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Hints about what is coming:

Kronecker coefficients are the multiplicities of  irreducibles in the restriction 
of  irreducibles of  the partition algebra and the multiset partition algebra.

The combinatorics/dimensions of  irreducible partition algebra modules are 
governed by set valued tableaux.  The combinatorics/dimensions of  
irreducible multiset partition algebra modules are governed by multiset tableaux.

There should be operations on set and multiset valued tableaux that model 
representation theory operations of  restriction, induction, commuting tensor factors, etc.

Goal: develop combinatorics of set valued and multiset valued tableaux 
to understand the Kronecker and restriction/branching from Gln to Sn.

There is an algebra of  multiset partitions which is the centralizer algebra 
of  the symmetric group algebra when it acts on polynomials.



Part I - The multiset partition algebra 
and its irreducible representations
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3313221

dimension of number of multiset valued tableaux of shape λ

dimension of number of set valued tableaux of shape λ entries in 1,2, …, kWλ
Pk(n)

Wλ
MPr,k(n)

with r values from 1, 2, …, k 2 12
1 1 11 112

11 112

3 17
2 6 49 10

5 8,11

Sn ⊆ Gln



Partition algebra orbit basis

Benkart-Halverson 2017
Partition Algebras and the Invariant Theory of the Symmetric Group



Partition Algebra diagram basis



Multiset partition algebra orbit basis

1 1 1 2

1 21 2
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∑

r≥0

qrdim Wλ
MPr,k(n)

=
∑

γ"n

χWλ
Sn (γ)

zγ

#(γ)∏

i=1

1

(1− qγi)k

generating function for the dimensions of the irreducibles

generating function for the dimensions of the algebra

∑

r≥0

∑

n≥0

znqrtrdim MPr,k(n) + other terms =
∏

i≥0

∏

j≥0

1

(1− zqitj)(
k+i−1

i )(k+j−1
j )

sλ

[
1

(1− q)k

]
=



Res
MPr,k+!(n)
MPd,k(n)⊗MPr−d,!(n)

Wλ
MPr,k(n)

!
⊕

ν"n

⊕

γ"n
(W ν

MPd,k(n)
⊗W γ

MPr−d,!(n)
)gλµν

Kronecker coefficients are the multiplicities 
of the irreducibles in a restriction 

(for both partition and multiset partition algebra)

“The partition algebra and the Kronecker coefficients”

Bowman, de Visscher, Orellana 2012

Res
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Part II - How to get at the combinatorics 
of  (reduced) Kronecker



Characters of irreducible            modules are Schur functions. Gln

sλ(x1, x2, x3, . . . , xn)

sλsµ =
∑

γ

cγλµsγWλ
Gln ⊗Wµ

Gln
"

⊕

γ

(W γ
Gln

)⊕cγλµ

Characters of irreducible            modules are “irreducible character basis”Sn

Sn ⊆ Gln

s̃λ(x1, x2, x3, . . . , xn)

s̃λs̃µ =
∑

γ

gλµγ s̃γW (n−|λ|,λ)
Sn

⊗W (n−|µ|,µ)
Sn

"
⊕

γ

(W (n−|γ|,γ)
Sn

)gλµγ

bign

Littlewood-Richardson 
reduced Kronecker



Combinatorial interpretations of

s̃λs̃a1 s̃a2 · · · s̃a!

λ = (2, 2) a1 = 2 a2 = 1

coefficients are
= number of multiset tableaux satisfying

• shape 

• content       barred                       unbarred

• lattice condition 

• no singletons first row

• no repeated entries

gνλ(a1)(a2)···(a!)

(n− |ν|, ν)
λ (a1, a2, . . . , a!)

see Rosa’s talk tomorrow

Example:

s̃(2,2)s̃2s̃1 = 5coefficient of       in s̃4
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3 4
2̄ 1̄2
1̄ 1

1̄2 4
2̄ 3
1̄ 1

1 4
2̄ 3
1̄ 1̄2

1̄3 4
2̄ 2
1̄ 1

2 4
2̄ 1̄3
1̄ 1

1 4
2̄ 1̄3
1̄ 2

3 1̄4
2̄ 2
1̄ 1

2 1̄4
2̄ 3
1̄ 1

1 1̄4
2̄ 3
1̄ 2

3 4
2̄1 2
1̄ 1̄

2 4
2̄1 3
1̄ 1̄

3 4
1 2̄2
1̄ 1̄

2̄2 4
1 3
1̄ 1̄

2̄3 4
1 2
1̄ 1̄

2 4
1 2̄3
1̄ 1̄

3 4
2̄ 12
1̄ 1̄
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2̄ 3
1̄ 1̄
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2̄ 2
1̄ 1̄

2 4
2̄ 13
1̄ 1̄

23 4
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1̄ 1̄

1 4
2̄ 23
1̄ 1̄
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1̄ 1̄
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1̄ 1̄

1 24
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1̄ 1̄
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1̄ 1̄

1 34
2̄ 2
1̄ 1̄

3 4
2̄ 2
1̄ 1̄1

2 4
2̄ 3
1̄ 1̄1

1̄1 4
2̄ 3
1̄ 2

λ g(21)(222)λ dim
(31) 2 3
(22) 2 2
(211) 3 3
(1111) 1 1
(21) 1 12
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sλsµ1sµ2 · · · sµr = sλsµ+ other stuff

combinatorial interpretation of LHS = skew

column strict tableaux of shape

content

γ/λ
µ

2 3 3
1 1 2

1 1 2

2 3 3
1 2 2

1 1 1

a column strict tableau is “lattice” if the last r letters of the reading word

contains at least as many i’s as i+1’s

“lattice” not “lattice”

“lattice” not “lattice”

sλsµ =
∑

T

ssh(T )

approach #2 - crystal bases or lattice condition 
(Littlewood-Richardson version)



The notion of “lattice” comes from the highest weights from a 
crystal structure on column strict tableaux

2 3 3
1 1 2

1 1 2

2
1 1 2

1 1 2
2 2
1 1 1 1 2

2 2
1 1 1 1 1

• crystal operators 
• jeu de Taquin 
• reading word 
• Bender-Knuth involution 
• standardization

2
1 2

1 1 1 2

2
2
1 1 1 1 2

2 2
1 1 1 1 2

2 2
1 1 1 1 1

2
2
1 1 1 1 1

2
1 2

1 1 1 1

2
1 1 2

1 1 1

2 3 3
1 1 2

1 1 1



s̃λs̃µ1 s̃µ2 · · · s̃µr = s̃λs̃µ+ other stuff

approach #2 - crystal bases or lattice condition 
(reduced Kronecker version)

combinatorial interpretation of LHS =

multiset tableaux of content       in barred

entries and         in unbarred entries

w/certain lattice conditions

λ
µ

12 13
2 3
1 2

11 12

ν = (2, 2, 2)

λ = (2, 1) µ = (4, 3, 2)



Thank you!



Motivation:
Pieri rules

Sn → Sn−1 remove a box

Gln → Gln−1 remove a row
Pk(n) → Pk−1(n) remove a box add a box

remove a some cells add some cells????

nk =
∑

λ!k
#SemiStdTabλn × StdTabλ =

∑

λ!n
#StdTabλ × SetTabλk

(
nk + r − 1

r

)
=

∑

λ!r
#SemiStdTabλn × SemiStdTabλk =

∑

λ!n
#StdTabλ ×MultiSetTabλr,k

RSK and symmetric functions



Combinatorial interpretations of

s̃λs̃a1 s̃a2 · · · s̃a! s̃λsa1sa2 · · · sa!
and

λ = (2, 2) a1 = 2 a2 = 1

= number of multiset tableaux satisfying

• shape 

• content       barred                       unbarred

• lattice condition 

• no singletons first row

• no repeated entries

(n− |ν|, ν)
λ (a1, a2, . . . , a!)

see Rosa’s talk tomorrow

Example:

s̃(2,2)s̃2s̃1 = 5coefficient of       in s̃4

coefficient of       in s̃4 s̃(2,2)s2s1 = 8


