Open Problems
In the Theory
of
Macdonald Polynomials




A remarkable determinant
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General definition

If (p1,q1),(P2,42), -, (Pn, Gn) are the cells of the Ferrers diagram of x+ n then

L u(X,Y) = det Xy
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In case we forgot .....

Theorem (easy)
For any u F n the dimension of the finear span of the derivatives of A,(X, V) is at most n!

' symbols dim M, [X,Y]! nl
where

Mu[X, Y] = L-|r1|31|r2|32__.!)r(?]!;;A“(X’Y) > ri,s ! 0O

"X1'Y1°X2'Y2

For example (using MAPLE)

DDmu([2,1]);

vl y2 ¥3

1 1 1
xl a2 x3]

D2l:z=det("):

D21=|v2x3 —v3x2 —vIx3+vIa2+xIv3-xIvy2

diff(D21,x1);

diff(D21,x3);

6 independent derivatives!

diff(D21,v1);

diff (D21,¥3);

-x2+ xf

diff(D21,x3,¥y2); how do we get these n! derivatives?

next




The n! Conjecture

(1990 - 2000)

dim M,[X,Y] = n!

For uHn

Proved by Mark Haiman using algebraic geometry

=) 1,0005

Reward

for an Oelementar@proof

OElementaryO means:

By calculus or/and combinatorics
give an algorithm

that produces a OtriangularCset of n! derivatives




The basic construction

from a tableau to a pointin 2n dimensional space

!3@
P2 4
!1 l,:(!2!1!1!2!1!3!2!2!1!3!3 FRENED
e X1 X2 X3 X4 X5 Xg 7 Y1 Y2 Y3 Y4 Y5 Y6 Y7
some polynomials vanishing at this orlmoint
X1! 12  X4! Qp x7! 2 yp I 1y ys ! 15

Polynomials vanishing at all these tableau points:

(X2 ! Fo)(X2! 1) (x2! 13)

(Ys ! Po)(ys! To)(ys! !s)

(Xz! To)(Xa! To)(ys! 1)
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An Elementary Method
(kicking)

kicking for the shape
21
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AN INDEPENDENT SET WITH 6=3! ELEMENTS next
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The Algorithm

Step 1 .
Fill the Ferrers diagram of u with 1,2, ..., n in all possible ways to get the n! tableaux 12
75

Step 2 306
_ o 5040 3 807

Construct the corresponding orbit points In this case 1319
1319

Order  the orbit points and construct the kicking polynomials. 306
417 |5 75

Step 4 1%

Compute the kicking statistics.

Theorem

If the kicking statistic are symmetric then the top components of the kicking polynomials

give the n! independent derivatives of ! (X,Y) = det ' iji yjqi ! =1

| am planning to advertise kicking

as a replacement for SUDOKU

next




Recalling Hilbert series

A vector space V is called “graded ” if and only if

V = HiV)e Hy(V)e Ha(V) @ - @ Hp (V] & - -

If dim H,,(V) < o¢ for all m, we set the “Hilbert series ” of V
Fy(t) — 3 t™dim Huy(V) /

m >0

Our spaces M, [X,Y] are “bigraded that is we have the double decomposition

n(p) nip’)

M.[X, Y] = B P H..(M.[X, Y])

r=0 s=0

With H, . (M,[X, Y]) the linear span of derivatives of A (x,y)

that are homogeneous of degree | in x4,x2,. .,X, and degree S in y{,¥2,...,¥n
Here and after we set (o) oo
F.lq.t) = > > t'q dimH,(M.[X, Y])
r=0 s=0

Using Maple
hilb([3,2]);
*Prdgtivdg Pt + 54 H15 g th 94 2+11q3+22q21+11q12+9q2+15q1+512+4q+41+1

2—>
The dimension of 1 —>FTJEI 23
Ho 4 (ME,E[X, Y]) 0—> 11 The dimension of  Hy 4 (Mg?z[}{j Y])

w—
B i/ —

BN

next




Definition Fllp

We say that a vector space V of polynomials is 3 “cone " if it is the linear span

of derivatives of a single homogeneous polynomial A(x).
In this case V has an automorphism " Flip 7 defined by
flipP{x] = P{&)IA(x)
Note this is a non-singular linear map of ¥V onto V since if

Plx) = Q{JAx) and P(d,)A(x)=0
then

P8P (x) = P(0:)Q(0x)A(X) = Q8P (8 )A(x) =0
Thus
flipP(x)=0 — P{G,)P(x)=0 = P{x)=0
Note that this implies that if degree A(x) = n, then
Fy(t) = t7° Fy(1/t)
The same is true if V is a cone with summit a bihomogeneous polynomial A{x, ¥)
of bi-degree ny,ny In this case

Fv(q,t) = t™q™Fy(1/q,1/t)

This explains the symmetry

11 [9]
Faalg,t) = [4 15 22
1 9]

= 5]
(e —

next




ORBITS

Let G be a group of permutations of 1,2,...,n. Given an element ¢ = (01,02, --,0a) €G
and a vector a= (a4, as,....a,) we set
Jga = (aﬂfia Aggy vy a-ffn:l

This given, we let
lale = {b=va:oeG}
and call it the “orbit” of a under G. The subgroup

Ga = {0eG:oa=a}

iz called the “stabilizer “ of a.
If G, is trivial then a is called “regufar» and the orbit [a]g has cardinality |G].

In general we have

laal = [Gl/]Gal

In any case we set
Jale = (P:P(bB)=0 ¥ belae) grd@e = (M(P) : P! Jpage )
and

Riaje = QX1, X2, . - -, Xn|/J s + grRjje = Qxe, X2, .., X0/ Jpa)q

We also =et N
Hale = (grdpe)

and call the elements of this space the “orbit harmonics>.

Now it follows that
dim Ry, = dimgrRy, = dimHp,, = |Gl/|Ga|

next




Conical Orbit Harmonics

(This is why symmetry proves the n! result)

Theorem
Let a be a regufar point. Set

n, = maxdegree R,

Suppose that B is a basis for Ry, with

BEHD=B and |B£l|=do+d1++d1 I:i:[]:]-a

Then the equalities
d = dp.; (i=0,1,...,n,)
imply
(i) hiB) = {h(b) : beB} is a basis for gr Ry,
(i)  Fary,(q@) = Fu, (@ = > diq,
1=0
(iil) Hpje I8 a cone

(iv) The elements of n(B) yield the desired n! derivatives

, 0, )

next




Now the miracles

51

A : dim Maz AMaas = 5 ﬂipﬁj /\

flip
Mooy = Mas AMaay & fliposg Mao A Mooy Maz = Maoq AMas & flipas Maag A Mas
n!
Vi Conjecture (still open!)
If o, BV n differ only by the position of one corner cell then dim M, A Mg = n

SF Conjecture (still open!)
If o, g\ n differ only by the position of one corner cefi then
M., =MaﬂMﬁ & ﬂipaMaﬂMﬁ , Mﬁ =MaﬂMﬁ & ﬂipﬁMaﬂMﬁ

T his impiies
TI.GFMQ I:CL t:l - TchM,g I:Qat)
To — Tp

FMQAM;; I:q:- t:l =
with T, = t*®)gn) and n(p) = 3.0 — Dy

next




How would you split in one half
a

Left regular representation ?
[l |
el — eﬁ_l 62' 2
n! 2
(ho + ) x €




More miracles
A AHD = M111

Mii0 = Hipz11Mop14
Miyoo = flipaai Myq4 M 100 M110 010 Mo1o = flipa11My44

a4
LN
ANN|
Mio1 = ﬂip221M110 MlOl \Qoﬁ Mgyq = ﬂip32M101

or

Moo1 = flipa2Mi11

T ——

! :
% Conjecture (still open!)
‘ If ooy, aq, ..., o Fn differ only by one cefl from each other then

dim Mcxi A Mcxz ARRRFA Mcxk = % EtC EtC EtC

next




ENTER LASCOUX-LAPOINTE-MORSE

The 3-Schur for 3 bounded partitions of 6

[1,1,1,1,1,1], —> sy i+ 21 01+822 11+ 5222
[2,1,1,1,1], = ,sapa+(ss 14810 t+1 80101
[2,2,1,1], > %835 1 1+2852 1+ 853
[3,1,1,1], --= ,8411+285 111
[2,2,2], > %8052 +1852 1+ 542

[3,2,1], = ,851+(842+ 85, 1,1)14"fz §3 2,1

[3,3], --= ’SE+35.1I+S4.2 Iz+.5'3|313

k-SCHUI

next




Atomic Decomposition of 3-Littlewoods
(for 3-bounded patitions of 6)

(Lascoux-Labinte-Morse 3-Schur)

AHL[Z,1,1,1,1]1-AHL[Z2,2,1,1 IHﬂglll1I1I1+ﬂglgl1I11ﬁ+ﬂ3lllll1Iﬁ+ﬂgl1I1I11.'r+ﬂzlzlgfﬁ+ﬂglgllr4
[ 1 [ 1

- i}
Az

‘AHL[2,2,1,1]-AHL[3,1,1,1]-AHL[2,2,2]+AHL[3,2,1]

5 3
A 1+ A0t 4
- " A

AHL[3,1,1,1]-AHL[3,2,1] /:HL[E,E,E]—AHL[S,E,l]

|
1t As o T AHL[3,2,1]-AHL[3,3]

As o AHL[3,3] next




Atomic Decomposition

(for 4-bounded patitions of 8)

of 4-Littlewoods

& g, L1l 10
Aszot +As 1+t A1t Asait

AHL[2,2,2,1,1]-AHL[2,2,2,2]-AHL[3,2,1,1,1]+AHL[3,2,2,1]

I 7 ] g 10
Agaot +Asa2t +Asa 1t +As 1t +1 Ao

AHL[2,2,2,2]-AHL[3,2,2,1]

5 £, 7
A+ Assat"+1 Asao

AHL[3,2,2,1]-AHL[3,3,1,1]"

&
t As s

3
AHL[3,3,2]-AHL[4,2,2]; rjﬂiiz\\k

=
[ ]

7 7 g L9
Aszot +Ass 1t +A55010 +1 Asa1n

AHL[3,2,1,1,1]-AHL[4,1,1,1,1]-AHL[3,2,2,1]+AHL[4,2,1,1]

[TTF3%

AHL[4,1,1,1,1]-AHL[4,2,1,1]
1‘14.3.114"'34.2,2 16"‘144.2. 1.116"'1’14.2. 1.11?"'19 Ag1

Az 10 +1 Ay, AHL[4,2,1,1]-AHL[4,2,2]

4
1" Ay

AHL[4,2,2]-AHL[4,3,1];

2
" Ays

AHL[4,3,1]-AHL[4,4]:
next
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k-Schur expansion of Macdonald Polynomials
(for 2 bounded patitions of 4 )

0 A 0
H([2,2]) G A 11+(g+1g) A1+ A, [ 2,11 ]

"‘12. 2 ﬂz. L1 J'{!ll. LL1

A1 0
H([2,1,1] tgAL L+ (g+tt) A1+ Ao 0 Al
A o A1 Ay
A1
H([1,1,1,1]) AL E T A+ A ﬂzbl.l
Ay
(for 2 bounded patitions of 6 )
0 A Al 0 "q‘z-a- L1 iz- L1l g
H,p >, .| 0 Ao A 0 Hoi,in =, . 0 ; L1111 A
Aos Ao A Aliiiie A ;12' 211 j; LL1LL1
2,2,2 2,211 2, L1011
[Ayvun
Ay 1110 0 7 A 111
0 0 A 11
Al Alniuie ﬂﬁ. LLL1
Hoaiin =, . Az A H . 2,2, 11
0 A 11ia LLLLLI Faoo, Aot
0 0 Aot
A Az | g
Ao

next




k-Schur function compatibility with Science Fiction

(for pairs of 3 bounded pditions of 5)

A A 0
0 Ao 0
A, As Ao

[2.2,1].[3.1,1], --=,

[3,21,[3,1,1], -_},{“ A2 0 0 ]

J'f13. 2 4'{13. L1 ﬂz. a1t 4'{13. L1 ﬂz. L1l

(for pairs of 3 bounded pditions of 6 )

Ao At At A As 11 0
[3! 2! ]-]! [3! ]-! ]-! ]-]! - ] O U ﬂz.z. 11 Az. 1,111
Az 3 Az s Ao+ Ao A
Aoz 0 0
0 Ao+ A1 0

[2.2,2],[2.2,1,1], --=, Ao A+ As AL

0 Az A1
Az 5 Az As oz
(A 211+ As 11 0
Aoz At
A A
2’!1!1!1!1 ] 2’!2!1!1 ] - ] il 11
[ L1 ] ” Az Ao+t A1+ A
0 0
Az 5 As o next




A new Problem

Recall that from the Haglund-Haiman-Loehr result we now have statistics a(T), b(T)
ivin
g g F.(qt) = Z ta(T)qb(T)
TeINI(u)
Jim Haglund asked for a new formula of the form

F.lqt)= Z Pr(q, t) (Pr(q.t) € N[q,t])
TeST (1)

In a new burst of genius Jim conjectured that
Fovia-n(q,t) = > [l (gtere®y [T "W 4q) ()
TeST(2P 18-} icT iccoly (T)

With “dropr(i)” is the number of rows in T=; of the same length as the row that contains i,

and “NW = i” gives the number of entries in T stritly NW of i that are larger than i.

This is equivalent to the recursion
Fobga—b {q, tjl = (1 + qjl [b]tF2b—i qa—b+1 quj tjl + [a — b]ttbF2b 1a—b—1liqft, t:l (**)

This is quite remarkable since in the 20 vears since the Macdonald conjectures, we never

suspected that we could have a purely combinatorial recursion for F,(q,t).

It is a challenging problem to Pnd the general form of (*) and (**)

5 drop

RlW|lhAh[O|N|O}|

next




Proof of the Haglund conjecture

Science Fiction suggested that the recursion

Fovan(q,t) = (1+q)bleFap-1qanra(gt) + [a - b]ttbszia—b—i':QK(tat)
is none other than the result of applying é‘;‘;i to the Macdonald polynomial identity

Opy Hapga v (X5q,8) = (14 q)[b]eHopsqavts(X;q,t) + [a — bt Honga -2 (X; q/t, t)
for instance when a =3 and b = 2 this 1=
apl%(q? ) = (1+t)(1 —|—q}H:||:q?t:l + ¢ Hg/t, t)

Now Science Fiction suggzests writing

ﬁzzﬁmEHHSqﬁmHH HH:E:'!\HHthzqzla:‘ﬁEH
4 ¢EH
thus g:' AHH = qu —def Paz
3 _ _H:' + HH — EEI — H]
tqlajﬂaﬂ = tﬁ =der tsz tEq?‘J,H:W\EH = q—q—t =det Ailaz
and thus
H] = ¢az + ¢ 0 = Paz + AYaz
Now in terms of 2-Schur we get
$paz = qAzzi + Azz, avsz = o Ariin +atAzn
thiz gives Azz Az 0

0 Aoy 0 = t*@sz + qtdas
0 A1

and using this in (*) we are reduced to show that

next




Using OpistolO Macdonalds

a % = tb[ab]t% + Q[b]t% + [ble

: - -

-+ (1 -qg)

ta—b —q
Fps = [a— bl 4+ 2P [b]E 4 q[b]e
'Qi’ab = M
= ¢’ab + Q¢ab s = ‘;Bsab + ta_bfubab E—— = dur + o
81:-1 = tb[a_ b]t(‘?&ab + q’ﬁbab:‘ + Q[b]t(q{’ab + ¢ab) + [b]t(@{?ab + ta_b’t{bab:‘
(1 + @bl (Bab + 87 ) + [a = bt 6as + athas)

while my extension of the Haglund recursion is

Gl = (14 q)ble(dar + t27"dar) + [a — b p <

s0 we are reduced to proving the identity

tb (qyta t:' = tb@ﬁab + q/q'fflab
\ J  next




we are still Searching for OgistolO Macdonalds

(1) A “gistol” is a lattice diagram that can be transformed to a

skew diagram by row and column interchanges

(2) We postulate the existence of a family of polynomials indexed
by gistols with the following basic properties:

((0) Gp(x;q,t) = H,(x;q,t) if D is the diagram of .
(1) Gp,(xq,t)=Gp,(x;q,t) if D; ~ D,

(2) Gp,(xqa,t)=Gp,(x;t,q) if Dy~ D)

A

(3) Gpix;q,t) = Gp,(x;q,t)Gp,(x;q,t) it D~Dy xDg

(4) &, Gp(xat) = > weplat) Gpelxat) ,
\ s
Representation theoretical reasons suggest that,

n the case that D is a skew diagram,
a) wyl[s,D]= tioGlgenls)  and b) wyls,D]= () g2 (s

Note: these properties overdetermine the family {Gp(x q,t)}p,

existence 18 by no means guaranteed.
next




THE END




