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The operator V

The modified Macdonald polynomial Itl)\(X; t,q) is defined by

- X
Hy(X;q,t) = t"M gy ( —=—:q,1
MX; g, t) =t Uy 1—1/t'q’ /t

Definition (Nabla operator)

The operator V is the linear operator defined on the ItIA(X; q,t)
basis by _ _
VHA(X:q,t) = t"Wg" I Hy(X; g, 1)



(g, t)-Catalan numbers

Let n be a positive integer. The (g, t)-Catalan number C,(q, t) is
defined by

Calg,t) = (Ven(X) , en(X) ) = ( Ven(X) , s1n(X) )

Example (Catalan numbers for n = 3)

G(g,t) = >+ ¢’t+ qt> + qt + 3




Some generalizations of (g, t)-Catalan numbers

We consider special cases of k-Schur functions.

Let k and n be two integers and A the partition defined by
A= (k" 9V K nmod k)

st (X: 1) = "M (Q4(X: 1/1))

Definition (Bergeron-D.-Zabrocki)

Generalization of (g, t)-Catalan numbers

"N (g, t) = < Vs (X 1/t) sln(X)>



Exemple of generalized (q, t)-Catalan numbers for n = 6
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Combinatorial interpretation of (g, t)-Catalan numbers

Theorem (Garsia-Haglund)

The combinatorial interpretation of C,(q, t) is given by

(:n(q7 t) = Z qarea(g) tdinv(g)
geDPy,

g=1(0,0,1,2,0,1,1,2,3,0)

area(g) = 10 dinv(gs) =3 and  dinv(g) =15



How to find a combinatorial interpretation of our
generalizations ?

For the special case of k < n/2, we have

—k
s XG ) = s+t + P spiat .+ K Suqea

Sﬁ)ll(X; t) = s1111(X) + t s11(X) + t2 s22(X)

— Study the combinatorial interpretation of
( Vsa(X) , sin(X) )
(Conjectural interpretation of Loehr - Warrington)



Step 1 : Combinatorial interpretation of (V(sy), s1n)
The global sign

Conjecture (Loehr-Warrington)

For A = (53222) - conjugate]—

= [

o U O O ©

m The global sign is given by sgn()\) = (—1)2r(h(R)=1)

m Dissection sequence for A\ = (53222)
n(A) = (9,0,0,5,0)
m Adjustement for A = (53222)
A1
adj(A)= > (A —i—1)x(n>0)=\—1-04+)\—-1-3=5

=0 i=0 i=3




The global sign in our special case

~ | =

(VsR(X1/t),s10) = ( Vsin,s10) + = ( Voo, s10) + ..+ — ( Vpiqn_ok, S10)
N——————

>0 >0 <0 <0

We consider the special case of partitions of shape \ = (2k 1772K)

—1 ‘

m The sign is always negative : (—1)2D+0-1) = (1)1 = 1
m The dissection sequence : n(2¥1"2%) = (n — k + 1, k — 1)

m The adjustement sequence : adj(2¢1"72¢) =1



Step 2 : Combinatorial interpretation of (V(sy), s1n)

The Nested Dyck path (1)

Let consider the dissection sequence n(53222) = (9,0,0,5,0)

Definition (Nested Dyck Paths associated with n()\))
5 Dyck paths G = (g(®, g, g(2) g3 g of size (9,0,0,5,0)

and non-crossing each others

01 2 2 2 3 4 3 3

area(G) = Z area (g(i)) dinv(G) = adj()\) + dev ( ) + cross dinv




Step 2 : Combinatorial interpretation of (V(sy), s1n)
The Nested Dyck path (2)

Conjecture (Combinatorial interpretation of (Vsy(X) , sin(X)))

( Vsrn(X), sin(X) ) = Z GPA(G) TnV(G)

GENDPy,
Example
(V(s21(X)) » s15(X)) = —¢°% — ¢°t* — ¢*t° — ¢*t°
= —t (q6t2+q5t3+q4t4+q3t5)
The dissection vector n(221) ) and adj(

Frew




The Nested Dyck Paths in the special case k =1

Theorem (Bergeron-D.-Zabrocki)

G @)= (Vs DXL/ sy = YD qne® e
gEDP,(, L

where DP,(Tl"l) is the subset of DP, going throught the point (1,1)

<V51~ (X 1/t),s1n) = (Vs s10) + <V521n_z,sln>

ppHY) - DP, \ NDP21n : C DP, x DPy
1 .7 1 7

area, dinv area, dinv area(g ) = area(

dinv(g( dinvG — .



The Nested Dyck Paths in the special case k = 2

Theorem (Bergeron-D.-Zabrocki)
D, t) = (VT2 1/t) ) = Y qels) pine)

geDp(tD:G:2)
DPD32) s the subset of DP, going throught (1,1) and (3, 2)

<V${g_2) (X, 1/1’), S]_n> = (ng_l) (X, 1/f), 51n> + 1/f2 <V5221n—47 51n>
pp1)-(3:2) = DPMY \ NDPsyiss C DP,_y x DP;
L




Combinatorial interpretation for k = n — 2

Conjecture (Bergeron-D.-Zabrocki)

C,Sz)(q’ t‘) — Z qarea(g) tdinv(g)
g

the sum is over the Dyck paths which are below the path
(1010...1011010...100)

n/2—1 n/2




Combinatorial interpretation at t = 1

Conjecture (Bergeron—D.—Zabrocki)

q’ 1) Z qarea(g)

the sum is over the Dyck paths which are below the path with

m 1 div k blocks of k steps up and k steps right
m a last block of n mod k steps right and up

Example (n =7 and k = 3)

i




New numbers at t =1and g =1

The triangle of the generalized (g, t)-Catalan at q=1 and t=1is

n\k|1 2 3 4 5 6
1 |1

2 |1 2

3 |12 5

4 |1 4 5 14

5 |1 4 10 14 42

6 |1 8 25 28 42 132

Ay =¢ . A"y =Ga . "1 =26
Vk>2, "M 1) =7



Subsets of parking functions

Definition (Parking functions of level k)

(g, t) = <v51" g (x%) : hl"(X)>

n\k| 1 2 3 4 5 6
1 |1

2 | 2 3

3 /6 9 16

4 |24 54 64 125

5 120 270 480 625 1296

6 |720 2430 5120 5625 7776 16807

— # {Parkings functions} = (n+1)""! | pirt) = =(n+1)"
Vk>1, P{"H =2



Algebraic interpretation (1) : The diagonal harmonics

- The Diagonal Harmonics

H,={P(X,Y)€Q[X,Y]/ Zax”ay, =0 with h+ k > 0}
i=1
- The Alternating Diagonal Harmonics

AH, = {P(X,Y) € H, | oP(X,Y) = (-1)8D)P(X,Y) ,Yo € S,}

m AH, is a bigraded vector space
(3) (3)
Aty = (DED(AH,),

i=1j=1
m The Hilbert series of AH, is
(o o lNe o]

Col(q: 1) = Han,(q: 1) = Y > 't/ dim(AH,);

=1 =1




Algebraic interpretation (2) : Operators conjecture

The Vandermonde determinant in X : Ay(X) = [[1<;cj<q(xi — %))
The operators Ey : Vk >0, Ex = Y7, yi Ox’

Theorem (The operator conjecture - Haiman)

u Hn = ‘CEl,...,Epfl,(‘)Xl,...,(‘)Xn(An(X))

[ | AHn = EEl,...,Epfl(An(X))

Cn\qft’(q7 t)

/!
/

— dim £ {E.20n(X) | p€ Py}

«—— dim £{Vandermonde determinant A,(X)}

MEP((,-'L)-);Hm:i—land/(,u):j—landlgu,-gn—l



Algebraic interpretation (3) : Filtration of AH,

Let k,n with k divides nand d = n/k : AHY) = L, g (An(X))

Conjecture (Filtration of AH,, when k|n)

Ci(a,t) =dimH 0 = 3 > 't dim(AH; ),
i=1 j=1
The subspace of Ag” of bidegree q°t'° is of dimension 7
112 3 5 6 2
Sl 3563
q 5 6 6 5 2 1

28 10

t
{ E730000.An(X),  Eeazooo An(X), Ee33200.An(X), Esso.An(X), }
Rank =7

t

Esazo0 . An(X), Esszana.An(X), Easarro.An(X), Easzzzn.An(X),
Ess3332.An(X),  Ezs3333.084(X)



Related works with N. Bergeron and M. Zabrocki

1 - Filtrations of (q, t)-Catalan numbers
Preprint : coming soon!

2 - Non-commutative analogs of k-Schur functions
(related to non-commutative analogs of Hall-Littlewood functions
defined by N. Bergeron and M. Zabrocki)

m The level k is replaced by a composition y

m Shared most of the properties of the commutative k-Schur
functions

m Analogs of positivity properties with the non-commutative ¥

Preprint : arXiv :0804.0944




