬁ W}Mz .ﬁw_
Furthermore, this representation of n is unique; it is called the
representation of n to the bhase k.

REMARK: For each base &k, we can also represent 0 by letting
all the a; be equal to 0.

Proor: Let b.(n) denote the number of representations of n to
the base k. We must show that by(n) always equals 1.

It is possible that some of the coefficients ¢; in a particular
representation of n are equal to zero. Withont affecting the representa-
tion, we may exclude terms that are zero. Thus suppose that

8- r
n=akt+a kP 4+ L+ a, k.
where now neither a, nor a,.., equals zero. Then

Q:mﬂ.gl_l .m.._.;_mz I Qzu__suﬂ__l._.
=akttak '+ (g, DK+ K-

) w.
=gkt ta ks "+.. . +la,,— Lk + N. (k— 13k

iTn

n—1

by Theorem 1-2 with x = k. Thus we see that ?.: euch qmcﬂmmazﬁm:c_d
of n to the basc k, we can find a representation of n — _,. If n has
another representation to the base k, the same procedure will vield a
new representation of n — 1. Consequently

be(n) = boin—1). (1-2-2)
It is important to note that inequality (1-2-2) holds even if TE,M no
representation because b{n) =0 = b, (n — 1) in that case. Inequality

(1-2-2) implies the following inequalities:

biln +2) = h.{n t 1) = byin),
bp(n+3) = b (n+2) = b(n+1) = bn).

and, in general, if m = n + 4,
bulm) < b(m — 1) = by(m—2) = ... < bdn~1) = bn).

Since k" > n hy Corollary 1-1, and since k" clearly has at least one
representation (namely, itself), we see that

L = b (k") = b{n) = b, (1) = 1.
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The extreme entries in this set of inequalitics are ones, so that all of
the intermediate entries must be equal to 1. Thus by(n) =1, and
Theorem 1-3 is cstablished. [ |

Once a base k{k > 1) has bheen chosen, we can represent any
positive integer n uniquely as a sum of multiples of powers of k:

n=agk'+a,_k"+...+ak+a,

where a,, a,, ..., d, stand for nonnegative integers less than k. This
representation is usually denoted by the symbol “a,a, ;... a1a,"
{not a product). For bases less than or equal to ten, the g, are
chosen from the symbols 0, 1, 2, ..., 9 with their usual meanings;
however, if k is greater than ten, one must invent additional symbols
in order to have a total of & different symbols (one for each of the
integers from zero to k—1).

Exampie 1-3: Let A stand for ten; B, for eleven; C, for twelve;
D, for thirteen; E, for fourteen; and F, for fifteen. Using these symbols,
we write three hundred to the base sixteen as 12C, that s,

1-16242-16"+12 - 16°

Similarly, two hundred is represented as C8; one hundred, as 64;
and ten, us A,

This ability to represent integers to any base greater than one is
much more than a mathematical curiosity, The bases 2, 8, and 16 are
important in computer science. More useful to us, however, is the
applicability of Theorem 1-3 in the proofs of many results ahout in-
tegers. We shall obtain some of these results in the next chapter.

EXERCISES

1. Write the numbers twenty-five, thirty-two, and fifty-six to
the base five.

2. Write the numbers fortyv-seven, sixty-eight, and one
hundred twenty-seven to the base 2.

3. What is the least number of weights required to weigh any
integral number of pounds up to 63 pounds if one is allowed
to put weights in only one pan of a balunce?

4. Prove that each nonzero integer may be uniquely represented
in the form
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L] .
n=73 ¢¥,
i=n

where ¢, # 0, and each ¢; is equal to—1, 0, or 1.

5. Using Exercise 4, determine the least number of weights
nm@:?mm to weigh any integral number of pounds up to 80
pounds if one is allowed to put weights in both pans of a

halance.
6. Prove that if
akt +a, kot ag

is a representation of n to the base k,then 0 <n=k*1—1L
[Hint: Use Theorem 1-2.]

7. Without using Theorem 1-3, prove directly that j,ao dif-
ferent representations to the base k represent different
integers, [Hint: Use Exercise 8.1
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