
Open Problems
in the Theory
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Macdonald Polynomials
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dim Mµ [X, Y] ! n!

In case we forgot .....
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For example ( using MAPLE)

6 independent derivatives!

how do we get these n! derivatives?
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The  n! Conjecture

dim Mµ [X,Y ] = n!

(1990 - 2000)

 for an “elementary” proof 

 “Elementary”  means:  

Proved by Mark Haiman  using algebraic geometry

1,000$

By calculus or/and combinatorics

give an algorithm

that produces a “triangular” set of   n!  derivatives
next

 Reward



The basic construction
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from a tableau  to  a  point in  2n dimensional space

some polynomials vanishing at this orbit point 
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x4 − α2 x7 − ! 2 y2 ! ! 1 y5 − ! 2
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(x3 − ! 1)(x3 − ! 2)(y3 − β1)
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Polynomials vanishing at all these tableau points:
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x1 − ! 2
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An Elementary Method
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kicking for the shape
21

y3 − β2

x3 − α1 y1 − ! 1
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y3 − β2 x3 − α1 y1 − ! 1 x2 − ! 1 (x2 ! α1)(y3 ! β2)1
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! y3 + y1 1

AN  INDEPENDENT SET WITH  6=3! ELEMENTS  next

(kicking)
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Kicking 211

1 + 6 t + 10 t2 + 6 t3 + t4

Hilbert series
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The Algorithm
Step 1 

Step 2 

Step 3 

Step 4 

∆µ(X, Y ) = det
!
! xpi

j yqi
j

!
! n

i,j=1

16

4 7 5

3

2

5040
In this case 

I am planning to advertise kicking 

as a replacement 
for SUDOKU 
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Recalling Hilbert series 

r s
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Using Maple
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The dimension of  

The dimension of  



Flip

next



ORBITS

next

gr J[a]G =
(
h(P ) : P ! J[a]G

)



Conical Orbit Harmonics
(This is why symmetry proves  the n! result)

Theorem
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Now  the miracles 

flip flip

n!
2

SF
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(still open!)

(still open!)



How  would you split in one half 
  a 

Left regular representation ?

en
1 = e2

1 ! en ! 2
1

= (h2 + e2) × en! 2
1

h2 × en ! 2
1e2 × en ! 2

1 e2 × en ! 2
1
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More miracles 
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Etc Etc Etc
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(still open!)



The 3-Schur  for  3 bounded partitions of 6
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ENTER LASCOUX-LAPOINTE-MORSE  k-SCHUR



Atomic Decomposition of  3-Littlewoods
(for 3-bounded partitions of  6)
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(Lascoux-LaPointe-Morse 3-Schur)



Atomic Decomposition   of  4-Littlewoods
(for 4-bounded partitions of  8)
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k-Schur expansion of Macdonald Polynomials
(for 2 bounded partitions of 4 )
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(for 2 bounded partitions of 6 )



k-Schur function compatibility with Science Fiction
(for pairs  of  3 bounded partitions of 5 )

(for pairs  of  3 bounded partitions of 6 )
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A new Problem
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It is a challenging problem to Þnd the general form of (*) and (**)

(*)  

(**)  
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Proof of  the Haglund conjecture
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Using ÒpistolÓ Macdonalds 
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we are still Searching for ÒgistolÓ Macdonalds 
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THE END


