THE RESTRICTION OF GIln(C) MODULES TO THE SUBGROUP OF Sh

MIKE ZABROCKI

The character of aGl,(C) module is given by the formula
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where the sum runs over a basis of the moduld/. This expression is a symmetric function
in the indeterminates z;.

The character determines the decomposition of the module into irreducibles. If the
module has a character given by a Schur function in the variablesy, x>, ..., zy then the
module is irreducible. The character is a function of the eigenvalues of the matrix taC.

Since the symmetric group (represented as permutation matrices) is a natural subgroup
of GI,(C) we ask the following question:

Question: Given an irreducible GI,(C) module, how does it decompose into irreducible
Sn modules?

This turns out to be easy to compute for specibc examples. | donOt know the answer
to this question in general and it would be very useful to have a clear expression for this
decomposition. The character of aGl,(C) module M at a permutation matrix A, will be
the evaluation of the symmetric function chg, c)(M)(z1, 2, ..., zn) at the eigenvalues of
the matrix A, .

Now the eigenvalues of the matrix A, are determined by the cycle structure of the per-
mutation ! andthey willbe ! « 1w, ... 1« where! p =1,e2Im #im — c2(m" 1)#im
(the m roots of unity).

Example: So for instance, the irreducible Gi3(C) module with character s (71, v2,73)
considered as anS3; module has an S3 character that when evaluated at the identity
has character equal tosi)(1,1,1) = 21. The character evaluated at the permutation
(12)(3) will be si)(1,! 1,1) = 3. The character evaluated at the permutation (123) will
be 5(s) (17 el 37 el 3) =0.

Date:
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As an example, we considefM/ as the G, (C) module consisting of the polynomials inn
variables of degreek. Thatis, M = {yfl dagn 1" 1+ 44& ", = k}. Note that M has a
character given by

mn % ( +
" z1 O 0
! 0 0y !
chg, (c)(M) = §y$ ; = 2 = sgo(a1,. .., an).
yel' M 0 0 0 yel' M
0 0 ... & 4 yo

We debne the Frobenius characteristic of arS,, character as
I

Fs,(#)= #( (®)p /2

"#n
where! ($) is a permutation of cycle type $. For a Gi,(C) character f(x1,x2,...,2n) We
have that I
Fs,(f(z1,22,...,2z0)) = f[l-, +@a&!-, Ip /2.
"#n

Example: The example of the module with character s (71, 72, 3), we have already
calculated the Frobenius image asFs;(s@) (71, 72,23)) = 21p111)/6 + 3pe1y /2. But we
have also determined that the module is isomorphic to the polynomials of degree 5 in three
variables. Since we know that the Frobgnius image of the polynomial ring in 3 variables

has a graded Frobenius image ohs 1X—q hence we know that the co& cient of ¢° in the

expression will be equal to the Frobenius imagé- s, (s) (21, 72, ¥3)). Since we know that

0 1 0 1 1 0 1 1 0 1 1
= s@3)[X]s@) g + 5001) [X]s21) 11 ¢ + 5112)[Xs(112) g

then we know that the coé' cient of ¢°s- [X] will be the number of column strict tableaux
of shape$ with entries in 0,1,2,3,... whose entries sum to 5.

For $ = (3) we know that the tableaux are given by [0]10[5] [0[1]4] [0][2]3] [1]1]3]
[1]2]2], e
5 4 1 3 2 2 3

For $ = (2, 1) the tableaux are given by[0]0] [0][1] [0[4] [0][2] [0]3] [1]2] [1]1],

For $ =(1,1,1) the tableaux are given by and (0]

We conclude that F53(8(5) (21,x2,23)) =5 S@3) t 7 Se1) T 28(111).

h
3 11 g

Notice that in general that we can express the special case
|

Tk
Fs,(s@)(z1,...,2n)) = s
"4n
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where ¥ is the number of column strict tableaux of shape$ whose entries sum tok.

Macdonald also gives another interpretation of this coé cient (p. 81 example 14). 9
is also the number of column strict plane partitions of shape$. A plane partition is a stack
of blocks with adjacent stacks which are weakly decreasing in height. A plane patrtition is
column strict if the stacks are strictly decreasing in the columns.

LLeee

VEE Bass
LT

Note that this is similar to the last interpretation except that the order of the alphabet
is reversed since these objects are equivalent to column strict tableaux of shagk with
entries that are weakly decreasing rows and strictly decreasing in columns.

We remark that given two GI,(C) modules, their (inner) tensor product will have char-
acter as the product of the product of the modules. That is, for modulesM, N,

chal, () (M " N)= chg,c)(M)chgi,c)(IV).

This follows directly from the debnition of the character.
We also have that the Frobenius image satisbe&s, (fg) = Fs,(f) #Fs, (g) where #
is the inner tensor product (Kronecker product). The Kronecker product on symmetric
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functions is debned émau [z #pu/zu = Youpe [z It:tghenzfollows that
! !
flb-,+aadl., Ip/z # glt -, + aad -, Jp /2
| #n "#n
= flb- +aad!-, gt -, +aad!-, Ip /2
"#n

= Fs,(f9)

3

Fs,(f) #Fs, (9)

Macdonald (p. 50 example 17) talks about the evaluation of a Schur function at the sum
of roots of unity. s-[! n] = =1 if $ has an empty m-core (i.e. it can be tiled with ribbons
of length m) and s-[! ] = 0 otherwise. The sign of s-[! ] will be the sign of the unique
permutation ! such that $+ %, = ! (%) (mod m) where %, =(m! 1,m! 2,...,1,0).

It is quite simple to write a short program which accepts a symmetric function and
a value of n (determining which copy of GI,(C) on is working in) and which returns a
symmetric function which returns the Frobenius image of this function as ansS, character.
> with(SF)
> psum:=proc(Ist,k) local i;
add(lst[i],i=1..k);
end:

> toSnFrob:=proc(expr,n) local i,lambda,j;

add( mul( cat(p,lambda][i]), i=1..nops(lambda))/zee(lambda)*
simplify(subs(seq(seq(x[psum(lambda,i-1)+j+1]=exp(2*Pi*I*j/lambdali]),
j=0..lambda[i]-1), i=1..nops(lambda)),

evalsf(expr, add(x[i],i=1..convert(lambda,0+0))))),

lambda=Par(n));

end:

The program above substitutes the roots of unity in for the variables of the symmetric
function after evaluating the symmetric function at n» variables.
We compute an example using this program:

> for i from 1 to 6 do
> tos(toSnFrob(s[1],i));
> od;

S(1)
5@ t s
5@ 1 S
S@) t 5(31)
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56) T S(a)
56) * 5(51)
Observing the data below, one simple conjecture to make (that should not be that hard
to prove) is
Conjecture 1.
Fs,(sax(®1,22,...,2n)) = S(n" k1) + S(n* ka1 15! 1)

Here is data for Fs, (s (21, 22,...,25)) for n $ 6 and |$| $ 5. Note that if n $ &$)
then s (21, x2,...,27) = 0.

Fs,(sw)) = sq
Fs,(s2)) = sq
Fs,(s@) = s
Fs,(s@) = s
Fs,(565)) = s
Fs,(s1)) = s + sa
Fs,(52) =250 *+ say
Fs,(s11)) = say)
Fs,(s3)) =25¢) + 2say)
Fs,(s1)) = s@) *+ say
Fs,(s@)) =35 + 2suy
Fs,(s31)) = s + 250
Fsy(s522) = 5(2)
Fsy(s5)) =350 *+ 350
Fs, (1)) = 252 + 25011
Fs,(s@2)) = s + say
Fsy(52)) = s *+ (3
Fs,(s2)) =25@3) + 2501
Fs;(s11)) = s@1y + sy
Fsy(s3) = sy + 3s@) + 352
Fsy(s@)) = sqiy + s@) *+ 3s@
Fs,(5(111)) = 8@y
Fsy(s@)) = sa1n) + 4s@) + 5se
Fsy(s@y) =3sa1) + 25@3) + S5
Fsy(s29) =253 + 2501
Fsy(s11)) = sa1ny *+ sy
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Fs;(s5)) = 251111y + 5s@3) + 750
Fs;(sa1)) =4 5011 + 4s@) + 8s@y
Fs;(s32)) =25011) + 383 + 5501
Fs;(5311)) = 28111y + 23(21)
Fs;(5201)) = s3) + 1)
Fs,(s)) = s@ + 3@
Fs,(s2)) =25y + 2531 + S22
Fs,(say) = seiy + 5@

Fs,(53)) = sy + 3s@4) + 4531 + s@2)
Fs,(s21)) =25p11) + S@ *+ 3s@y + 2502
Fs,(sa1y) = sauy) + seiy
Fs,(s@4)) =25011) + 5s@) + 6531) + 35022
Fs,(531)) =25 + 33822 *+ 5spuy *+ saiy *t 7@y
Fs,(s22)) =25y + 3822 + Spe11) + 35y
Fs,(5011)) = S@2) + 3sp11) + S@i1y) + 531
Fs,(s1111)) = S(1111)

Fs,(s5)) =654 + 4502 + 45011y + 10s(3y)
Fs,(s41)) =55@) + 73502 *+ 951y + 25111y + 12533y
Fs,(s@32)) =4 5@ + 5382 *+ 6sp1yy + saiiy + 9s@y
Fs,(5311)) =38@22) *+ 6511y *+ 38111y + 3503y
Fs,(s21)) = s@y + 2502 + 25@211) + 3331
Fs,(s(111)) = Sy + s@i1y
Fss(s)) = s + @y
Fsy(s2)) =25) + 2541y + 3@32)
Fsg(s11)) = s@@11) + @)

Fss(53)) = s@11) + 35 + 2532 + 4504
Fss(s21)) =25@311) + S@o1) + S + 25@32) + 3541
Fsg(s111)) = s@E1y) + Se111)

Fsy(s@a)) =25@311) + S@21) + 5s@) + 4532 + 754
Fs;(s31)) =255y + 7841 + 5s@2) + 65@311) + Sei11) + 25021
Fss(s(22)) =255y + 3541y + 4s@2 + S@E11) + 250201
Fsg(s11)) = sy + S@2) * 3s@Eiy * 2spuy 2520
Fsy(s1111)) = S2111) + S@a1111)

Fsy(s)) =11sa1) + 78@2) + 5s@iy + 25201 + 75
Fsg(sa1)) = 14841 + 3sp111) + 68221y + 58 + 1ls@y + 1lsgaiy
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Fs;(532)) =108341) + 250111y + 98221y + 455 + 10si3z) + 8531y
Fss(s@311)) =381y + 5spu1yy + Sai11y) + 5spay + 4s@E2) + 8531y
Fsg(s201)) =381 + sei11) + 4spay + s T 4s@E2) + 3531
Fsg(s(2111)) = 3502111 + s@11y) + Se2n o SE11
Fsy(s@1111)) = s@1111)

Fsg(s1)) = ss1) + 5(6)

Fsg(5(2)) =251y + Su2) + 25
Fsg(s11)) = ss1) + 811
Fse(s@) =4561) + 2542 + s@3) + 386 + S@1y
Fsg(521)) =381 + 25a2) + se) + 25411) + S@E21)

Fsg(s111)) = s@11y + Sw@1y
Fsg(sa)) =556 *+ 7sEy + 5s@z) + 8@z + s@on) + 25411
Fse(s@) = s@11y + 2s6) + 751 + 5su2) + 25@3) + 3s@ay + 65u11)
Fsg(s22)) =256) + 381 + 4su2) + Su1) + s@3) + 25321 t S@222)
Fsg(s211)) = ss1) + S@2) + 351y * 2s@21 * 2s@u1) toSe2iy
FSG(S(llll)) = S¢1111) T 5(3111)

Fso(s)) =12551) + 8suz) + 5s@1r) + 3s@21) + 7se) + 353
Fso(sa1)) =5 s6) + 14551) + 13542) +125411) +4533) + 85(321) + 35(3111) + S(222) T S(2211)
Fs¢(s32)) =4 56) + 10551y + 115a2) + 8 5a11) +5533) + 85321) + 253111) + S(222) + S(2011)
Fss(s@11)) = 3 551) + 45042) +85a11) + 5@33) + 75@321) + 653111) + S(222) T 252211) + S(21111)
Fss(5221)) = s(6) + 35(51) + 45a2) +35411) + 25@33) T O5(321) t S(3111) T 25(222) T 252211)
Fse(su11)) = S@1n) + S@21) + 3s@ua) + 2seaany + 2Seii)
Fse(5(11111)) = Se1111) v S@i1111)



ON THE DECOMPOSITION OF Gln(C) REPRESENTATIONS INTO
IRREDUCIBLE Sn MODULES II: GUIDING FORMULAS

MIKE ZABROCKI

First we list some properties of the Frobenius map which sends a a%, character! :
Sn ! Cinto a symmetric function by th? map

FM)=  'C@H)plz:.
I''n
For an S, module M, denote Frob(M ) = F(chars, (M)).
Let M' be aGl,(C) module with character equal to the symmetric function's, (X1, X2, . . ., Xn).
| mentioned in the last writeup that Frob(M ) = s | k) + S ka1 1¢-1)- | received
an elementary proof of this proposition from Adriano Garsia:

M@ L, #xi, #A 8K, 18 11<i2< A4&IKS N} " IndT, s | L{ Xa#xo# & ax}

where the action of S,- ¢ is trivial on the module and Sy has the sign action onxy # X, #
aa# xg.

Therefore Frob(M 1)) = Sk)S(n" k) = S(n" k.1k) * S(n k1 ,1k-1)-

That two line proof should be broken down into lemmas

Lemma 1.
M@ = L{x;, #x,#aafx, 1$i1<io< aaéi,$ n}

Proof. We compute the Gl,(C) character of L{ x;, # Xj, # aa#& xj, :1$ i1<i, < aa&

ik $ n}. Let diag(y1,y2, a4 dayk) represent a diagonal matrix of Gl,(C) which acts on the

variables by diag(y1, Y2, Aaayk)Xi = ViXj.
!

diag(y1,y2, aaayw)Xi, # Xi, # aa# x; " » =
e Xi, $Xi, $adhxi,
i1<i < @& |

Vi Vi, é_é_ﬁk
i1<i 2< &4
Therefore L{ xi, # xj, # 4a4& X, : 1% i1 <ip< ad&ix $ n} is the irreducible module
with character sq«(y1,Y2,...,Yn)- !

S(lk)(y11y21 e 1yn)

Lemma 2.

L{ i, # Xi, # A4 Xj, :1$ i1<ip< 44&i$ n}" IndQ, o L{xs#xy# aa# x}

Date: December 6, 2006.
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Proof. Recall that Ind g;#sH L{b} = L{" %s,4s,_, b : " & Sh,b} where we have the
tensor over a group satisbes the relations

"h%y v=" "%y hv.
The isomorphism is gi\%en by
L 1 aaak k+1 4aaa n L

. . | 0
Xi, # Xi, # aa# x;, " i, A&&i, 1 AAAjy Yos, #'s,_, X1 # Xo# ad#l Xy
Where{jl,jz---,jn" k} = [n]\{ illiZ!---vik}'

The proof is to show that this map is equivariant with respect to the action of the
symmetric group S, and it su! ces to show that the action of the simple transpositions
(j,j +1) are equal on both basis elements. There will be four cases to consider, namely
both j andj +1 are in {i1,ip,... ik}, ] isin{i1,ip,...,ix} andj +1lisnot, j +1isin
{i1,i2,...,ix} andj isnot,andj,j +1 &{iy,i2,...,ik}.

We leave the remainder of the proof as an exercise to the reader. !

The third step of AdrianoOs proof is that we need to know some properties of the Frobe-
nius map. We list below some of the images of commo8,, modules.
trivial S, module ! S(n)
sign S, module ! S(in)
permutation representation {1,2,...,n} ! S yS1) = Sty + S 1,1)
| n

regular representation S
%n;jg;#snékm %N ! Frobs, (M)Frobs, , (N)
k=0 Resglys M ! " (Frobs, (M))
Res3ys, M ! |1k Si°Frobs, (M) %s,
M %N (with S, acting diagonally) ! Frobs,(M) ( Frobs, (N)

Adriano also provided me with a construction of the irreducible Gl,(C) modules. Let T
be a standard tableaux of shape# a partition of k. Let
!

N(T)=  sgn(")"
" &col(T)
!
P(T)= "
" &row (T)
h, = product of the hooks of #

col(T) and row(T) are the column and row group of the tableauT and are subgroups of
Sk. Sk will act on positions of letters in words, that is, a right action. Gl,(C) will have a
left action on the variables.

Next set

Er = N(T)P(T)h, .
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Now set
M' " L{wET :w &[n]}.
Note that the elementswEt form a spanning set and not a basis so one will have to linearly
reduce these elements to a basis.

What is interesting to note from this construction is that it is possible to decompose
M' into submodules of a Pxed content. We debne the content of a word to be the tuple
representing the number of 5, the number 2s, ..., the number ofns in the word. This
tuple is then sorted so that order of the elements does not matter. O entries are allowed
in this tuple so that the content of a word will be content(w) = 0"01"t dad" where
Ng+ni+aaan = nandOng+1ny+ aad, = k (e.g. if n =4 then content(114414) =
content(222111) = (023%)). Next we set

M; = {WET : w & [n]', content(w) = $}.

Now we have reduced the problem of bPnding a decomposition of the moduM ' as an
Sn module to bnding a decomposition of the moduleM, for each$. For many special
cases of$ this is not a di! cult problem.

Proposition 3.
Frobs, (My,)) = s
Proof. This is Schur-Weyl duality.
My = {WET 1w & Sy}

Proposition 4.
F rObSn (M (!)nolnléé@r ) = S(no) F rObSn “ng (M ::_nlééé]r )
Proof. (idea) Show that

! " S !
Mo”olﬂlééé?r Inds:o#sn—noMlnléé@r
where the action of S, is trivial. !

Proposition 5.
k s
Frobs, (M) 10 gz ) = StnoyS(ny) &48n, )-

Proof. | showed what the decomposition ofVl ) was last time using only symmetric func-
tion theory. This is (somewhat) a rebnement olf the statement that

Frobs, (M () = s (1)[X]
T
where the sum is over all column strict tableauxT (non-neg entries less than or equal to
n) with content that sums to k.

What | am saying here is that |

Frobs,(M{) = s 1)[X]
T
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where the sum is over all column strict tableauxT of sizen whose content is$.
By debnition we have that

1) M = L{wET : content(w) = $} = L{ WET : %& Sy}
(where in the sgcond equalityw is any single word such thatcontent(w) = $).
SinceEr = .4 " (remember that it acts on positions of the word), we can easily
show that !
WET = ¢y u

u
where the sum is over the all words such that the number ofs in u is equal to the number
of is inw. So bxw to be the smallest word in lex order such thatcontent(w) = $ (really |
am just choosing any such word but that is OK). Now, for $ = (0"°1"1...k"x). Check that
Sn,) Sn,) @ap Sn, ) Sn, * Sn has the trivial action on the element wEt. By equation
(1) we see that

Mék) = Ind g:l# Sn, # &84Sn, # Sn L{ WET} ’
Therefore the Frobenius image is equal t®,)Sin,) @a%,) as stated. !

Conjecture 6.
Frobs, (M ;1| +g) = Sa)S(S:
Conjecture 7.
! ! .
F rObSn (M El”lZnZé@" )) = CL%F rObSn —ny (M (g)nzééﬂ" ))SIJ
pulng 9% k" nq

Conjecture 8.

! !

! - ' ! %
Frobs, (M (gnasa) = Cuo rob(M (a+1) et acge)) Frob(M ne)
|J.! dnd % k" dnd
This last conjecture is a OmasterO conjecture since it implies all the others. Using it we

have reduced the calculation from the determination of the decomposition oM}, to the
decomposition ofM(!ab).
| still don®t know how to computeFrobsb(M(!ab)), but | do have the following clues:

Conjecture 9.

5 suy if #=(2a+ b,H with b odd
Frobs,(M ,2) = ¢ S if #=(2a+ b, with beven
0 else
This conjecture is implied by the more general theorem:

Conjecture 10.

10)+1
Frobs, (M (™) = Sey ( Frobg, (M 1yv))
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| have a good idea on how to prove most of the conjectures above since their very
formulas suggest that there is some module isomorphism that can be used to demonstrate
them.

The brst cases where one of the conjectures above does not apphsis (2 2). | was able
to compute by process of elimination (since | can computeé-rob(M ') and Frob(Mé) for

&7 $, then we can deduceFrob(M})) that

33
F rObga(M ((22%)) = 3(13)

42 _
F r0b53 (M ((22%)) = 5(2) S(l)

51
Frobs, (M ((22;)) = S

Any clues about why?
Example: We have by Conjecture 8

42 4 31 22
Frob54(M((2211)) = Frobgz(M((Z%))s(z) + FrobSZ(M((ZZ)))s(Zl) + Frobsz(M((zz)))s(z)

sinceFrobsz(M(’ll)) = 5.
In addition we know FrobSZ(M((;%)) = 2 by Proposition 5 and Frobsz(M((g’g))) = Su1)

and Frobsg, (M ((2222))) = s(p by Conjecture 9. Therefore,
42
Frobs, (M 311)) = 250)S@) + SanSy

| have placed data for# a partition of 6 for my conjectures on the decomposition of
homogeneous components on the web page for this seminar.
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| have used the conjectures above to compute some Frobenius images Br= (2, 2),
(2,2,2), (2,2,2,2), (2,2,2,2,2), (2,2,2,2,2,2), (3,3), (3,3,3), (3,3,3,3), (4,4), (4,4,4),
(4,4,4,4), (5,5,5), (6,6,6). Note that the n that | use is determined by ' ($).

From this data | conjecture the following:

Conjecture 11. Let # =(m, #) where# - k. Then for a. #i,
N bFy" K, I
) F(Mia) = F(ME" ")
| am pretty sure that this is easy to prove and that it is a matter of showing
ML B k)

@) )
I am calling it a conjecture until I check the details.

This is useful because | canOt calculate using my programs (presentfM ((égs’if%)), but
(8.2,2)
M

(222222)) which | can calculate.

Since we know by Schur-Weyl duality that F (Méll! |)) = s, we can conclude

| know that this is equal to F(

Corollary 12. For k<b,
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4\ _
F(M3y) = Sp

(31)y —
F (M (22)) - S(11)

(22) _
F(M22) = @

(6) \ —
F(Mga3) = S
F(MSY) = S(11)

(33)

(42)y _
F(Ma33)) = s
(33)y —

F (M(gg)) - S(11)

F (M) = Se
F(M((ﬁ)) ) = Sy
F (M) = Se
F (M((fj))) = Sa1)

(44)y _
F(Masy) = s

© = © = (12) \ _ (15) | _
F(M(ZZZ))_ F(M(333))_ F(M )= F(M )= S@m)

(444) (555)
51) \ _ (81) \ _ (11,1)y _ (14,1) _
F(M@az) = F(Mg3) = F(Mg') = F(M5sg)') = S

“@2) \ _ 72) \ _ (10,2)y _ (13.2)y _
F(M222) = F(M333) = F(M307) = F(Mes)’) = Seeny + Sg)

FME)) = S(111)

(222)

F(Mgay) = FIMGn) = FIMEE) = s + Sen + Sau
F(Mgan) = F (M) = S3+2 521
F(M@2z) = F(M(ga5) = F Mgy ™) = F(Mey™) = sy
F(MGp)) = FIMG) = F(Mgeg) = FIMEE™) = s
F(M(53) = F(Mgg) = F(Migeg™) = Seany + sqa
F(M((Zﬁ))) = F(M((ésoé;l'l)) = s+ Sp1t S111
F(Mzzz) = FM ) = F (M) = F(Mcg™) = s
F(M@az) = F(Miag) = F(Mige5™) = s
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642 942
l:(M((444))) - F(M((555))): Szt S2.1
(333)y _ (633)\ _ (933)\ _

F(M@sz)) = F(Mgagy) = F(M555)) = S

®
F(M@222) = S

(51) \ _
F(M@222) = S

F(M&) = ey + s@

(222)
F(M5) = Saay
F (M) = Sy
F (M) = S

F(M((zzzzzz))) = S(3)

F (M) = S

(81)  _
F (M 333) = S

(72)
F(Ms3) = S@) * Se)

F (M 35%) = S@ * Sean) + Sy
F (M((35:;2)) = S(21)
F(M53) = Saiy
F(M&a3) = Sey

F (Mgﬁ;)) ) = Se1) + Sa1y
F(M((ge?sz))) = S(3)
F(Mg;;))) )

F (M35 = Sey

(333)y _
F(M333) = Saiy

(12) y =
F (M ja4)) = S3
11,1)y _
F(M((444))) = S21
F(Mgaiy) = So+ S22

10,1,1)y _
F(M((444) Y= s111
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93
F (M((4431)) = Sg+ Sp1t S111

F (M) = S21

(444)
F(Man) = Ss+2 521
F(M$e) = s21+ s111

F (M((fjj))) = S3
F (M((Zi);)) = Sp1+ S111
F(M((Zﬁ))) = Sg+ Sp1+ S111

732
F (M ((444))) = So1

(66) \ _
F(M (444)) = S3

(651)\ _
(444)) = S21

642
((444))) = S3t S21

633
F (M((444))) = S1,11

F(M (552)) = S111

F(M
F (M

(444)
F(Map) = S21
F (M(Tﬁ))) = S8
F(Mgen) = S3
F(M ((ééé?) = S21
F (M((5153§§)) = S3+ S21
FM&se) = s11a
)= s+ st s
FMGieY) = s
F(M (%51;',‘)1)) = s3+251
F(Mgse™) = s21+ S111
F(Mgss™) = s3
F (M (10,5)) = S3+2 81+ S111

(555)

10,4,1
l:(M((555) )) =Szt Sp1t S111
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10,3.2)y _
l:(M((555) )= s

F(M (96) )= Sz3+Sp1+S111

(555)

F (M((SQSSQ))) =281 % S1,11
F(Mse) = S3+ S21
F(M &) = st
F (M((5852)) = Sp1
F (M((§5651))) = s3+ S21
F(M((§5552))) = s3+ Sp1+ S111
F(M ((5833))) = sp1
F(M ggé))) = S111
F(M((gsé}:))) = S21

(753)

F(M@gss)) = S21+ S111

F(M (663)) = s

(555)
F(M o) = s2a
F (M((55§55))) = S111
FED)- s
F(M&ee)) = san
F (M((elgé?) = S3+ S21
FMGey™) = s111
F(MGey)) = Sa+ Saa+ S11a
F(M ((égéi'l)) = Sp1
F(M ((égé?)) = S3+2sy1
F (M(%éé?'l)) = S21+t S111
F(MU22) = o,
F(Man) = S3+2 821+ S11

13,4,1
F(M((eea) )) = S3t S21t S1,1,1
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(13,3,2)

F(M@ges) ) = S2.1
FMGa) =2 s3+2 521+ S111
F (M((égéi)yl)) =251+ S1,11
F(Mggey ) = Ss+ S22

(12,3,3)

F(M(666) )= S1,11

F (M((Glééz)) =21+ S111

F(M ((é-elé()il)) = s3+2 Sp1+ S1,11

11,52
F(M((eee) )) =83+ 821+ 8111

11,4,3)\ _
F(M((eee) )= S2,1
(10,8)

F (M (es)

10,7,1
F(M((eee) )) = S3+ S21 % S111

F(MGen?) = ss+2 521

)= S3+ Sp1

FMU%23)y = 551+ 5114

(666)
F(M G ™) = s3
F(M((gé?;))) = S111
F(MGee ) = san

F(M ((géé)z)) = S21% 81,11

F (M((gég’)g)) = S3+ Sp1+ S111

FMES = 55,

(8.8,2)y _
F(Mgge) ) = Sa

8,7,3)y —
F (M((666) )) = 821

FMESY) = s5+ 524

8,55)y _
F (M ((666) )) = S111

7,74)\ _
F (M ((666) )) = S111

7,6,5)y _
F(M((eae) )= s21

(6,6,6)y —
F(M@gge) )= Ss
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(8) _
F (M 2220)) = S(a)

(71) \ _
F (M 2222)) = S(an)
FIM8 )= su + say + S
(2222) (4) (31) (22)
53
F (M (3a02)) = S@an) * Sean)
(44) \ _
F (M 2202)) = Sa) + S22)
(611) y _
F(M 2222)) = S(211)
521
F (M (oa0) = S@an) * Se2) * Sean
(5111)\ _
F(M22)) = Sy
431
F (M((m%)) = S@a1) * Se11) t Su111)
FMS2) Y= s + Sy + S
(2222) (4) (31) (22)
(4211)\ _
F(M2222)) = S(211)
(332) y _
F (M 2202)) = S(211)
(3311), _
F(M2220)) = S(22)
(3221), _
F(M2202) = Sian)

(2222), _
F(M2202)) = S(a

(12) § _
F(M (3333)) Y

(11,1)y _
F (M (3333)) = S31

F(M((ggg’?)) =S4+ S22+ S31

10,1,1)y _
F (M ((3333) )) = S211

F(M ((3??23)) =S4+2s31+S211

921
F (M((333;)) = S22t S31t S211

9111
F(M ((3333))) = S11,11
F(ME)

3333)) = S4+2S22+ S31+ S211

831
F(M ((333%)) = Sp2+t2S31+2S211+ S1.111

F(M((§§§§)) =S4+ Sp2+ S31
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8211
F(M ((3333))) = S211

75
F (M((ggg,g)) =2 S3,1 + S2,1,1

(741) | _
F(M(3333) = Sat S22+2S31+2S211+ S1,111

732
F(M ((333%)) =S4+ Sp2+2831+2S211

7311
F(MZy = Sp2+ Sp11+ S1,1,11

(3333)
(7221)y _
F (M (3333)) = S31
EM© )=
(M(3333)) =S4t S22+ S1111
651
F (M ((333:)3)) = SyoptS31t 2 S21,1
642
F(M ((333%)) = S4+2sp2+2831+ S211F S1,1,1.1
6411
F(M ((3333))) =S31t S211
633
F(M ((333%)) =8S31+2S211+ S1111
(6321)

F(M(ssss)) = S22+ S31t S211

F(M (6222)) = s

(3333)
F (M((ggg)) = S31% 5211
F (M((é:’??sl;))) = S22t S1111
F (Mg;;%)) = S22+ S31t S211

5421
F (M ((3333))) =S4+ S31t S211

5331
FIMESD) = 550+ Sp11+ S1011

(3333)
F(M (3539 = Saa

F (M (33) = S4

F (M((§§§§))) = S31
F(M((§§§§))) = S22
F (M((§§33§))) = S211

(3333)

F(M (3333)) = S1,111

(18)  _
F (M (4244)) = Sa

15,1) _
F (M 244)) = S31
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14,2
F (M ((4444))) = Sqt $2,2 + S3,1
14,1,1)\ _

F (M ((4444) )) = 8211
13,3

F (M ((4444))) =S4+ 2 1 53,1 + S2,1,1
13,2,1)y _

F(M((4444) )= sp2+ S31+ 210

13,1,1,1)y _
F(M((4444) ))_ S1,1,1,1

F(M (%4',1))) =2,54+2,52+2,S31+ S2,11

F(MG23) = Sp2+2,531+2,8211+ S1,1,11

(4444)
F (M((ijﬁ)z)) =S4+ Sp2+ S31
F(Mims ™) = s211
F(M ((ﬂzii))) = $22+3,831+2,%211
F(M (%Ai')l)) = S4+2,52+3,531+3,521,1+ S1,1,1,1
F(MGaa?)= sa+ 22+2,831+2,52,11

(4444)

11,3,1,1) _
F (M ((4444) )) = 822 + S21.1 + S1,1,1,1

(11,2,2,1)y _
F(M@aag ) = St

0.6
F(M ((1444))) =2,54+2,5+2,531+ S211F S1,1,11

0.5,
F(M (%44?)1)) =S4+2,52+3,831+4,52,11+ S1111

F(M (10,4,2)) =2,84+3,5020+4,531+2,5211+ S1.111

(4444)
10,4,1,1
F(M ((4444) )= s31+2,511+ S1111

10,33
F(M ((4444) e S31+2,8211+ S1,1,1,1

10,3,2,1
F (M((4444) )) = Sp2+ S31+ S211

(10,22,2)y _
F(M@aag) )= S4

F (M ((341)41)) =2 1 S3,1 +2 »S2,1,1

9,6,1)y _
F(M ((44441))) = S4+2,52+3,531+3,5211% S1,1,11

9,52
F(M ((4434))) = 54+2,52+4,831+4,S11+ S1,11,1

9,51,1)y _
F (M((4444) ))=2,502+ S31+ S211+ S1111

9,4,3
F(M ((4444))) = S4+2,52+3,831+3,52,11+ S1111
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9,4,2,1
F (M ((4444) )) =S4t Sp0 2 yS3,1t+ 2 1 S2,1,1
9,3,3,1
F(M((4444) )= s22+ Sp11+ S111a

9.32.2)y _
F(Maas)) = St

8,8) \ _
F(M ((444)4)) = s4+2,552
8,7,1)

F (M 4442,

)= S22+2,531+2,S211+ S1,1,1,1

8,6,2
F(M ((4444))) =2,54+3,S2+3,831+2,5211+ S1,1,1,1

F(M ((51,13,41),1)) = S31+2,5211

8,53
F(M ((44?14))) =2,52%3,831+t4,82,11t% S1111

8,52,1)\ _
F(M ((4444) )= s4+ $p0+2,531+2,5201+ S1.111

(8,4,4)
F(M (4444)

(8,4,3,1)
(4444)

F (M

)=2,84+2,52+2,531+ Sp1,1

F(M )= S22+2,S31+2,S211+ S1,1,1,1

(8.4,2,2)
(4444)

8,3,3,2)y _
F(M((4444) )) = S211

2
F(M ((14121))) = S31+2,511

)= Sa+t Sp2+ S31

F ('V'((Zazf)’”) =S4+ Sp2+ S1111

FIMUSY)= s+ Sp2+2,831+2,8211+ S1,1,1,1

(4444)
F(M ((Zziillz)’l)) = Sp2+2,831+ S21,1
F(M ((Liif))) = Sp0+2,831+2,8,11 % S1,1,11
F(M ((Liif)'l)) = S4+2,82+S31+2,5,11% S1,1,11
F (M((Liif)'z)) =831+ S21,1
F(M ((Zziif)'l)) = S4+2,831+ S211

7,43.2) _
F(M((4444) )= sp2+ S31+ 211

F(M (7’3'3'3)) = S11,11

(4444)

F (M((fziif))) =S4+ Sp2+ Sg1
6,63,

F (M((4444)1)) = s31t S211

FOIEE = 50t s
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6,5,5)\ _
F (M ((4444))) = S211

6,541
F(M((4444) )= S22+ s31+ S211

(M (6,5,3,2)) =831+ Sp11t S1,111

(4444)
6,4,4,2
F(M((44jj) )= sa+ sp0+ s31
6,4,3,3)y _
F(M((4444) )) = S211
5,5,51)y _
F (M((4444) )) = S1111

5,54,2)\ _
F(M((4444) )) = S211

(5.533) _
F(M@aag) )= S22
(5.44,3)y _

(aaas) )= S31

(4,4,4,4)\ _
I:(M(4444) )= Sa

F(M

(10) _
F(M (2200 = S5

(91) —
F (M 22202)) = Sau
FIMPD )= ss+ s32+
(M 22202)) = S5+ S32+ S41
(811) y _
F(M22222)) = S31.1
FIMUD,) = Sa2+ Sa1+ S
(22222) 3,2 4,1 3,1,1
721
F (M((zzzgz)) = S32 + S4,1 + S$22,1 + S3,1,1
7111
F (M((zzzzg)) = 521,11

64
F (M((zzgzz)) = S5+ S32t Sa1+ S221

631) \ _
F(m 8 )= S32% Sa1t Sp21+28311+ S21,11

(22222
F(M ((52222%2)) = S5+2S32+ S41+ Sp21
F(M ((522;21%)) = S221*t 8311t S2111
F(M ((53521;))) = S11,1,11
F(M ((525%22)) = S311

(541) \ _
F(M22020) = S32F Sa1+ S221+ S311+ S2,111

532
F(M ((222%2)) = S32+ 841+ S221+2S311+ S21,11

(5311) \ _
F(M(zzzzz)) =832+ S2217% S31,1F S2,1,1,1F S1,1,1,11
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(5221)

F (M(zzzzz)) = Sg2+ S41t S221t S311

52111
F (M ((22222))) = 821,11

442
F (M((zzzgz)) = S5+ 832+ S41+ Sp21F S111,11
(4411)

F(M50002)) = S31,1 % S2.1,1,1

433
F (M((zzzgz)) = S311+ S21,11

4321
F(MSS2) )= Sap+ San+ Spon+ Sa11+ Soa1a

(22222)
F(M(020)) = S22
F(M(‘SSZZQ)) = S5+ S32+ S41
F(M((;zzzzzlzl))) = 8311
F (M((gggzl%)) = 5221
F(M((23§2222%)) = S311
F(M(50007) = Saz
F(M(222) = S
F(M((zzz?zzz?zz))) = S5
F(M((egss)) =S5
F(M((slgéé)s)) = S41
F(M((§§’3’?3)) = S5+ Sgo+ San

(13,.1,1)y _
F (M (33333)) = S3.1.1

12,3
F(M ((3333)3)) = S5+ S32+2S41+ S31.1

F(M (12,2,1)) = S32+S41+ Sp21+ S31.1

(33333)
12,1,1,1)y _
F(M ((33333) )= sa111

(11,4)

F (M (33333)) = S5+ 2 S3.2 +2 S4,1 + S2.2.1 + S3.1,1

(12) -

F (M (222202)) = S6
(11,1) —

F (M (523522) = Ss1

10,2
F (M ((2222)22)) = St S42% S51

(10,1,1) | _
F (M 22022)) = Sa,11
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(93)

F(M (222222)) = 833+ S42+ S51+ S411
021)
F(M220202) = Sa2t Ss1+ S321+ Sa11

(111) | _
F(M(zzzzzz)) = S311,1

84
F(M ((22%222)) = Se+2S42+ S51+ S321

831)  _
F(M220000) = S33+ Sa2+ S51+2S321+2S411+ S3111

(822) _
F(M (222222)) = Sg+ S33+2S42+ S51+ Sp22+ S321

8211) | _
F (M(zzzzzz)) = Sg21% Sa11+ S2211% S311,1

81111
F(M ((22222%)) = 521,111

(75) _
F(M 220002 = S33+ S50+ S321+ Sa11

(741) \ _
F(M )= S33+2Sa2% S50+ S222+28321+2S41,1F S2211F S31,1,1

(222222)
732) |\ _
F(M (220200) = S33+2Sa2+ S51+3S321+2Sa11+ S2211+ S31.11
Eov 3Ly N )
(M (220222)) = Sa2+ S222+2S321+ Sa11+ S221,1+2 83111 % 21111

(7221) | _
F (M (222222)) = Sg3t Sa2* S51t S222+2S321F S411t S2211

(72111) \ _
F(M 522002)) = S221,1 % S31,1,1 % S2.1,1,11

711111
F (M ((222222))) = S111,111

66
F (M ((22%222)) =St Sa2t S222

(651) —
F(M220202) = Sa2t S51+28321+ Sa11+ S2211+ S31,1.1

642)  _
F (M 222000) = S6+ S33+3842+2S51+2S222+3 8321+ Sa1.1% S2211+ 3111+ S2.1,1,1.1

(6411) _
F(M 20202 = S33+28321+28411+2S2211+283111F S2,1,111

633) | _
F(M200) = S33+ S321+2Sa11+ S2211+2 831,11

(6321) \ _
F (M 222020) = S33+2Sa2+ S50+ S222+48321+25211+2S2211+283111+ S2.1,1,1.1

(63111) y _
F(M(zzzzzz)) = S222% S321% S2211*F S311,1F S21,110F S111,1,1

(6222)  _
F(M (222222)) = Sg+ S33+2S42+ S51+ Sp22+ S32,1

(62211)  _
F(M220202)) = S321+ Sa11+ S2211+ S31,1.1

621111
F(M ((222222))) = 52,1111

(552) —
F(M220000) = S33% S321+28411% Sp21,1+ S31,11
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(5511)

F(M220000) = Sa2t S222+ S321+ S31.11+ S21,1,1.1
(543)
F(M20202) = Sa2t S51+28321+ Sa11+ S2211+ S311,1+ S21,1,11
(5421) |\ _
F (M 22202)) = $33%2 Sa2% S5,1% 52,2243 532,142 S4,1,1%2 $2211%2 S31,11% S2.1,1,1,1+ S1,1,1,1,1,1
(54111) | _
F(M222002)) = S321% S221,1 % S31,1.1+ S2.1,1,1.1

(5331) | _
F (M (222222)) =S40+ S222+2S321+ Sa11+ S221,1+t2S31,11F S21,1,1,1

(5322) \ _
F(M222000)) = S33% Sa2+ S50 +28321+2Sa1,1% S221,1 % S3.1,1.1

53211) | _
F(M ( ) )= S33% Sa2* Sp02+2S321+ Sa11t 2211t S31,11t S21,1,11

(222222)
F(M(oaz2) = S22
F (M((gzzzzzzzlg)) = S42+ Ss51+ S321+ S4.1.1
F(M ((52222212121))) = S31,1.1
F(M ((3;2222)) =Set Sg2t S222+F S11,11,1,1
F (M((Q‘gzliz)) = S33+ S51+ S321+ Sa11+ S2211+ S31,1,1+ S2,1,1,11
F(M ((;;2222%2)) = Sg+2S42+ S51+ Sp22+ S321+ S21,11,1
F (M((Q‘Q‘le;%)) = s321+ Sa11t S2211F S31,1,1
F (M Go000)) = S22
F (M((;SSZZ%Z)) = S321%+ S411+ S2211+ S31,11
F (M((g;;zl%)) =S4+ Sp22+ S321+ S22,1,1
F (M((Szzle%)) = S33+ S42+ S51+ S321+ S411+ S31,1.1
F (M (G52520) = Sz
F (M((gézzzézzzg)) = Set Sa2t S5
F (M (2509 = Sar1
F (M (o) = S22.2
F (M G = S32.
F (M (po20)) = S33
(33222)

F (M 222022)) = Sa.11

(332211), _
F (M 22202)) = S4.2
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(322221) _

F (M 222020)) = S5.1
(222222) _

F (M 222022)) = S6



CONJECTURES AND DATA ON THE Sh-IRREP DECOMPOSITION OF
A Gl,(C) MODULE

MIKE ZABROCKI

I have been computing some data and there are some interesting conjectures to be made
about families of modules N .

I think that these are special cases of the modules that Rota studied with his work on
bitableaux bases. It will still take some work to show that these modules are related to
the decomposition of Gl (C) irreducible modules.

Modules of content  (1X) These are the S, irreducible and hence,

F (N(!ll! I)) =3

Modules of content  (a?) We have that ! (") ! 2, hence " = (2a" k,k). In this case it is

easy to calculate that #
! n i
= N((za! kk) _  S@ if k even

) say if k odd

Modules of content  (23)
222
F (N((zs) ') =s@)

321

F (N((zs) = S(21)
411

F (N((za) ) = S(111)
33

F (N((zs))) = S(111)

42
FINSD) = s@) +Sey
51
F (N((zs))) = S(21)

6
F (N((zg)) = S(3)

Modules of content  (24)
24
F (N((24))) = S

Date: December 29, 2006 .
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F (N((2342)21)) = S(31)
F (N((sf)ll)) = S(22)
F (N((;Az)ll)) = S(211)
F (N((;l)ll)) = S(1111)

332
F (N((24) ) = S(211)

F (N((;f)l)) = S(31) + Se1)
F(NGo) = @ +Sa +Se2)
F (N((ff)”) = S31) +S@2) + Se1y)
F (N((ZG})D) = S(211)
F (N(‘ﬁf))) = S@a) + S(22)
F (N((ZSE))) = S@31) + S(211)
F (N((;z)) ) = S(31) + S22) + See11)
F(NS8) = Say
F (N((fi)) = S

Modules of content  (3%)
F (N((;,?:))) =S@)
F (N((§§’)2)) = S(21)
F (Ngf)l)) = S@3)
(522)

F (N(33) ) = 5(@3)
531
F (N( )) = S(21) + S@111)

(3%)
621
F (N((33) = S(21)
54
F (N((33))) = S(21
FINSDY — 55 +5 S
@3)) =S (21) + S(111)
72
F (N((33))) =S@) + S

81
F (N((33))) = S(21

9
F (N((gg)) = S(21)



CONJECTURES AND DATA ON THE Sn-IRREP DECOMPOSITION OF A Gln (C) MODULE

Modules of content  (3%)

34

F (N((34))) = S(1111)
4332

F (N((34) )) = S(211)
4422

F (N((34) ) = S(22)

5322
F (N((34) ) = s

6222
F (N((34) ) = S(a)

5331
F (N((34) ) = S(22) + S(211) + S(1111)

5421
F (N((34) = S31) + S(211)

6321
F (N((34) )y = S@31) + S(22) + S(211)

5511
F (N((34) )y = S(22) + S(1111)

6411
F (N((34) N = S@31) + S(11)

7311
F (N((34) )) = S(31) T S(22) + S(211)

8211
F (N((34) )) = S(211)

9111
F (N((34) N = S(1111)
43
F (N((34))) = S

543
F (N((34) ) = S@31) + S2) + Se11)

552
F (N((34) ) = s@y) + S

642
F (N((34) ) = S4) +S@E1) + 2Sp2) + S211) + Sa111)

732
F(NGer) = sy +2S@1) + Se2) + 2511

822
F(NGo) =@ + Sa + Se2)

651
F (N((34) )) = S@1 + 23(211)

741
F (N((34) )) = S + 2531) + S22) + S211) + S(1111)

831
F (N((34) ) = 25(31) + S(22) + 2S(211)

921
F (N((34) = S@1) + S@2) t Se11)

10,1,1
F (N((34) )= S(211)

66
F (N((34)) ) = S@) + Se2) + S111)
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75
F (N((34)) ) = 2S31) + S(211)
84
F (N((34)) ) = S@a) +S@31) + 2S(22) + S(211)
03
F (N((34)) ) = Sy + 2S(31) + S(211)
F(N(lo’z)) =S +S@E1) + S
(3%) — >4 (31) (22)
11,1
F (N((34) )) = S(@31)
12
F (N((34))) = S()

Conjecture, Modules of two row shape For1! k! a,
bl kk . ., )
I:(I\I((z:\ab)l )) = Sk(l—{ X1" X2,X1" X3,...,X1" Xp})

where L{ X1 " X2,X1 X300, X1 "

St 1,1)-

Xp}t is the Sp module with Frobenius image equal to

Proposition For a# 1
a a+l
E (N ((a+1) )) —F (N(((a+1) )) — #a+1 (S(a+1) )

(a(a+1) ) (a+1) a+l )

Conjecture Fora> 1 $

2 a
FINGea )= s
#1)=3

where the sum is over all partitions " with 3 even parts or 3 odd parts. The first 4 of these
I calculated. The last 4 are just conjectured. I observed (conjectured again) that these
modules are related to Motzkin numbers. We have that

(a+2) %) (a+1) ' 1)
N @) N (ar 121

dim +dim = the number of Motzkin paths of lengtha +1
3
F (N((]_:Z:)) = 5@3)
44
F (N((24))) = S@) + Se2)
53
F (N((35))) = S(311)
ENEDY —
(N gey) = S(e) + S(a2) + S222)
75
F (N((57)) ) = S(s11) + S(331)
86
F (N((6g))) = S(g) + S(62) + S(44) + S(422)
97
F (N((79))) = S(711) + S(s31) 1 S(333)

108
F (N((glO))) = S(10) + S(64) t S(82) + S(622) T S(442)
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Calculated: )
44
F (NG ) = Sw +Se2)
66
F(N ((34)) ) = S@) +S@2) + S11)
88
F (N((44)) ) = S@) +25(22)
10,10
F (N((54) )) = S(a) + 23(22) =+ S@111)
12,12
14,14
F (N((74) )) = S(a) + 3S(22) + Sq111)
16,16
F (N((84) )) = 28(4) + 33(22) + S(llll)
18,18
F (N((94) ) = 25(4) + 3S(22) + 2S111)
20,20
F (N((104) )> = 23(4) + 43(22) + S(llll)
conjectured
22,22
F (N((114) )) = 25(4) + 45(22) + 25(1111)
24,24
F (N 2529 = 254 + 5S2p) + 25
(134 /T “>4) (22) (1111)
FINGE™) = 35 + 55 +2
(144 /= 024 (22) (1111)
30,30
F (N((154) )) = 38(4) + 58(22) + 3S(1111)
F(NS232) = 3y + 6s 25
@64 ) T 254 (22) T 281111



ON THE DECOMPOSITION OF Gln(C) REPRESENTATIONS INTO
IRREDUCIBLE Sn MODULES I1l: GARNIR REPRESENTATIONS

1. The Garnir representation of column strict tableaux
For a column strict tableau T of shape! debne the Garnir polynomial as
G(T): ! (XTll,XT12,...,XT1!!1)! (XTZl,XT22,...,XTQ!!Q)é.é.é(XT..l,XT..2,...,XT"! .)

!
where! (X1,X2,....Xr) = g iq 1 ((Xi ! Xj) is the Vandermonde determinant.
_The content of a column strict tableau will be partition of Pxed length n (padded with
0Os if necessary). Fir (we will be creating an S, module), debne

N. = L{ G(T) : T column strict tableaux, content (T) = " ,shapegT) = !}.

The N! will be the Garnir representation.
In the last pdf ble, | dePnedEs = N (S)P(S) for a standard tableau S of shape! with
the right action (on positions) and

M! = L{ wEs : content(w) = "}.

In that write-up | conjectured that M. is a representation of dimension the number of
column strict tableaux of shape! and content” . | believe that | have a proof of this fact
now and | will present this in a future write-up.

My original intuition says the following:
It should be that
\ER VS

Conjecture 1. N. is an S, module and the Garnir polynomials which debnes the Note
space is a basis.

It turns out that both of these statements are FALSE. These were in the brst version of
this write-up and | am now commenting them out. Keep reading to see some example

n

| want to know how N.! decomposes into irreducibles and understand the relationship
betweenN. and M. . | know examples of whereN.: has dimension which is smaller than
the number of column strict tableaux of shape! and content" . Studying the module N

Date: December 21, 2006.
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raises more questions but it might help give us some understanding of th#. that were
not obvious from other perspectives.

Conjecture 2. If dim N = the number of column strict tableaux of shapé and content
", then NI " M.

2. Some examples

Example: If the Garnir polynomials are standard (i.e. " = (1")) then N in

ducible module of shape! and isomorphic to M(!ln).

) is an irre-

Example: Consider N((zzll)). The two spanning elements are

2] 2]
1 1

1|: X1! Xo= 2|

and therefore F (N((Zzll))) = S(12)-

Example: ConsiderN 32 The two spanning elements are

(32)-
2|2 2|2
1)1 1|=(x1! x2)2 = [1]1 2|
and therefore F (N((3322)) )= Sp)-
Note that in the last two examples above,F (M((zzll))) = F (M((g’zz))) = 3(21).

Example: A larger and more complex example where the the Garnir module is not the

same as the classical module representation N((;gzlg). Consider the two basis elements

NN
—|w
w

2[4]= (x11 x2)(x1! Xa)(X2! Xa)(X1! Xg)(X2! Xs)

414
1[2[3]=(x1! x2)(x1! x3)(x2! X)(X1! Xa)(X2! Xa)

These two elements are clearly equal but the dimension o' cannot be less than the
number of column strict tableaux of shape! so we clearly do not haveM ' " . N..

[ro[w]

Example:
I =(4,4) and" =(2,2,2,2). There are 3 column strict tableaux listed below and they
correspond to the following Garnir polynomials.
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(X2 ! Xx2)(X1! X2)(X3! Xa)(X3! Xa)
(X2! X2)(X1! X3)(x2! Xa)(X3! Xa)
(X2 ! Xg)(x1! X3)(X2! Xa)(X2! Xa)
This is a 3 dimensional module ofS, and the Frobenius image works out to bes; 7+ S

3. Garnir representations indexed by rectangles

!

There are a few special cases that | know for sureF(N(ll! |)) = s,. From this inter-

pretation it is clear that each element of N. :((11:)) is an element of N{ multiplied by a

Vandermonde, hence we have

Proposition 3.

F (N, a)) = #(F(N1))

if ") = n (padded with0 parts if necessary).

Proposition 4. #

1a S if a odd
FINGTN )= T
Spa+1y if aeven

Proof. We show by induction that there is exactly one tableau of content @*1) and shape
((a+1)?). The statement by induction says that the i"" row must be blled witha+1 ! i
iOs andi +10s.

The Prst row must be blled this way because the 10s all go in the brst row and the rest
of the row must be Plled with one 2 because the last column has the numbers 2 through
a+ 1. Assume that the brsti! 1 rows are Plled this way, then thei!™ row must contain
the rest of the iOs (of which there ar@! (i ! 1)) and the remaining entries in the row
are blled with numbers greater thani. But since this is the it" row, the entries in these
columns must be the entriesi + 1 through a+ 1 because there area rows in the tableau.

From this description we conclude that the j! column contains the number 1 up to
a+1! j and then the numbersa+1! j +2 through a+1 (in other words, the j column
all of the numbers excepta+2! j).

The Garnir polynomial corresponding to this tableau is

gl
(X1, X2, .o 20, .., Xa+1) = (xi !X
j=1 1 i<j ! a+l
And clearly the action of %# Sa:+1 on this polynomial is the alternating action if a even
and trivial if a odd. !

)a“ 1.
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It is not true in general, that N! is an irreducible representation (even for" = (a).

Try for example N ((;,’22,)2)- There are three tableaux:

3(3 2|3 2|2
1[1]2[2] [1]1]2]3] [1]1]3]3]

The corresponding polynomials are

(Xl ! X3)2, (Xl ! X2)(X1 ! X3), (Xl ! X2)2
The Frobenius image of this module (by computing the trace of elements of cycle type):

3p3/ 6+ P21/ 2 = S 1y + S3)

4. A homomorphism from M. to N

For a word w that is the same length as the size of the partitions! and ", the letter in
the it" position of the word corresponds to a cell in the partition! , (r,s). If w; = a, then
set

wi$ x5t
where x5 is a commutative variable. | believe that this map sends an element from an
element in M. to (a multiple of) an element in N .

Example: Let! =(3,2). ThenEs =((1)! (14))((1)! (25))P(S). WEs = ( W1W2W3W4Ws!
WaWoW3WiWs ! Wi WsW3W4Wo + WawWsWaw1W2)P (S). The order of the row group of S is 12.
The image of this element under the morphism will be

W4Wrs|
120w, Xws | Xw Xws | XuaXwy + X Xwg) = 12(Xwy T Xy )(Xws ! Xu,) = G(W2IW2W3)

because elements of the row group will preserve the image of these words.
It is not as clear for a general shape, but I claim that this will always happen that the
image of wEs will be the Garnir polynomial pblled with the entries of w.



ON THE DECOMPOSITION OF Gl,(C) REPRESENTATIONS INTO
IRREDUCIBLE S, MODULES 1V: SOME CORRESPONDING
CHARACTERS AND FROBENIUS IMAGES

Module Gl,,(C) character graded S,,-Frobenius image
! ' d
QX" # T(V) | rarwarazmany = k>0 Nas[An] d=0 Tg:g7g Mn—d,1¢) [X]
" . | # . $
Q[Xn] # S(V) =1 T—a; k>0 hie[An] hn I-—q
% . ' L
V) =1 (L+a) = oo €lAs] i=0 qlhn—i[xg{x]
=h,[(1$ g)X]
4——q
, O a-a) b,
A” | 1_r(%1+ ax+ éééan) d=0 {q.q}q h(nfd,ld) [X (1 $ q)]
= k>0 =0 ($ 1)Ze(i,1k‘ i)[An]

0
Although I think that it is clear what T (V ), S(V ) and /O(V) are (because their definitions
can be found in a typical algebra text), I should mention that A/, is the subspace of
Q!X,"# T(V) killed by all partial derivative operators ! ;,. Alternatively, A/, is the ring
of polynomials of all possible brackets of variables (note that T (V) # A}, %S(V)).
In particular we have

(1) Fs, (€x[An]) = ek:[IX ]hn—k&[x}

@) Fanind <h X &
)k

(3) Fso(hay[Anl) = Skihn_i 1) [X]
i=1

Date: January 31, 2007.
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where Sj ; = the number of set partitions of size k with i parts (the Stirling number of the
second kind). These

Let me provide an alternate proof of equation (3) using some proof techniques that might
be useful later on.

Proof. Because F(f [A,|g[An]) = F(f [An]) &F(9[AL]) and F(hi[A,]) = hg,—1,1)[X] from
either equation (1) or (2). Therefore we have that

Ty (hay[An]) = hgmg0) X

Now using techniques of symmetric functions it is not di! cult to show that h,_1 )& =
hihif. This follows from the computation

* + * + ’ - ’ - ) -

hno11y &9 = hg11).f &9 = h,_1, (hif)&(hyg) = hif,hig = hihif,g

Now we proceed by induction since hlhi‘(h(n_i,li)) = ih(,_;1y + hg—iq1i+1). Thus if
we assume (3) holds for all values smaller than k we then have

*k
(n—1,1) — h(n 1 1) &h(n 1,1)

= hihy- Sk-1,iN(n—s 1)
=1
¥t y-1
= iSk—l,ih(n—i,li) + Sk—l,ih(nfifl,li +1 )
=1 =1
y—l k
= iSk1ihoiay + Sk-viciNeoi)
=1 =2
k )k
= (Sg—1i +Sk—1i-1)Nm—izy = Skih—i1)
=1 =1

It is interesting that we can corgpute Very easily F(s; ) which is equal to the Frobenius

image of the S, module M' # . Mi, but I jhave no idea what symmetrlc function
corresponds to M+ . We should have that S = | . f4 such that F(f!) =the Frobenius
image of M.

Lets do a special case which can be worked out from what we know here. Recall that
the coe! cient of s [X]g* in h,[X/ (1$ )] is the number of column strict tableaux of shape
" in the entries {0,1,2,3,...} which sum to k. Denote this coe! cient by A!k. In this case
we have )
Fon (ne[An]) =" Afsi [X].

I'kn
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Proposition 1.

) ) )
Fon (Ne_1.p[An]) = corners(")Aftsy +° ( Akl
I'tn 'Fnoju! =2
where u" " are the cells which are not in bothy and " and corners(") is the number of
corners of ".
Proof.

Fsn (Nk—1,3)[An]) = Fs, (N1[An]) &Fs, (he—1[An])
=hihy Al ls,[X]

Mg 3
) )

=" A2 corners(u)s, + s 4
Fn |p! 1]=2

=" comers()Aits, + Ak s

ukn pkn 1 ! 1]=2 3
k—1 ) ) k—1
=" corners(mAils, +° 2 Al—14 s,
ukn Lhn | 1 ]=2

However this combinatorial interpretation isn’t too helpful when we wish to calculate
Fsn (S(k—1,1)[An]) since we don’t know the di#erence between the coe! cients AFL and AF.

I think that my next goal should be to identify some sort of formula for the Frobenius
images of the M{ (in particular for the case of # = (a%)).



ON THE DECOMPOSITION OF Gln(C) REPRESENTATIONS INTO
IRREDUCIBLE S, MODULES V: ANOTHER PRESENTATION OF THE
Gl (C) MODULE

Recall that we have debned for a partitionA\ ! k
= L{wET :w" [n]X}

where E+ is an idempotent N (T)P (T) acting on the right (permutation of positions in the
word) and T is the super standard tableau of shape\.
In particular we set
M '- L{ wET : content(w) = a}
and we clearly have thatM' . M.
| have also debned a Garnlr polynomial representatiorN' and N and although |
originally thought that N. # M., it turns out that these are not isomorphic.

Conjecture 1. There exists an onto homomorphism fromM: to N. .
Problem 2. Compute the kernel of this homomorphism.

One thing that might make this easier is a second presentation of the irreduciblé&l,, (C)
module. | was not aware until recently of the classical debnition of the irreducible mod-
ules. | learned of the debnition ofM{ from Adriano and at Aaron Lauve showed me a
presentation in terms of matrix minors at a conference in Montreal in January.

Let A be a partition of k and consider the matrix o
0
X11 X12 aaaxin

X21 X22 aaa X2n§

T

an Xn2 ééé. Xnn
Let (i1 i 4daa,), be the determinant of the matrix minor consisting of the brst r rows
and the columns specibed by the sequendge,io,...,i;. Thatis
X1, Xii, aaa X1i,
o L X2i; X2i, aaaXy,
(ipip daa,) = ) ) .
Xril Xriz é.éé.Xr|r

Date: February 1, 2007.
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For a column strict tableau S of shape\ (with entries S; ), we set
X(S)=(S11 S12 44y 1)(So1 S22 aaBy ) aaBy Sy aa By ).
We debne
P' = {X(S): S column strict tableaux shape \}.

Note that the minors (i1 io 4ad,) are multilinear since the determinants are. For
example we have

X ( i 1) = (1 2)(1) = ( x11X22 $ X12X21)X11
X ( i 2)) = (1 2)(2) = ( X11%22 $ X12X21)X12
X ( ? 1) = (1 3)(1) = ( x11X28$ X13X21)X11
X ( i 3) = (1 3)(3) = ( X11%23$ X13%X21)X13
X ( g 2)) = (2 3)(2) = ( X12X23 $ X13X22)X12
X ( g 3) = (2 3)(3) = ( X12X23 $ X13X22)X13
X ( i 2)) = (1 3)(2) = ( X11X23 $ X13X21)X12
X ( i 3) = (1 2)(3) = ( X11%22 $ X12X21)X13

The linear span of theses polynomialsj is &l3(C) module where forA " Gl,(C) a(g}d
Q

a1 a;p aaaan
a1 axp aaaapny gé
. . &

* #
L .y * , 2 2 H#
A(Xjj) = ajXj1+ agXi2+ add an Xin = i Xi1 Xj2 aaaXi g

an1 an2 adaann i

This presentation of the GI,(C) module has a simple homomorphism fromP' to N'
(easier than the one fromM ' to N') which sendsx; to ;' *.

The classical depbnition is nicer in some ways because we are in a commutative poly-
nomial ring. The brst coordinate is telling us the OrowO of an entry in a tableau. The
commutative part erases the column position of the entry (in some ways this is similar to
the multiplication by P(T) on the right).

We also debneP! to be the linear span X (T) where T is a column strict tableau of
shape\ and content a.

P/ = L{X(T): T CST'}
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Conjecture 3.
P! # M.

I will have to think carefully about how to prove this isomorphism exists. We know that
because bothM' and P' are the irreducible Gl,,(C) modules indexed by a partition \ that
they are isomorphic.

One of my conjectures from before is clear.

Proposition 4.

141" 4y pA") g b
PG ) # Py %P

Proof. For every T" CST! we have that T " CS'I'..!:((ll:))

(12 &aa)X(T)= XL+ 1)
where on the right we mean to attach a full column on the tableauxT on the left. Since
P((lln)) = L{ (1 2 44&)} Therefore we have the isomorphism which sends a basis element

(12 4aaa)X(T)= X(T)& (12 aa&) %X (T)

whereT " CST. :((11:)) and T"" CST! is the tableau T with the Prst column removed. !



ON THE DECOMPOSITION OF Gl,,(C) REPRESENTATIONS INTO
IRREDUCIBLE S, MODULES VI: A STRAIGHTENING ALGORITHM

In the second write up | did not make clear that there are some details that need to be
addressed.

Proposition 1. dim M = is the number of column strict tableaux of shapé and content

Given that T is the super standard tableau of shapé , for any tableau (no restriction
on the entries) S of shape! we debPneR(S) (the reading word of S) to be the reading of
the entries in the order specibed byT (that is read the rows from the bottom up). For
example, if

3

713]2

2[4[4]2][5
s=[3[1]2[3]4

then R(S) = 31234244257323. We have that
M! = L{ R(S)E; : shapgS) = !, content(S) = "}

(simply because this is clearly equal toL{ wE : content(w) = " }).
| will show that
M! = L{R(S)E;:S! CST!}

where CST/ is the set of all column strict tableaux of shape! and content " .
Proof. SinceR(S)E+ = R(S)N(T)P(T), we know that R(S)E; = + R(S")E+ where S' is

the tableau formed by taking the columns of S and rearranging them so that they are in
increasing order. For example in the example listed above we have that

44
3(2[3|5
11212|4

no|w|w|~|

S'=

If there are two or more entries which are equal in the same column theR(S)Er = 0.

Now assume that the entries inS are in strictly increasing in columns. Let C(S) be the
reading order of columns from right to left, bottom to top. (e.g. in the running example
C(S') = 45232241342337). Now following this order there is a ObrstO position where the
tableau breaks from being column strict, this occurs across two columns. Consider the
cells in the left column above this break point (which we will label by a;, a,, ..., a;) and

Date: February 1, 2007.
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the cells in the right column below this breakpoint (which we will label by by, by, ..., k).
In a diagram these cells appear as

a]
22
[
By
with
a;>ar> adaag>by>by> aadaby
Consider all possible interchanges of the cells in the sdta;, az, . . ., a;} with the cells in the
set{by, bp,...,b}. Clearly over this set of tableau, C(S') is lexicographically smallest for

S' equal to the original tableau. There exists a permutation#gg which sends the tableau
S to the tableau S’l. Let |

F=  sgn(#ss)R(S#se)N(T)=  sgn(tss)R(SN(T).
s s
Let $ be the transposition which exchanges;, and by, then clearly we haveF = " F$ and
henceF" F$=F+ F =2F, or simply F = %F(l " $). Since$ is in the row group of T,
we also have 1
FP(T)= éF(l" $)P(T)=0.

We conclude that !
sgn(#s¢/)R(S')Er = 0.
Sl
SinceC(S) is the lexicographically smallest element of all of the possibleC(S') we have

a method of rewriting |

R(S)Es = " ' R(S)HEr.
57:C(S")>1ex C(S)
We conclude that the terms whereS is a column strict tableau linearly spans the space
M.,
It is known that the dimension of the module M ' is the number of column strict tableau
of shape! , therefore the spanning set must be a basis. !

Example: Choose! = (3,2) and we will use the tableau represent the expression
R(S)Er. Consider the tableau
5|3
41]2]
Then we have
5|3 5|3 43
1) 41112 [1]4]2]+ [1]5]2]=0




(2)

3)

(4)

()

(6)

(7)

(8)

)
From (7), (8) and (9),

(10)

From (2), (3), (4), (5), (6),

(11)
Putting these together,

(12)

A STRAIGHTENING ALGORITHM

5[3 5
1/4]2]= [1]3]2]
5[4 5[4 3
1[3[2]" [1]2]3]+[1]2]4]=0
5[4 4[5 5
112[3]" [1]2]3]+ [1]4][3]=
2[5 2[5 4
11413 [1]3]4]+ 3[5]=0
5[3 3[5 5
1]2]4]" [1]2]4]+ [1[3]4]=0
4]3 4
1[5[2]= »[1]3]2]
4]5 4[5 3
1[3[2]* [1]2]3]+[1]2][5]=0
4]3 3[4 4
1[2]5]" [1]2]5]+ 3[5]=0
4 4[5 3 2[4
1]5[2]= [1]2]3]" [1]2]5]+ [1]3]5]
5 4[5 2 3[5
14]2]= [1]2]3]" [1]3]5]+[1]2]4]
5 2[4 3 3[4
411]2]="291[3]|5]+[1]2]4]+ [1]2]5]




ON THE DECOMPOSITION OF Gl,,(C) REPRESENTATIONS INTO
IRREDUCIBLE S, MODULES VII: A DECOMPOSITION OF THE
MODULE OF WORDS IN n LETTERS INTO IRREDUCIBLE S,
MODULES

The following is an excerpt from a paper OOn th& ,,-module structure of the noncom-
mutative harmonicsO by E. Briand, M. Rosas and, M. Zabrocki. Note that here we are
considering the ring Q(X,,) which is isomorphic to = ,, 0Q[n]’“. Except that the Peld is
dilerent, this is the space which is decomposed in earlier parts of these notes by Schur-Weyl
duality.

In the following lemma we compute the graded Frobenius characteristic for the module

Q(Xn).
Lemma 1 (The Frobenius characteristic of Q(X,,)).

nn d

Frobs, Q)= {(fq}dh(nu X1,

Proof. For each monomialx;, - - - X;, , we debne itstype V(X;, - - - X;, ) to be the set partition
of r]1= {1,2,...,r} such that a and b are in the same part of the set partition if and only
if iq = iy in the monomial. For a set partition A with at most n parts, we will let N4 equal
the S,, submodule of Q(X,,) spanned by all monomials of typeA. As S, Pmodule,

#n # A
Q(X,) ~ N
d=0 A:¢(A)=d

where the second direct sum is taken over all set partitionsA with d parts.

Fix a set partition A, and let d be the number of parts of A, and x; = X;,X;,..X;, be
the smallest monomial in lex order in N 4. It involves only the variables x1, X2, ..., Xq4.
The representation N 4 is the representation ofS,, induced by the action of the subgroup
Sy x ST %~ S, on the subspaceQ[S] - x-. The representation Q[S 4] - X; of S is
isomorphic to the regular representation. We use the rule for a representatiorR of Sy
induced to S ,,,

Frobs, (R 137) = hy» 4[X]Frobs,(R),
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2 DECOMPOSITION OF Q#Xy $

and conclude that the Frobenius characteristic of N4 is Nenr g20[X]. Hence the graded
Frobenius characteristic of Q(X,) is

" " " d
Frobs , (Q(Xy)) = qdUhge 410y [X] = {q}h(n" 4,10 [X].
d=0 A:f(A)= d =0 14 drd

So now, we know the Frobenius characteristic oQ(X,,) by computing it through sym-
metric function techniques. In particular if we concentrate on the words of length k,
Q(Xn>’“, (rather than, as it is written above, all possible words of any length), then we

have
n nlk

Frobs, (Q(X,)") = Sp,dK it d,10)SulX ]
nY%n d=0
where S,, ;4 is the Stirling number of the second(?) kind which counts the number of set
partitions of size n and length d.
Moreover, if we restrict ourselves to the words of content and denote the partition of
k corresponding to the sgt partition ,AéLas "(A), then we notice that

# n n
Frobs, % NA" = Ku(n" Ua), (" ))Su[x]

AMA)= « AWEk] pom
AMA)= «

!
We can also decompose the module , 4, N 4 in terms of the modules
VI = L{x-Er:"(V(x))= !}
where T is some standard tableau of shapé + k. By applying the operators E” on the
right for each of these standard ta%leau, we ha\#e
NA = vr
AA)= a T&STk

where we may assume that the shape of is less than or equal to! in dominance order.
Since what we wish to know is the decomposition numbersly  the modules V! into
irreducible S,, modules we have

# .
vi=" (M# di 1y

then we may also compute
Y PUe ¢ &

#
Frobs, % N4 = d

AMA)=«a T&STK nYm
MT)! «

/;\(T)asﬂ [X ]



DECOMPOSITION OF Q#Xn$ 3

In particular we conclude that for a Pxed 4 = n and for ! Kk,

— 3
K ugn o(a), 2100y = A1) -
AYK] T&STX
MA)= « AMD)! «

This is tantalizingly close to a combinatorial interpretation for the d’;(T)a which we would
ideally like to be able to isolate from this equation.

By what | have written in previous parts of these notes | would say that we have a
combinatorial interpretation for the coe"cients d‘;(T)a if we can determine the coe"cients
d’;(rnr) where#(") <n, and", > r (see Conjecture 8, 10, 11 from part Il of these notes).



