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Outline

• Encoding Pieri rule in SYM, Schubert and dual k-Schur.

• Pieri Operators and quasisymmetric functions K[u,v].

• For SYM, Schubert and dual k-Schur:

K[u,v] is symmetric and we want Schur Positivity.

• Dual Knuth Equivalence graph for K[u,v].
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Pieri Rule in SYM

SλS(1) =
∑

µ/λ a box

Sµ =
∑
c∈Z

Suc(λ) .

In Young Lattice: 2
0

−2

uc : ZY −→ ZY,

λ 7−→


λ if λ/µ a box in (i, j) : i− j = c

0 otherwise.
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Pieri Rule in SYM

SλS(m) =
∑

µ/λ m-row strip

Sµ =
∑

i1<i2<···<im

Suim ···ui2
ui1

(λ) .

1

0

−2
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Pieri Rule in Schubert

Suh(m)(x1, ..., xr) =
∑

b1<b2<...<bm
ai<bi

Sur
ambm

···ur
a2b2

ur
a1b1

(u)

In Bruhat order:

156324 . . .

143625 . . .
∣∣∣r 4, 5

urab : ZS∞ −→ ZS∞,

u 7−→


(a b)u if

ul (a b)u

u−1(a) ≤ r < u−1(b)

0 otherwise.
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Pieri Rule in dual k-Schur

S(k)
u h(m) =

∑
b1<b2<...<bm

bi−ai≤k+1

S
(k)
uta1b1

···tambm

In k-affine Bruhat order:

|8 6̄ 3 1̄ 4 13|

···8̄ 1|12 2 3̄ 7̄ 2̄ 7 |6̄ 8 3 1̄ 4 13|︸ ︷︷ ︸
main

0̄ 14···
7, 8

tab : ZW 0 −→ ZW 0,

u 7−→


uta,b if ul uta,b and u(a) ≤ 0 < u(b)

0 otherwise.
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Pieri operator of POSETs

In Young lattice:

Hm =
∑

i1<i2<···<im

uim · · ·ui2ui1 .

In Bruhat order:

H(r)
m =

∑
b1<b2<...<bm

ai<bi

urambm · · ·u
r
a2b2u

r
a1b1 .

In k-affine Bruhat order of W = Ãk:

Hm =
∑

b1<b2<...<bm
bi−ai≤k+1

ta1b1 · · · tambm .
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Quasisymmetric function K[u,v]

Given Pieri Operator Hm we construct a quasisymmetric function

K[u,w] =
∑

α=(α1,α2,...,α`)

〈Hα`
· · ·Hα2

Hα1
(u), w〉Mα.
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Quasisymmetric function K[u,v]

Bruhat order with H
(3)
m :

142635

152634 143625 146235

153624 146325 246135 156234

156324 346125 256134

356124
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u13 u45 u23

K[u,v]3 = 2M22 +M31 +M13 + 4M211 + 4M121 + 4M112 + 8M1111

= F13 + 2F121 + 2F22 + F112 + F31 + F211

= S31 + S22 + S211. It is Schur positive !
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Quasisymmetric function K[u,v]

Given Pieri Operator Hm we construct a quasisymmetric function

K[u,w] =
∑

α=(α1,α2,...,α`)

〈Hα`
· · ·Hα2

Hα1
(u), w〉Mα.

THEOREM A: [B-Mikytiuk-Sottile-vanWilligenburg]

[
If HmHn = HnHm, then K[u,v] is symmetric.
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K[λ,µ] for SYM

Using the Pieri Operators Hm on Young lattice:

THEOREM B1: [Classic result]

(a) HmHn = HnHm, hence K[λ,µ] is symmetric.

(b) K[λ,µ] =
∑
α

dαλ,µFα, where

dαλ,µ counts the paths in [λ, µ] with descent given by α.

(c) K[λ,µ] =
∑
ν

cµλ,νSν , where cµλ,ν are the structure constants in:

[
SλSν =

∑
µ

cµλ,νSµ

In fact K[λ,µ] = Sµ/λ is the skew-Schur function
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K[u,w]r for Schubert

Using the Pieri Operators H
(r)
m on Bruhat order:

THEOREM B2: [B-sottile]

(a) H
(r)
m H

(r)
n = H

(r)
n H

(r)
m , hence K[u,w]r is symmetric.

(b) K[u,w]r =
∑
α

dαu,w,rFα, where

dαu,w,r counts the paths in [u,w]r with descent given by α.

(c) K[u,w]r =
∑
λ

cwu,λ,rSλ,

where cwu,λ,r are the structure constants in:[
Su · Sλ(x1, x2, . . . , xr) =

∑
w

cwu,λ,rSw
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K[u,w] for k-Schur

Using the Pieri Operators Hm on k-affine Bruhat order W = Ãk

THEOREM B3: [(a) Lam, (b)(c) BMSvW, B-Benedetti]

(a) HmHn = HnHm, hence K[u,w] is symmetric.

(b) K[u,w] =
∑
α

dαu,wFα, where

dαu,w counts the paths in [u,w] with descent given by α.

(c) For u,w ∈W 0, Grassmannian permutations,

K[u,w] =
∑
λ

cwu,λSλ, where cwu,λ are the structure constants in:

[
S(k)
u Sλ =

∑
w

cwu,λS
(k)
w
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Schur Positivity of K[u,w]

For SYM, Schubert and k-Schur, the Schur Positivity of K[u,w] is

mostly guaranteed by geometry. But we are interested to show

positivity with a combinatorial construction:

THEOREM C1: [classic]

The cµλ,ν are the Littlewood-Richardson numbers.

Many combinatorial constructions exist.

THEOREM C2: [Assaf-B-Sottile]

The cwu,λ,r are combinatorially positive.

THEOREM C3 (in PROGRESS): [B-Benedetti]

The cwu,λ are combinatorially positive.
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Dual Knuth Equivalence graph for K[u,w]

Bruhat order with H
(3)
m :

142635

152634 143625 146235

153624 146325 246135 156234

156324 346125 256134

356124
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K[u,v]3 = F13 + 2F121 + 2F22 + F112 + F31 + F211

S31 = F31 + F22 + F13, S22 = F22 + F121

S211 = F211 + F121 + F112
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Classical Dual Knuth Equivalence for K[u,w]

1

−2

−2

1

0

ucurut ↔ ucutur if r < c < t,

urutuc ↔ uturuc if r < c < t.

Breaks interval nicely into Schur functions.
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Dual Knuth Equivalence for Schubert K[u,w]r

with a < b < c < d

(A) uγcuαauβb ↔ uαauγcuβb,

uβbuαauγc ↔ uβbuγcuαa, if {a, α} ∩ {c, γ} = ∅,

(B) ubcuabubd ↔ uacucdubc,

ubduabubc ↔ ubcucduac,

(C) uβbuαauac ↔ uαauacuβb,

uacuαauβb ↔ uβbuacuαa, if {α, a, c} ∩ {b, β} = ∅.

Does not break interval nicely into Schur functions!!!

But this satisfies Assaf’s weak dual equivalence (checking more

than 20 000 cases by computer). A combinatorial induction shows

positivity.

Guanajuato, Agosto 2013 12/17 Positivity in CHA



Dual Knuth Equivalence for k-Schur K[u,w] –I–

tabtcdtef ≡ teftabtcd, if a < b = c < e < f < d and ā = d̄

tabtcdtec ≡ tecta,b−|c−e|ted, if a < b < e < f < c < d and f 6= ā = d̄ < b̄ = c̄

tabtcdtef ≡ td−n,ctb−n,atef , if a < b < e < c < d and ā = d̄ < ē < b̄ = c̄

tabtcdtec ≡ td̄ctb̄atec, if a < b < e < c < d and ā = d̄ = ē, b̄ = c̄

tabtcdtef ≡ teftabtcd, if a < b < c < e < f < d and ā = d̄, b̄ = c̄

utabtcdtef ≡ utd,c+rtb−r,atef , if a < b < e < f ≤ c < d, ā = d̄, u(c) ≤ 0, u(d) ≤ 0

utabtcdtef ≡ uteftabtcd, if a < b < c < e < f < d, ā = d̄, u(c) ≤ 0, u(d) ≤ 0

utabtcdtef ≡ utcdtb−r,btef , if a < b < e < f ≤ c < d, ā = d̄, u(d) > 0

utabtcdtef ≡ uteftabtcd, if a < b < c < e < f < d, ā = d̄, u(d) > 0

utabtcdtef ≡ utd−r,ctb,a+rtef , if a < b < e < f ≤ c < d,b̄ = c̄, ē = d̄ or ē < ā, u(a+ r) > u(b) > 0

utabtcdtec ≡ utecta,b−|c−e|ted, if a < b < e < c < d, b̄ = c̄, ē > ā, u(a+ r) > u(b) > 0

utabtcdtef ≡ uteftabtcd, if a < b < e < f < c < d, b̄ = c̄, u(a+ r) > u(b) > 0

utabtcdtef ≡ utd−r,dtabtef , if a < b < e < f ≤ c < d, b̄ = c̄, ē ≥ d̄, u(a+ r) ≤ 0
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Dual Knuth Equivalence for k-Schur K[u,w] –II–

utabtcdtef ≡ uteftabtcd, if a < b < c < e < f < d, b̄ = c̄, ē ≥ d̄, u(a+ r) ≤ 0

utabtcdtef ≡ utcdta,b−|d−c|tef , if a < b < e < f < d, c > b, ā < c̄ < b̄ = d̄, ē 6= ā, u(d− |b+ a|) > 0

utabtcdtef ≡ utc,d−|b−a|tabtef , if a < b < e < f ≤ c < d, c̄ < ā < b̄ = d̄, u(a) < 0

utabtcdtef ≡ uteftabtcd, if a < b < c < e < f < d, c̄ < ā < b̄ = d̄, u(a) < 0

tabtbctdb ≡ tdbtadtdc, if a < d < b < c and ā = c̄

tabtbctab ≡ tabtb̄ctab, if a < b < c and ā = c̄

tabtcdteb ≡ td̄ctb̄ateb, if a ≥ e < b < c < d and ā = d̄, b̄ = d̄

utabtcdteb ≡ utebtaetc−|b−e|,d, if a < e < b < c < d, b̄ = c̄, ē > ā, u(a+ r) > u(b) > 0

utebtaetc−|b−e|,d ≡ utebtd−r,dtab, if a < e < b < c < d, b̄ = c̄, ē > ā, u(a+ r) ≤ 0

uteatabtcd ≡ utebtc,d−|a−e|tea, if c < d < e < a < b, c̄ < ē, ā = d̄, u(b− r) ≤ 0

uteatabtcd ≡ uteatd,c+rtb−r,a, if c < d < e < a < b, c̄ > ē, ā = d̄, u(b− r) ≤ 0

uteftabtcd ≡ utabtcdtef , if c < d < a < e < f < b, ā = d̄, u(b− r) ≤ 0

uteatabtcd ≡ utebtc,d−|a−e|tea, if c < d < e < a < b, c̄ < ē, ā = d̄, u(b− r) ≤ 0
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Dual Knuth Equivalence for k-Schur K[u,w] –III–

uteatabtcd ≡ uteatd,c+rtb−r,a, if c < d < e < a < b, c̄ > ē, ā = d̄, u(b− r) ≤ 0

uteatabtcd ≡ utebtc,d−|a−e|tea, if c < d < e < a < b, c̄ < ē, ā = d̄, u(b− r) ≤ 0

uteatabtcd ≡ uteatd,c+rtb−r,a, if c < d < e < a < b, c̄ > ē, ā = d̄, u(b− r) ≤ 0

uteftabtcd ≡ utabtcdtef , if c < d < a < e < f < b, ā = d̄, u(b− r) ≤ 0

uteatabtcd ≡ uteatc,c+rtab, if c < d < e < a < b, c̄ ≤ e, ā = d̄, u(b− r) > 0

uteftabtcd ≡ utabtcdtef , if c < d < a < e < f < b, ā = d̄, u(b− r) > 0

uteatabtcd ≡ uteatd−r,ctb,a+r, if c < d < e < a < b, c̄ 6= ē ≤ d̄, b̄ = c̄, u(c) > 0

uteftabtcd ≡ utabtcdtef , if c < d < a < e < f < b, b̄ = c̄, u(c) > 0

uteatabtcd ≡ uteatcdta,a+r, if c < d < e < a < b, b̄ = c̄, u(c) ≤ 0

uteftabtcd ≡ utabtcdtef , if c < d < a < e < f < b, b̄ = c̄, u(c) ≤ 0

uteatabtcd ≡ uteftc+|b−a|tab, if c < d < e < a < b, ā = c̄ < b̄ < d̄, u(b) > 0

uteftabtcd ≡ uteftd,c−rtb−r,a, if c < d < e < f < a < b, ā = d̄, e 6= b̄, u(b− r) ≤ 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, ā = d̄, u(b− r) ≤ 0
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Dual Knuth Equivalence for k-Schur K[u,w] –IV–

uteftabtcd ≡ uteftc,c+rtab, if c < d < e < f < a < b, ā = d̄, f 6= c̄, u(b− r) > 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, ā = d̄, u(b− r) > 0

uteftabtcd ≡ uteftd−r,ctb,a+r, if c ≤ e ≤ d < f < a < b, b̄ = c̄, u(c) > 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, b̄ = c̄, u(b− r) ≤ 0

uteftabtcd ≡ uteftcdta.a+r, if c < d ≤ e < f < a < b, b̄ = c̄, f 6= c̄, u(c) ≤ 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, b̄ = c̄, u(c) ≤ 0

uteftabtcd ≡ uteftcdtd̄b, if c < d ≤ e < f < a < b, ā = c̄ < d̄ < b̄ 6= e, u(c+ r) ≤ 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, ā = c̄, u(c+ r) ≤ 0

uteftabtcd ≡ uteftc+|b−a|,dtab, if c < d ≤ e < f < a < b, ā = c̄ < b̄ < d̄, u(b) > 0

uteftabtcd ≡ uteftcdtab, if e < c < d < f < a < b, ā = c̄ < b̄ < d̄, u(b) > 0

teftabtcd ≡ teftcdtab, if c < d < e < f < a < b, ā < c̄ < b̄ < d̄

teftabtcd ≡ teftcdtab, if c < d < e < f < a < b, c̄ < ā < d̄ < b̄
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Dual Knuth Equivalence for k-Schur K[u,w] –V–

tabtcdtef ≡ tcdtabtef if a < b < e < f < c < d, ā < c̄ < b̄ < d̄

tabtcdtef ≡ tcdtabtef if a < b < e < f < c < d, c̄ < ā < d̄ < b̄

AND A FEW MORE THAT WE OMITED AT THIS TIME...
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ADIOS

M U C H A S G R A C I A S
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