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Schubert, Pieri, Giambelli,... 1874



Affine Schubert calculus

Schubert calculus

e Enumerative Geometry: counting subspaces satisfying
certain intersection conditions (Hilbert’s 15th problem)
Schubert, Pieri, Giambelli,... 1874

e Cohomology: computations in cohomology ring of the
Grassmannian H*(G/P) with G = SL,(C)and P C G
maximal parabolic 1950’s



Affine Schubert calculus

Schubert calculus

e Enumerative Geometry: counting subspaces satisfying
certain intersection conditions (Hilbert’s 15th problem)
Schubert, Pieri, Giambelli,... 1874

e Cohomology: computations in cohomology ring of the
Grassmannian H*(G/P) with G = SL,(C)and P C G
maximal parabolic 1950’s

e Symmetric Functions: cohomology ring of Grassmannian
(with its natural Schubert basis) same as the algebra of
symmetric functions (with Schur basis) 1950’s



Affine Schubert calculus

Schubert calculus

e Enumerative Geometry: counting subspaces satisfying
certain intersection conditions (Hilbert’s 15th problem)
Schubert, Pieri, Giambelli,... 1874

e Cohomology: computations in cohomology ring of the
Grassmannian H*(G/P) with G = SL,(C)and P C G
maximal parabolic 1950’s

e Symmetric Functions: cohomology ring of Grassmannian
(with its natural Schubert basis) same as the algebra of
symmetric functions (with Schur basis) 1950’s

o Combinatorics: multiplication of Schubert basis governed
by Littlewood-Richardson rule 1970’s
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G affine Kac—Moody group
P c G maximal parabolic subgroup
G/ P affine Grassmannian Gr

Example: K = C((1)), O = C[[{]]
affine Grassmannian Gr = SLy1(K)/SLx1(O)
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G affine Kac—Moody group
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G/ P affine Grassmannian Gr

Example: £ = C((t)), O = C[[{]]
affine Grassmannian Gr = SLy1(K)/SLx1(O)

Schubert bases of H.(Gr) and H*(Gr) are given by k-Schur
functions and dual k-Schur functions of Lascoux, Lapointe,
Morse
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Affine Schubert calculus

G affine Kac—Moody group
P c G maximal parabolic subgroup
G/ P affine Grassmannian Gr

Example: £ = C((t)), O = C[[{]]
affine Grassmannian Gr = SLy1(K)/SLx1(O)

Schubert bases of H.(Gr) and H*(Gr) are given by k-Schur
functions and dual k-Schur functions of Lascoux, Lapointe,
Morse

Structure constants include genus zero Gromov-Witten
invariants or fusion coefficients
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Topics related to affine Schubert calculus

e Symmetric functions:
¢ Macdonald polynomials
e Kk-Schur functions and k-branching (Thomas Lam’s talk)
¢ Representation theory:
e representation theoretic interpretation of k-Schur functions
(Mark Haiman'’s talk)
o Hecke algebras (Nicolas Thiery’s talk)
e Crystals (Jason Bandlow’s talk)
e Combinatorics:
e Core partitions (Brant Jones’s talk)

..in special session on Algebraic Combinatorics...
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Symmetric group

The symmetric group Sp
e generators Si,...,Sp_1
e relations

SiSj = §;S; for |i—j| > 2
SiSi+1Si = Sj+1SiSj+1

st =1
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Affine symmetric group

The affine symmetric group S,
e generators so, Si, .. ., Sn_1
e relations

SiSj = §;S; for|i—j|>2
SiSi+1S5i = Sit+15iSi+1

sz =1
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Affine symmetric group

The affine symmetric group S,
e generators so, S1, . . ., Sp_1

e relations
SiSj = §;S; for|i—j|>2
SiSi+1S5i = Sit+15iSi+1
=1

All'indices i € [0, n — 1] are taken modulo n.
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Affine Hecke algebra

Affine Hecke algebra H
e generated by To,..., Th_1
e relations

TiTi=T;T; li—j|>2
TiTipaTi = Tip1 TiTiq
(Ti—t)(Ti+1)=0

with indices modulo n
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Affine Hecke algebra

Affine Hecke algebra H
e generated by Ty,..., Th_4
e relations

TiTi=T;T; li—jl>2
TiTizaTi=Tipq1TiTipq
(Ti—t)(Ti+1)=0

with indices modulo n

Action on polynomials Sif(Xt,...,Xn) = F(X1, ..., Xjis1, Xis - - -, Xn)

Sof(X1a"'7Xn) = f(qxnvx27"'axn—1ux1/q)
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Affine Hecke algebra

Affine Hecke algebra H
e generated by Ty,..., Th_4
e relations

TiTi=T;T; li—j>2
TiTivaTi=Tipq1TiTipq
(Ti—t)(Ti+1)=0

with indices modulo n

, 1—1)x
Action on polynomials Ti=1si + ﬂ“ - 5j)
Xi — Xjt1
1—-bHx
To = tsg + u(1 — So)

QXn — X4
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Non-symmetric Macdonald polynomials

E.(x1,...,Xn; q, t) are characterized by
: (T 1—t :
1. Eg)(Xiq,t) = (T, e e a) >) E.(X:a,1),

i#0
2. E.()(X;q,t) = q*"xVE,(X; q,t)

Si(a1,...,an) ( Oé,'+1,0éi,---,01n)

m(aq,...,ap) = (« n+1 Qf,...,0p_1)

VF(X1,...,Xn) = X1 f(Xo, ..., Xn, X1/Q)
p=((n-1,n-2,...,1)

w,, maximum length permutation such that Wlf (1) is dominant
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Non-symmetric Macdonald as eigenfunctions

E. ., depending on composition « and permutation w
1. TiE,o(X;q,t) =t"Enws(X;q,t)
2. ToEaw(X;q,t) =gt Enws(X:q, 1)
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Non-symmetric Macdonald as eigenfunctions

E. ., depending on composition « and permutation w
1. TiE,o(X;q,t) =t"Enws(X;q,t)
2. ToEaw(X;q,t) =gt Enws(X:q, 1)

If s, ---s, =1in Wy = Sp, then
Ti1 T TikEoz,w = qmtmEa,w

and E, ,, is an eigenfunction.
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Level-0 action
Howcans; ---s, = 1in Wp?

Answer: s; ---s; is a translation in the affine Weyl group W!

WV\/V S$1825189 = 1in S3
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Level-0 action
Howcans; ---s, = 1in Wp?

Answer: s; ---s; is a translation in the affine Weyl group W!

WV\/V S$1825189 = 1in S3

~> Nicolas Thiéry’s talk
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Crystal graph

Olelle[d]

1

Y
Oellelzl . Oelled] [lele[]

Y
Olellel] [Eel2le] [lellelz]

Y
Elelz]e[z]
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Crystal graph

Olelle[d]

Y
Oellelzl . Oelled] [lele[]

1Wl1

Y
Olellel] [Eel2le] [lellelz]

Can we understand the g-statistic from this point of view?
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Affine crystals

Motivation

g Lie algebra/Kac—Moody Lie algebra

 Crystal bases are combinatorial bases for Uy(g) as g — 0
o Affine finite crystals:

e appear in 1d sums of exactly solvable lattice models
e path realization of integrable highest weight U,(g)-modules
o fermionic formulas
« Irreducible finite-dimensional affine Uq(g)-modules
classified by Chari-Pressley via Drinfeld polynomials

e HKOTY conjectured that the Kirillov-Reshetikhin modules
W"S have crystal bases
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Axiomatic Crystals

A Uy(g)-crystal is a nonempty set B with maps

wt: B— P
e,f: B—BU{h} foralliel
satisfying
f(b)=b < e(b)=0b if b,b' € B
wt(fi(b)) = wt(b) — «; if fi(b) € B

(hi, wt(b)) = ¢;(b) — &;(b)

b i b’
Write = for b/ =fi(b)
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Tensor products

B, B’ crystals
B® B'is B x B as sets with

wi(b® b') = wt(b) + wt(b')

) fi(lb)® b if i(b) > pi(b)
f —
(beb) {b ® fi(b') otherwise
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Tensor products

B, B’ crystals
B ® B'is B x B as sets with

wi(b® b') = wt(b) + wt(b')

) fi(lb)® b if i(b) > pi(b)
f —
(beb) {b ® fi(b') otherwise

b ® ol

——— +++ —— ++++
N~ ~

wi(b)  €i(b) wi(b')  ei(b)



Affine Schubert calculus Non-symmetric Macdonald polynomials Affine crystals Stanley symmetric functions

Energy function

Local energy function H: B B — Z

H(ei(b® b)) = H(b® b') ifi 20
—1 if g acts right

H(eo(b® b)) = H(b® b’
(eo(b@ b)) = H(b® )+{1 if e acts left



Affine Schubert calculus Non-symmetric Macdonald polynomials Affine crystals Stanley symmetric functions

Energy function

Local energy function H: B B — Z

H(ei(b® b)) = H(b® b') ifi 20
—1 if g acts right

H(eo(b® b)) = H(b® b’
(eo(b@ b)) = H(b® )+{1 if e acts left

Global energy function E : B®L — 7

E(by@---®b)= Y i-H(b®bi1)

1<i<L
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Example of energy function

Example

Type Ap—1: B={{1],....,[n]}

H /
Hb® b) = 1 ifb> b descents or inversions
0 otherwise

E(by®---@b)= > i H(b®bj1) majorindex

1<i<L
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Example of energy function

Example

Type Ap—1: B={{1],....,[n]}

H /
Hb® b) = 1 ifb> b descents or inversions
0 otherwise

E(by®---@b)= > i H(b®bj1) majorindex

1<i<L

b=[3]e|2|®[2]®[1]®[2]
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Example of energy function
Example
Type Ap—1: B={[1],...,[n]}

Hb®b') = 1 ifb> bl descents or inversions
0 otherwise

E(by® - ®b) = Z i-H(bj® b, 1) majorindex

1<i<L

b=3]e[2|®[2]s[1]®[2]

E(b) =1+
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0 otherwise
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1<i<L

b=[3]e|2|®[2]s[1]®[2]

E(b)=1+0+---



Affine crystals
Example of energy function
Example
Type Ap—1: B={[1],...,[n]}

Hb®b') = 1 ifb> bl descents or inversions
0 otherwise

E(by® - ®b) = Z i-H(bj® b, 1) majorindex

1<i<L

b=[3]e|2|®[2]s[1]®[2]

E(b)=1+0+3+---
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Example of energy function
Example
Type Ap—1: B={[1],...,[n]}

Hb®b') = 1 ifb> bl descents or inversions
0 otherwise

E(by® - ®b) = Z i-H(bj® b, 1) majorindex

1<i<L

b=[3]e[2|®[2][1]®[2]

E(b)=1+0+3+0
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1 0

Y
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Stanley symmetric functions
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Energy function
Mo e

1 0

Y
Oellelzl  [Oellel] [lele[]

Oellelz] [lellel] [ledlelz]

1 0

Y
lel2]e[z]

In Sy, sgs1 = 1, but in crystal (sps1)® = 1
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Energy function
Me@e

Y
elflelz] Oelkled] [Eledle[]

1 0 2 0 y

Y
Oellelz] [Elelkled] [Elele[z]

7

Y
[2lo[2]@[2]

In Sy, sgs1 = 1, but in crystal (sps1)® = 1

In general:
lfp=s; ---sj =1in Wp, then pt =1 in crystal B*L.
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Energy function
Me@e

Y
elflelz] Oelkled] [Eledle[]

1 0 2 0 y

Y
Oellelz] [Elelkled] [Elele[z]

7

Y
[2lo[2]@[2]

In Sy, sgs1 = 1, but in crystal (sps1)® = 1

In general:
lfp=s; ---sj =1in Wp, then pt =1 in crystal B*L.

E(fy(b)) = E(b) =1 (mod L)
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(Open) problems

e Further unfolding of alcove picture to capture crystal
picture?

e Geometric interpretation of energy function?

e How do we get affine crystal structures?
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Dynkin automorphism
Type A“)
KMN? proved existence of crystals B"S for Kirillov-Reshetikhin
modules W"*

0 ,
automorphism o
1 /2 T n
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Dynkin automorphism
Type Am
KMN? proved existence of crystals B"S for Kirillov-Reshetikhin
modules W"*

0 ,
automorphism o
1 /2 T n

Promotion operator pr uniquely defined by Shimozono

T
s P . prs

fal J/fa-m

BS — ., Bs

pr

(hay1, wi(pr(b))) = (ha, wi(b))
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Dynkin automorphism
Type Am
KMN? proved existence of crystals B"S for Kirillov-Reshetikhin
modules W"S

0 ,
automorphism o
1 /2 T n

Promotion operator pr uniquely defined by Shimozono

T
Brs P . prs

fa l l fa+1

BsS ., BS
pr

(hat1, wi(pr(b))) = (ha, wi(b))
Then ey =pr'oeopr fy=pr'ofiopr



Affine crystals

Dynkin automorphism

Type | Dynkin diagram

1

A(5) 1\2/_3}5

1

Bf" ?>2—3—435

(2)

Ag ?>2—3—435
D(1) 0 - B _4

5 1/2 3\5

(M) 2
S o1 —2—3—41F5
@) 2

Bl 021 —2—32,

(2 P
Ao | 021 —2—3—4E5
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Existence of Kirillov-Reshetikhin crystals

The Kirillov-Reshetikhin crystals B™* exist for nonexceptional
types.

Combinatorial models for these crystals can be constructed
using the classical decompositions

B"* =~ (P B(A)
A

and the automorphism o (i special node o(f/) = 0)

fr=c'ofoo

eoza_1oe,-og
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Dynkin diagram automorphisms

Question: What about several tensor factors?

Promotion operator acts on each tensor factor

pr(b1 R ® bL) = pr(b1) & ®pr(bL)
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Dynkin diagram automorphisms

Question: What about several tensor factors?

Promotion operator acts on each tensor factor
pr(by ® ---® b)) =pr(by) @ --- @ pr(by)

Question: Are there are other promotion operators that lead to
affine structures?

~» see Jason Bandlow’s talk
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Stanley symmetric functions

Introduced in 1984 by Stanley
e used to study # of reduced words of w € S,

e closely related to Schubert polynomials of Lascoux and
Schitzenberger (related to geometry of flag varieties)
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Stanley symmetric functions

Introduced in 1984 by Stanley
e used to study # of reduced words of w € S,

e closely related to Schubert polynomials of Lascoux and
Schitzenberger (related to geometry of flag varieties)

Forwe S,

FW_1(X1,X2,...) = Z Z Xp, =+ Xp,

a1~~a¢eR(w) 1<bi<---<by
a;>aji1 =>b,'+1 >b;

where R(w) is the set of reduced words for w.



Affine Schubert

Non-sy

ic Macdonald polynomials

Affine crystals

Properties

Stanley symmetric functions

1. Fw(x) is a symmetric function.

[X1 - - - Xg(w)| Fw(Xx) = number of reduced words for w
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Properties

Stanley symmetric functions

1. Fw(x) is a symmetric function.

2. [x1 - Xyw)lFw(x) = number of reduced words for w
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Non-symmetric Macdonald polynomials

Affine crystals

Properties

Stanley symmetric functions

1. Fw(x) is a symmetric function.

2. [x1 -+ Xyw)l Fw(x) = number of reduced words for w

The Schur expansion of F, is positive.
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nilCoxeter algebra

The nilCoxeter algebra
e generators uq,..., U 1
e relations

Uil = U;l; for|i—j| >2
Uilj1Uj = Ui Uil 4
> =0
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nilCoxeter algebra

The nilCoxeter algebra
e generators uq,..., U 1
e relations

Uil = U;l; for|i—j| >2
Uilj 1 Uj = Uj1 Uiljio
> =0

C[Sp] group algebra of symmetric group
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Stanley symmetric functions for other types

e For each Weyl group W one can construct a new
nilCoxeter algebra by taking the associated graded C[W/].
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Stanley symmetric functions for other types

e For each Weyl group W one can construct a new
nilCoxeter algebra by taking the associated graded C[W/].

e Finding Stanley symmetric functions for each W is
equivalent to finding a particular commutative subalgebra
of the nilCoxeter algebra.
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Stanley symmetric functions for other types

e For each Weyl group W one can construct a new
nilCoxeter algebra by taking the associated graded C[W].

e Finding Stanley symmetric functions for each W is
equivalent to finding a particular commutative subalgebra
of the nilCoxeter algebra.

Schubert bases of H.(Gr) and H*(Gr) are given by k-Schur
functions and dual k-Schur functions for type Ag) and Cff ),
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Affine crystals

Stanley symmetric functions

Enjoy the remaining talks !
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