Diagonal Harmonics (early 90’s)
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DHn = Q[Xn , Yn ]/ Sym
Symmetric function expression (late 90’s)
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Shuﬄe Conjecture (early 2000’s)
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Diagonal Harmonics

Shuﬄe conjecture

1994 - Haiman: (Conjectures on the quotient ring by diagonal invariants)
Definition of the diagonal harmonics
1996 - Garsia, Haiman: (A remarkable q,t-Catalan sequence and q-Lagrange inversion)
conjectured symmetric function expression for the Frobenius character, alternant multiplicity = q,t-Catalan
1999 - F. Bergeron, Garsia, Haiman, Tesler: (Identities and Positivity Conjectures for Some Remarkable
Operators in the Theory of Symmetric Functions)
introduction of the operators ∇ and ∆f
2002 - Garsia, Haglund: (A positivity result in the theory of Macdonald polynomials)
combinatorial formula for the q,t-Catalan (q,t-dimension of alternants in diagonal harmonics)
2002 - Haiman: (Vanishing theorems and character formulas for the Hilbert scheme of points in the plane)
n−1
proof of the conjectured symmetric function expression for the Frobenius character - dim DHn = (n + 1)
2005 - Haglund, Haiman, Loehr, Remmel, Ulyanov: (A combinatorial formula for the character of the diagonal
coinvariants)
combinatorial formula for the monomial expansion of the Frobenius character - “the shuﬄe conjecture”
2018 - Carsson and Mellit: (A proof of the shuﬄe conjecture)
???? - Schur expansion of Frobenius image
indexed by hook shapes is the “q,t-Schröder” (Haglund 2003)

The Delta conjecture

Tri-agonal Harmonics

Delta conjecture

2015 - Haglund, Remmel, Wilson : (The Delta Conjecture)
A conjectured combinatorial formula for ∆′e (en )
k
the case k=n-1 is “the shuﬄe conjecture”
2016 - Romero : (The Delta Conjecture at q=1)
2017 - Garsia, Haglund, Remmel, Yoo : (A proof of the Delta conjecture when q=0)
2016 - Haglund, Rhodes, Shimozono : (Ordered set partitions, generalized coinvariant algebras, and the Delta
Conjecture)
A module whose graded Frobenius characteristic is the Delta conjecture at q=0 (up to application of \omega
and rev_q
2017/2018 - we started working to understand the super-harmonics as a module and it also has
graded Frobenius characteristic (exactly matching) the symmetric function expression in the Delta conjecture

Since ordered set partitions is similar to the harmonics in super space
that we’ve been working on. What would happen if we added an extra set of
commuting variables?
Conjecture:::
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Master conjecture:
There are symmetric functions in two sets of variables

k,k′
FQk ,Tk′ (Coinvn )

En [Z; X] such that

= En [Qk − ϵTk′ ;X]

tables of these symmetric functions up to n=5 are in arXiv:1105.4358v4

How to verify the conjectures:
The dimension tells you if two modules are isomorphic as a vector space
The character tells you if two modules are isomorphic as S_n modules
1. find a basis for M
for an algebra modulo an idea F/I
B = {w : w is not divisible by a leading term of the Gröbner basis}

2. define the S_n action on this basis
3. compute the character for each permutation (of each cycle structure)
χM (σµ ) =
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4. compute the Frobenius image
F(M ) =

µ⊢n

pµ
zµ

two modules are isomorphic iﬀ their Frobenius images are equal

