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Introduction

Our Problem

Enumerate

of cycles

factorizations of a long cycle in two
permutations with a fixed number

—

Formally

S~

é We want to compute B(m,n,N) A
the cardinality of the set of couples :
7 a) =m
(Oc,/J’) =~ 2N2, tels que - ZE/B) =n
aff=y=(12---N)

\
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In Order to prove our claim, we introduce a new class of
acE X,
p

objects : Partitioned Maps
7, [ N]

—»(ﬂl,nz,a) such as 1 - Ii[N]

7, partitions the cycles of «
7, partitions the cycles of =a’ly




Geometrical Interpretation
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o ¢ «=(1)24)3)
%\ < (5 7)6)(59)

1,3,5, 748
T, =1{2,4,6},

2 AN | _{$2,3,5,6}:}}
f 6 2=111,4,7.8,9
\

Y




Ordered Bicolored Trees and Partial Permutation
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<:> BT(p.a) - Pq

Al

34568 10)< >\PP(X,Y,A)\=(A

O =
4 6 3 1 8 7
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Link between partitioned and non-partitioned
unicellular bicolored maps

E B(m n, N E‘C ,pq‘ )q

m,nz=1 p,q=1

—

Our main result is equivalent to

N

=|BT(p,q)||PP(N.N-LN -1-(p+9))

Crvna

—

In order to proof our main result we only need to show

N

Cy,.,=BT(p,q)x PP(N,N-1,N-1-(p+q))

P-4
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Construction of the Bijection -- Bicolored Tree

Construction Rules for T :

Let ml’ = max(nf ) (the it Block of 7)) and m2, = max(ﬂzj )

i.

1.

1ii.

iv.

The white block that contains the integer 1 is the root

The black block j is the descendant of the white i if /J’(mzj ) Ex,

The white block i is the descendant of the black jif m| € ]

If black j and k are descendant of white i, j is on the left of k if /J’(mzj ) < /J’(m§ )
If white i and 1 are descendent of black j, i is on the left of 1 if /J"l(mf ) < /J’_l(mf )
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Partial Permutation (2/2)

-
\\\\\\

-~ -

 {mbanafp(m)}, O
i J
used for the construction
of the tree are not used for
the construction of
the partial permutation/

4 7

1 3 4 7 9
O =
6 2

1




First Step : extension of the partial permutation
II. Notations and identification of the partitions’ structure
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V. Questions o = 3456810
4 6 3 1 8 7
N J
N Y N
Y —
1,2,7 and 9 are missing
There are 2 black blocks

on the first line
2,5,9 and 10 are missing
on the second line

and 3 white ones

—

Using the tree construction rules we find

~
) R R

v( ) 2v( ) 5,’U[J’1 ) (m§)=10




1.

III.
IV.

Introduction
Notations
Bijection
Proof

Questions

First Step : extension of the partial permutation

A )
v(7,)

and identification of the partitions’ structure
\>/ 4 6 3 1 8 7

{1}{2}{345678910}} 5 1 2345678 910
{12}{345678910 5 9 4 6 31 2 8 10 7

74

Mr,) =1{{6.7}.{1,2,3,4,5.8,9,10}}

3456810)

|
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Second Step : Reconstruction of relabeling permutations

ONOBONG

A T O N S

=1{1,2},{3,4,5,6,7,8,9,10}} 0=
- {{6,7},{1,2,3,4,5,8,9,10}

594 6 31 2 8 10 7

={{1}.{2}.{3.45.6.7.8.9.10}} (1 2 3456 7 8 9 10)

@ 3 is the least element of
the root block that
1 2 3 4 5 6 7 8 9 10 contains 1 by
3 construction : A(1) = 3
)»(1)-3
2 3456 7 89 10 belongs to A(x3)

so that v( ) is the least
element of v(ﬂ2)1 e3

_1 ( 5\
belongs to the same block

of )\.(J‘L’l ) as A(ap(1))
(cf. stability of the blocks
by ). Hence,

1
3

3

1 23456789 10
3 4

3

1 2 3 45 6 78 9 10 )L(a/a’(l)) - )L('J/(l)) = A(2)
34 51 6 7 8 9 10 2 is the least element non

3 o
345612 78 9 10 et used of A(nl ) 1.ey
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And the map is there !
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