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Outline

e Encoding Pieri rule in SYM, Schubert and dual k-Schur.
e Pieri Operators and quasisymmetric functions K, ..

e For SYM, Schubert and dual k-Schur:

Ky ) 18 symmetric and we want Schur Positivity.

¢ Dual Knuth Equivalence graph for K, 4.
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Pieri Rule in SYM

SxSw =D, Su =2 Sum:

©/ A a box ceZ

In Young Lattice:

(

A if AMpaboxin (¢,7):1—j=c¢

0 otherwise.
\
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Pieri Rule in SYM

SaS(m) = Su = D, Su,

/A m-row strip 11 <i2<-<im
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Pieri Rule in Schubert

GUh(m)(Zbl, ...,wr) = Z Gur .a” ug1b1 (u)

b1<b2<...<bm
ai<bi

156324 . ..

In Bruhat order: A

143&25...

u<(abu
if

otherwise.
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Pieri Rule in dual k-Schur

k
&Phey= Y. &%

b1<b2<...<bm
bi—ai§k+1

ambm

18631413

/7,8

..81]1223727|6831413|014---
N’

main

In k-affine Bruhat order:

if u<utyp and u(a) <0 < u(d)

otherwise.
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Pieri operator of POSETSs

In Young lattice:

H, Z u;, -

In Bruhat order:

H = Z T

b1 <by<...<bm
a’i<bi

In k-affine Bruhat order of W = le/k:

Ho= St

b1<b2<...<bm
bi_ai§k+1
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Quasisymmetric function Kj, .,

Given Pieri Operator H,, we construct a quasisymmetric function

K] = > (Hy, -+ Hoy Ho, (w), w)M,.

a=(oz1,a2,...,ozg)
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Quasisymmetric function Kj, .,

Bruhat order with Hqg’): 356124

156324 346125 256134

u u u u
//4:;3\\\\\fi//{:; \\\\\2i////;;\\\\f2

153624 146325 246135 156234

U2¢
uz3 g5 Uuse ugs5
uji2

152634 143625 146235

UN UMQG

142635

2Mao + M3y + Mys + 4Mo11 + 4Mio1 + 4Mi12 + 8Mi111
Fi3 4 2F197 + 2F50 4 Fr12 + F31 + Foqq

S31 4+ So9 + So11. It is Schur positive !
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Quasisymmetric function Kj, .,

Given Pieri Operator H,, we construct a quasisymmetric function

K] = > (Hy, -+ Hoy Ho, (w), w)M,.

052(041,042,...,045)

THEOREM A.: [B-Mikytiuk-Sottile-vanWilligenburg]

It H,,H, = H,H,,, then K, ,) 18 symmetric.
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KP\,M] for SYM

Using the Pieri Operators H,,, on Young lattice:
THEOREM B]_: [Classic result]

(a) HnH, = H,H,,, hence Ky, 18 symmetric.
(b) Kz = Zd(j\‘,uFa, where

dy , counts the paths in [A, u] with descent given by a.

(c) Kiau = Z ch ,Sv, where ¢4  are the structure constants in:

v

SxSy = S,

7

In fact Ky 4 = S,/ 18 the skew-Schur function
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Ky, for Schubert

Using the Pieri Operators Héf; ) on Bruhat order:
THEOREM B2: [B-sottile]

(a) H%“)Hér) = Hy)Hg>, hence Ky ], 18 symmetric.
(b) Ky w), = Zdﬁ,w,TFa, where

dy; . counts the paths in |[u,w], with descent given by a.

. w
(C) K[u,w]r - Cu,A,'rS>\7
A
where C, . are the structure constants in:

w
Sy - Sa(x1, 2, ..., 1) = g Coy 2. Ow

w
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K[y for k-Schur
Using the Pieri Operators H,,, on k-affine Bruhat order W = Ay,
THEOREM B3: ((2) Lam. (b)(c) BMSYW, B-Benedetti]
(a) HpHy, = H,Hp,, hence K, ,, is symmetric.
= Z dy Py Where

dy ., counts the paths in |u,w] with descent given by a.

(c) For u,w € WY, Grassmannian permutations,

Ky = Cu A9, Where ¢\ are the structure constants in:

kg, — Z v Gk
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Schur Positivity of K, ,

For SYM, Schubert and k-Schur, the Schur Positivity of K, 4 is
mostly guaranteed by geometry. But we are interested to show

positivity with a combinatorial construction:

THEOREM C]. [classic]
The c’;\ _, are the Littlewood-Richardson numbers.

Many combinatorial constructions exist.

THEOREM C2 [Assaf-B-Sottile]

The ¢/ . are combinatorially positive.

THEOREM CS (in PROGRESS) [B-Benedetti]

The ¢, are combinatorially positive.
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Dual Knuth Equivalence graph for K, ,

Bruhat order with Hﬁi”): 356124

156324 346125 256134

u u u u
//41;3\\\\\f§//{£; \\\\\2i////;;\\\\f2

153624 146325 246135 156234

U2¢
uz3 g5 Uuse ugs5
ui2

152634 143625 146235

UN UMQG

142635
Ky vy = F13 + 2F121 + 2F22 + Fr12 + F31 + Fo11

S31 = P31 + Fas + i3, Sog = Foa + Fio1
So11 = Fo11 + Fio1 + Fiio
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Classical Dual Knuth Equivalence for K, ,

u.u,u; < u.uu,.  ifr<e<t,

u,.uu. & wu,u. ifr<e<t.

Breaks interval nicely into Schur functions.
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Dual Knuth Equivalence for Schubert K, ,,,

with a < b<c<d
(A) Uy cUaqUpBh <7 UgaqUrycUgh,
Uy U Uye < UgpUycUgg, if {a,a} N{c,v} =10,
(B) wpcugpupg < UgclcqUpe,
UpdUgpUpe <7 UpcUcedUqc,
(C) UgpUnaqUgc A UgaqUagcUpsh,
UgcUaqUpp < UgpUgeUqaq, if {a,a,c}N{b, B} =0.
Does not break interval nicely into Schur functions!!!

But this satisfies Assaf’s weak dual equivalence (checking more
than 20000 cases by computer). A combinatorial induction shows

positivity.
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Dual Knuth Equivalence for k-Schur Ky, ., —1-

Capteater = tertaptea,
taptedtec = tecta b—|c—e|ted;
tavtedter = ta—n.cto—n.ater,
tapteatee = ti tp,tec,
Capteater = tertaptea,
utgpteater = uty cqrto—rater,
utgpteater = utertopteq,
Utgpteater = uteqgty—rptey,
utgpteater = utertapteq,
utgpteater = utq—r oty g4rter,
Utaptedtec = Utecty p—|c—e|ted,
Utgpteater = utertapteq,

Utabtcdtef = Utd—r,dtabtefa

Guanajuato, Agosto 2013

ifa<b=c<e< f<danda
fa<b<e< f<ec<dandf
ifa<b<e<c<danda=d
ifa<b<e<c<danda=
ifa<b<c<e< f<dan
fa<b<e< f<c<d a=
ifa<b<c<e< f<d,a=

ifa<b<e< f<c<db=ce
ﬁa<b<e<c<¢5:56>
fa<b<e<f<c<d, b=

fa<b<e< f<cec<d, b=
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Dual Knuth Equivalence for k-Schur Ky, ., —11-

Ubaptedte r = utertapted, ifa<b<c<e< f<d b=
Ubaptedter = utcqty p—jd—cites, ifa<b<e< f<d,ec>b, a
Utapteater = ute g—|p—q|tavtes, ifa<b<e< f<c<d,c<a
Ubaptedter = utertapted, fa<b<c<e< f<d,c<a
taptovetar = taptadatae, ifa<d<b<canda=c
tavtoctap = taptp tan, ifa<b<canda=-c¢

tabtcdteb = tJCtEateba

Utabbeaber = Ubevbacte—|b—el.a fa<e<b<c<d, b=¢ce

Uteptaete—|p—e|.d = Ubepta—ratar, fa<e<b<c<d, b=¢e
Uteatapted = utepte g—ja—citea, ifc<d<e<a<bc<e
Uteatabtcd = Uteatd,c—i—rtb—r,aa

Uteftabtcd = Utabtcdtefa fe<d<a<e< f <b, a=
Uteataptea = utepte d—ja—e|beas ifc<d<e<a<b c<e, a
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Dual Knuth Equivalence for k-Schur Ky, ,, —I111-

Uteatapted = Uteata,crrto—ra;
Uteqtabted = Utepte d—ja—e|teas
Uteatopted = Uteatd corto—r a,
ute rtopted = utgptegter,
Uteatarted = utegte crtap,
ute rtopted = utoptegter,
Uteatopted = uteata—r ety atr,
utertopted = utgptegter,
Uteatapted = uteatedto atr,
ute rtopted = utoptegter,
Uteabtapted = utesteqp—altab,
Utertopteq = uterty c—rty—r q,

Uteftabtcd = Uteftcdta,ba
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ife<d<e<a<bd,c>e,

ifc<d<e<a<b c<e a=

fc<d<e<a<b c>e a=

ifc<d<a<e< f<b a=

ifc<d<e<a<b,é§e,d:

ifce<d<a<e< f<b,
ifc<d<e<a<b c#e<
ifc<d<a<e<f<b b=
fc<d<e<a<b b=c¢
fe<d<a<e< f<b
ifc<d<e<a<b a=
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ute rtapteq
ute rtapteqg
ute rtapteq
utertapteq
Utertapted
ute rtapteq
ute rtapteq
ute rtapteq
ute rtapteq

Uterte ctrbab;
uterteqtan,
utertyg_r oty air,
uterteqtap,
uteftedta.atr,
uterteqtan,
uterteqt g,

Uteftcdtaba

Uteftc—|—|b—a|,dtab7

Uteftabtcd = Uteftcdtaba

teftabtcd = teftcdtab7

teftabtcd = teftcdtab7
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ifc<d<e< f<a<hb,
ife<c<d< f<a<hb,
ifc<e<d< f<a<h,
ife<c<d< f<a<hb,
ifc<d<e< f<a<hb,
ife<c<d< f<a<hb,
ifc<d<e< f<a<h,
ife<c<d< f<a<hb,
ifc<d<e< f<a<hb,
ife<c<d< f<a<hb,
ifc<d<e< f<a<hb,
ifc<d<e< f<a<hb,
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Dual Knuth Equivalence for k-Schur K, ) —V—

tapbedter = teatapter ifa<b<e< f<e<d, a<c<b<d
b

tapbeater = teatapter ifa<b<e< f<e<d, c<a<d<

AND A FEW MORE THAT WE OMITED AT THIS TIME...
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