List of Exercises

Exercise 1 Check if the following sets are ideals:

1. 8y = {p(z?)|p(z) € Clz]}
Polynomials in Clz] with only even exponents

2. Sy = {p(z,y) € Clz,y]|p(0,0) = 0}
Polynomials whose total degree is greater than zero.

3. S3 = {p(z,y) € Clz,y]|p(0,y) = 0}

Polynomials whose degree in x is greater than zero.

4. Sa=A{p(x1,...,2n1) € Clz1,..., 2]}
Polynomials in Clzy,...,x,] which do not depend on x,,.

Exercise 2 Prove that the intersection of two ideals is always an ideal. When
18 the union of two ideals an ideal?

Exercise 3 Let Iy, be ideals of Clxy,...,x,] and f1,f2 € Clzy,...,zp].
Prove that the set {g1f1 + gaf2lg1 € 1,92 € L2} is an ideal.

Exercise 4 Let eq1,...,e, be a basis of a vector space V and let ¢1,..., ¢, be
the dual basis i.e.
_s 1 af i=g
di(ej) = dij = { 0 otherwise

i) Prove that ¢; A ¢;, 1 <i < j<n is a basis of/\Q(V*).

Hint: Prove that for each exterior two form w one has

w= Y wleie)diAe;

1<i<j<n
and that ¢; A\ ¢5, 1 <1 < j < n are linearly independent.
i) Prove that ¢;, N... ANy, 1 <iy <...<ir <n is a basis of/\k(V*).

Exercise 5 Let vi,v2 € R* be linearly independent. Prove that vi A vy =
pwi A wy with p € R* if and only if wy and wy span the same subspace as vq
and vs.



