Chapter 1

Invariant theory of finite groups

1.1 Introduction

In this introduction we shall make some historical remarks and give some
examples'. Some of the basic theorems and concepts of computational
algebra can be found in 19th century papers on classical invariant theory.
The roots of invariant theory can be traced back to Lagrange (1773-1775)
and Gauss (1801) who were interested in the problem of representing integers
by quadratic binary forms and used the discriminant to distinguish between
non equivalent forms.

Algebraic invariants such as the discriminant show up also in algebraic ge-
ometry when one asks for properties of geometric objects which are invariant
under certain classes of transformations. For example, the geometric signifi-
cance of the discriminant is that a quadratic binary form defines two distinct
points on the projective line P'(C) if and only if its discriminant is non
zero.? People became interested in such invariant properties especially after
the introduction of homogeneous coordinates by Moebius (1827) and Plucker
(1830)3. This was a major impetus for invariant theory.

In the first decades of invariant theory (1840-1870), people were mainly
concerned with the discovery of particular invariants. The major case of
interest was that of forms of degree d in n variables with SL,(C) acting by
linear substitution (see example 1.7).

In order to understand some of the most basic questions which can be studied
in invariant theory we shall consider two simple examples first. They are
both concerned with finite groups which will be the main object of our

!This section is mainly taken from [5], [6], [3]
2The geometric aspects of the invariant theory of binary forms is explained in [8]
3Find the command for umlauts
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investigation. We shall assume, unless otherwise specified, that the base
field k£ has characteristic zero, the group G is a finite group of matrices and
the action of M € G over a polynomial f is

M- f(x) = f(M -x).

Note that x is to be thought of as a column vector. However when we write
f(x) componentwise, like in f(xy,z5), we shall write it as a row vector for
simplicity.

Example 1.1. * Consider the finite group

{3 2o

This is sometimes called the Klein four group. We consider the action

g9-fx) = flg-(2)).

If a polynomial f € K[x,y] is invariant under V; then

flx,y) = f(=x,y) = f(z,—y)

and it is immediate to show that the converse is true. If

f(z,y) = Z aiﬂiyj,
4,

the condition f(z,y) = f(—=,y) is equivalent to a;; = 0 for ¢ odd and the
condition f(x,y) = f(z, —y) is equivalent to a;; = 0 for j odd. Thus we can
write

flzy) = g(a® 9%

for a unique polynomial g(z,y) € Klz,y]. Conversely, every polynomial of
this form is invariant under Vj. This proves that

Kz, y]"* = K[2*, 3]

In the example 1.2 we shall see that if we consider invariants for other groups,
even for a subgroup of V} itself, things may become more complicated.

4Taken from [3]
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Of course a polynomial which is invariant under V} is also invariant under
C5 but now we have more invariant polynomials, like for example xy. It is
not hard to show that f is invariant under C5 if and only if we can write

Example 1.2. ® Let

fz,y) = g(a?,y*, 2y)
for at least a polynomial g(z,y) € K[z, y| and therefore
K[:B7 y]02 = K[an y27 xy]'

The ring K[z?, y?, zy] however is fundamentally different from the previous
example because uniqueness breaks down: a given invariant can be written
in terms of 22, y? and xy in more than one way. For example x%y? is clearly
invariant and

x4y2 — ($2)2 . y2 — LL’2 . (l’y)2

{00 (a)pev

The group S5 is isomorphic to Cy but its action on K[z, y] is a different one.
It can be shown (see example 1.4 for a general statement about symmetric
groups) that

Example 1.3. Let

Kz, y* = K[z + y, 7y

Example 1.4. 5. The claims of this example will be proved in the next
section. Suppose the symmetric group S,, acts on V = K" by

o - (fL‘l,.TQ, s ,fL‘n) = (xd(l)a 1'0(2), s 7$U(n)>7 S Sn
Let us write

Ot) = (t —x)(t — ) - (t — ) =t" — o t"  F opt" 2 — - 4 (=1)"0,

5Taken from [3]
6Taken from [6]
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with oy,...,0, € K[zy,...,2,] the so called elementary symmetric polyno-
mials. Formulas for oy, ..., 0, are given by:
o, = 1 +xo+ -+ xy
Oy = T1Xog+2X1T3+ -+ T1Ty +ToX3+ "+ Tp_1Tn
O, = E Lij Ly =+ Ty,
7;1<Z‘2<--~Z‘7‘
Opn = X112 Tp

Claim The invariant ring of S,, in this representation is generated by the
algebraically independent invariants o4, ..., 0,.
This claim will be proved in the next section.

From these examples we see that given a matrix group G, invariant theory
has two basic questions to answer about the ring of invariants K[z, ..., x,]¢

1. Finite generation Can we find finitely many homogeneous invariants
fi,--., fm such that every invariant is a polynomial in fi,..., f,,7

2. Uniqueness In how many ways can an invariant be written in terms of
fi,..., fm i.e. how to describe the ideal of relations of fi,..., f.7

For finite groups acting on a ring of polynomials with coefficient in an
algebraically closed field of characteristic zero we will give complete answers
to both questions in Section 1.4 and describe an algorithm for finding all
invariants and all relations between them.

For completing this program we need to introduce a fundamental tool for
doing computations in polynomial rings, i.e. Groebner basis. However, before
introducing it in Section 1.3, we shall deal with the problem of finding all
polynomial invariants for the symmetric group in Section 1.4. This will give
a concrete introduction to the problem of introducing a complete linear order
on polynomials and to the problem of generalizing the division algorithm of
one variable polynomials, which are the two problems which lie at the root
of the theory of Groebner basis

Things are in general more difficult for infinite groups. The following
examples deal with this more general situation

Example 1.5. 7 Suppose that char(K) = 0. Gordan proved that the
invariant rings of the 2-dimensional special linear group SL(2,K) over K
are always finitely generated (see [9]).

"Taken from [6].
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Let V; be the vector space
{apz? + a1y + -+ aqy® | ag, a1, ... a4 € K}

of homogeneous polynomials of degree d in x and y. Such polynomials are
often referred to as binary forms. The coordinate ring K[V;] can be identified
with Klag, a1, ...,aq]. We can define an action of SL(2,K) on V; by

o-g(z,y) = glax + vy, Bz + dy), o= (?; ?) € SI(2K)

There are many ways of constructing invariants for binary forms. One
important invariant of a binary form is the discriminant.

For d = 2, one has K[V5]%12 = K[A(gs)], where A(gy) = a? — 4apas is the
well known discriminant of a quadratic polynomial g, = agx? + a12y + asy?.
For d = 3, one has K[V3]°%2 = K[A(g3)], where

A(g3) = ala; — dagas — 4a’az — 27aza3 + 18apaiasas

is the discriminant of a cubic polynomial g5 = agx® + a12%y + aszy? + asy>.
For d = 4, one has K[V,]%L2 = K([fs, f3], where

1 1 Qo CL12/4 CL2/6
fo = apay — 70103 + Eag and fy=det | a1/4 az/6 az/4
CL2/6 a3/4 ay

The discriminant A(gy) can be expressed in f, and f3, namely A(gy) =
28(f3 — 27f2). For d = 5,6,8, the invariant rings are also explicitly known
(see [13] and [15]). See also [12]

In Example 1.5 the ring of invariants is finitely generated even if the group G
was not finite. In one of his famous problems (the fourteenth) Hilbert raised
the question if the ring of invariants is always ® finitely generated, but this
is not always the case, as the following construction due to Nagata proves.

Example 1.6. ° This is the counter example of Nagata to Hilbert’s four-
teenth problem. Take K = C and complex numbers a; ; algebraically inde-
pendent over Q where i =1,2,3 and j =1,2,...,16. Let G C GL(32,C) be
the group of all block diagonal matrices

Ay
Ay

8check
9Taken from [6]
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for j =1,2,...,16. Here the ¢; and b; are arbitrary complex numbers such
that C1Cqy - C1g — 1 and Z;il CLZ'J'bj =0fori= ]_, 2, 3. Then K[ZL’l, . ,$32]G
is not finitely generated (see [10]).

Example 1.7. ' Let V = K". The group GL(V) acts on End(V) by
conjugation.t!

where

o-A:=0cAc, ceGL(V), A€ End(V).
The characteristic polynomial of A € End(V') is given by
x(t) i=det(tI — A) = 1" — git" ' 4+ got" % — -+ (=1)"g,.

We view g1, ..., ¢, as functions of A. The coefficients g; € K[End(V)] are
clearly invariant under the action of GL(V'). Let us show that K[End(V)]¢ =
K[g1,- .., 9n]. Consider the set of diagonal matrices

T
Z2

T :=/{ . |z, oy ..y € K}

Xy

The group 5,, can be viewed as the subgroup of GL,, of permutation matrices.
The set 7 is stable under the action of S,,. The restriction of x(¢) to T is
Sp,-invariant, in fact it is equal to

¢(t) = (t —a1)(t = x9) -~ (L = )

Restricting g; to 7 yields the elementary symmetric polynomial f;. It follows
that g1,..., g, are algebraically independent. If h € k[K[End(V)]¢“V), then
the restriction of h to 7 is S,-invariant. We can find a polynomial ¢ such that
the restriction of h to 7 is equal to ¥ (f1, ..., fn). Let U be the set of matrices
which have distinct eigenvalues. Every matrix with distinct eigenvalues can
be conjugated into 7, so U C G-7. The set U is Zariski dense since it is the
complement of the Zariski closed set defined by A(y) = 0. It follows that
h=1v(gq,...,g,) because h—1(g1,...,g,) vanishes on G-7 D U. The trick
of this example (reducing the computation of k[K[V]% to the computation
of kK[K[W]# with W C U and H C ) works in a more general setting (see

[11]).

10Taken from [6]

HGI(V) is the group of invertible linear transformations L : V — V. It is isomorphic
to Gl(n,K) and an explicit isomorphism can be given by choosing a basis {e1,...,e,} in
V. The isomorphism L — A = (a;;) € Gl(n,K) is given explicitly by A(e;) := > a;je;
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1.2 Monomial ordering and Symmetric Poly-
nomials

In this Section we shall prove the Claim in Example 1.4, i.e. we describe
completely the ring of polynomial invariants under the action of the sym-
metric group'?. Let us recall here the definition of the elementary symmetric
polynomials in n variables.

o, = T1+ZTo+- "+ 2Ty
Oy = X1X2+X1X3+ -+ XX, + ToT3 + - + Tp_1Ty
o, = E Lij1 Ly ** " T4,
11 <i2<...ip
Op = X1T2°"Tp

Exercise 1.1. Cocoa Define a function which returns the elementary sym-
metric polynomials

From the elementary symmetric polynomials we can construct other sym-
metric polynomials by taking polynomials in oy,...,0,. Thus for example,
forn=3

0% — 0103 = x%az% + l’%il?gl’g + x%x% + :)31:173:)33 + x1x2$§ + x%azg
is a symmetric polynomial. The result we want to prove here is that all
symmetric polynomials can be uniquely represented in this way. To prove
this we follow Gauss. We use an inductive procedure and the notion we
need to carry on this induction is that of an order on monomials'®. Ordering
monomials in the polynomial ring K[z] is simple: one does this by degree.
This ordering is implicit in the usual division algorithm for polynomials

in K[z]. However for K[z,y] or K[zy,...,x,] it is less clear how to order
monomials. We write monomials in zq,...,z, as
o al a
xr = ajl PN xn"
so that a = (aq,...,a,) € Z%, is the vector of exponents. Then a monomial

order is any total order > on monomials with the following two properties.

12This section is mainly taken from [3]
13This section on ordering is taken by [4]
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1. (Well ordering) The order > is a well ordering on the set of monomials,
i.e., any non empty subset of monomials has at least element under >.

2. (Compatibility) If 2% > 2, then %27 > 22" for any monomial z7.

Exercise 1.2. (Characteristic zero) A monomial order > has the property
x® > 1 whenever z¢ # 1.

Solution 1 > 2% would imply 1 > 2% > 2?* > 23* > ... by compatibility,
which would contradict well ordering.

Once we have specified a monomial order > on K[zy,...,z,], we can order
the terms of a polynomial. If we write f € K[zy,...,x,] as

f=Y car®, €K (1.1)
then a term of f is c,x® for ¢, # 0.
Definition 1.1. Given a monomial order > on K[zy,...,z,], and a non zero
fasin (1.1)

1. The multidegree of f is
multideg(f) = max(a € Z%; : cq # 0)
(the maximum is taken with respect to >)

2. The leading coefficient of f is

LC(f) — Cmultideg(f)

3. The leading monomial of f is

LM(f) _ xmultideg(f)

4. The leading term of f is
LT(f) = LO(f) - LM(f) = maz>{caz®|ca # 0}
where mazr~ means the maximum with respect to >.

The leading term is sometimes called the initial term.
One of the simplest monomial orders is lexicographic order (lex for short) To
define it, we order variables first, say

X1 >Tg > > Ty
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We then define

iz T 02 Ll
ary'xy - x> brytay’ - xdn

if 21 > g1, or if 41 = j; and iy > jg, or if i1 = j; and iy = js and i3 > js, or ...
If we list the variables differently, we get a different lex order, so that there
are n! possible lex orders on monomials in K[z, ..., z,].

Exercise 1.3. Let f = 4xy?z + 422 — 52° + 72222 and let > be lex order as
above. Compute multidegree(f), LC(f), LM(f) and LT(f)

Solution multideg(f) = (3,0,0); LC(f) = =5, LM(f) = 23, LT(f) =
—5a3.

Exercise 1.4. Find the leading term of the polynomial p = 1223 + 3z x93 —
790%@ with respect to lex when xy > z9 > x3, when x5 > x3 > x; and when
Ty > T1 > T3.

Solution 1223, 3z 1573 and —Tx%x, respectively!'4.

We are now ready to prove the fundamental theorem of symmetric polyno-
mials.t

Theorem 1.1. Every symmetric polynomial in K[z, ..., z,]| can be written
uniquely as a polynomial in the elementary symmetric functions oy, ..., 0,

Proof The proof is taken from [3]. We will use lex order with z; > x5 >
- > x,. Given a non zero symmetric polynomial f € Klxy,..., x,], let
LT(f) = ax®. If a = (ay,...,q,), we first claim that a; > as--+ > a,.
To prove this, suppose that «; < a;,q for some i. Let § be the exponent
vector obtained from «a by switching «; and «;.;. We shall write it as
B = (...,001,0;,...). Since az® is a term of f, it follows that ax’ is a
term of f(..., 71,7, ...) = f, the last equality by symmetry, and thus az®
is a term of f. This is impossible since § > « under lex order, and our claim
is proved.
Now let

. Qa]—Qaz Qa—Qa3 On—1—0n _anp
h =04 09 Un—l Un

M Perhaps it is better to introduce the division algorithm before the proof of the claim

15In general there is a first fundamental theorem which gives a set of generators for
the ring of invariants and a second fundamental theorem which describes the relations
(syzigies) among generators
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To compute the leading term of h, first note that LT (o,) = xy2o- - - x, for
1 <r <n. Hence,
LT(h) = LT(o7" *03> - 0,27 “opn)

= LT(0y)"" LT (09)** - LT (0p—1)* " LT (0,)*"

a]—ag (l’ll'g)

_ as—as |

.. (xl...ayn)a"

= z°.

It follows that f and ah have the same leading term, and thus
multideg(f — ah) < multideg(f)
whenever f — ah # 0.

Now set f; = f—ah and note that f; is symmetric since f and ah are. Hence,
if fi # 0, we can repeat the above process to form fs = f; — a1hy, where a;
is a constant and h; is a product of powers of symmetric functions, defined
as above. Further we know that LT(fy) < LT(f1) when fy # 0. Continuing
in this way, we get a sequence of polynomials f, fi, fo,... with

multideg(f) > multideg(f1) > multideg(f>) - - -

Since lex order is a well ordering, the sequence must be finite, hence f;11 =0
for some ¢ and it follows easily that

f=ah+ahy+ -+ ahy

which shows that f is a polynomial in the symmetric functions.
Finally we need to prove uniqueness. Suppose that we have a symmetric
polynomial f which can be written

f=aq(o1,...,00) = ga(0o1,...,00)

Hence ¢g; and g are polynomials in n variables, say yi,...,y,. We need to
prove that g1 = g2 € K[y1, ..., y,]. If weset g = g1 — go, then g(oy,...,0,) =
0 in K[z1, ..., z,] and we need to prove that g = 0 in K[y, ..., y,]. Suppose
that g # 0. If we write g = >, agy®, then g(oy,...,0,) is a sum of the

polynomials gg = aﬁolﬁl 052 oo aBn where 3 = (81, ...,3,). Furthermore, the
argument used above to show that LT (h) = xz* shows that

LT(gs) = agali+afet i ... g
It is easy to show that the map
(ﬁla"'?ﬁn) = (ﬁl++ﬁn762++ﬁnaaﬁn)
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is injective. Thus the gs’s have distinct leading terms. In particular, if we
pick 3 such that LT (gsz) > LT(g,) for all v # (3, then LT (gz) will be greater
than all terms of the g,’s. It follows that there is nothing to cancel LT (gs)
and thus g(oy,...,0,) cannot be zero in Klzy,...,z,]. This contradiction
completes the proof of the theorem. O

Exercise 1.5. The proof of the fundamental theorem of symmetric functions
gives an algorithm for writing a symmetric polynomial in terms of oy, ..., 0y,.
Use this algorithm to express

f=a%y+ 232 +ay® + a2 + P2+ y2?
as a polynomial in the elementary symmetric functions.

Solution [ = oioy — 202 — 0103

Exercise 1.6. Express 2® + 3® and 2* + y* as a polynomial in o; and 5.

Solution z3 + y* = 03 — 3090, and o} — 40907 + 203

It is possible to give a different algorithm!® to express a symmetric polynomial
in term of elementary symmetric functions. This algorithm is based on a
procedure to divide polynomials in the ring of polynomials with multiple
variables. This procedure is a fundamental tool in computational algebra
and it can be used to give a complete algorithmic description of the ring of
invariants for finite groups in characteristic zero. In the next section we shall
describe the generalization of the division to polynomials with more variables
and the fundamental tool to carry it on properly, namely Groebner basis.
There exists another important set of generators of the ring of symmetric
functions in n variables. We define the k-th power sum

k k k
Sg =27 +xy + -+ 1,

Theorem 1.2. If K is a field containing the rational numbers Q, then every

symmetric polynomials in K[zy,...,z,] can be written as a polynomial in
the power sums sq,..., s,.

Proof Because of theorem 1.1 it is enough to prove that oy,...,0, are
polynomials in sq,...,s,. The Newton identities state

S — 018k—1 + -+ (—1)]6710']67151 -+ (—1)kk0k =0 1 S k S n (12)

6How different?
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For k =1 01 = s1. Assume by induction that oy, is a polynomial in sq, ..., s,.
Equation 1.1 implies

1
Of = (—1)]6_1%(5% — 01851+ (=)o s

1.3 The division algorithm and Groebner ba-
sis

"For K[z], the unique monomial order is given by 1 < x < 2 < --- | so that,
for f € K[z], its leading term LT'(f) is simply the term of highest degree.
Thus the usual division algorithm for polynomials in K[z] can be stated as
follows: if f,g € K[z] and g # 0, then we can write f uniquely in the form

f=qg+r,

where no term of r is divisible by LT'(f). This might seem like a complicated
way to of saying r = 0 or deg(r) < deg(g), but it generalizes nicely to multiple
variables.

The general division algorithm will divide f € K|xy,..., 2, by fi,..., fr €
Klxy, ..., 2,)"®. We assume that a monomial order is given and we are looking
for an expression of the form

f=afi+-+qf+r, (1.3)

where (generalizing the one variable case) the "reminder” r should satisfy
no term of r is divisible by any of LT(f1), ..., LT(fs) (1.4)

We also want to minimize cancellation of leading terms among the ¢, f;, so
that we will require

LT(f) > LT(¢:f;), 1<i<s (1.5)

An expression (1.3) which satisfies (1.4) and (1.5) is called a standard
exPTession.

Given f and fi,..., fs, there is a simple algorithm for producing a standard
expression. The basic idea of the algorithm is the same as in the one variable
case: we want to cancel the leading term of f (w.r.t a fixed monomial order)
by multiplying some f; by an appropriate monomial and then subtract.

17This section is mainly taken from [4].

18Why dividing by r polynomials? The point is that we want to find the reminder of
a polynomials in an ideal and ideals of K[z1,...,,] are finitely generated ideals but in
general not principal.
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Example 1.8. Y We will first divide f = 23> + 1 by fi = 2y + 1 and
fo =y +1, using lex order with x > y. We want to employ the same scheme
as for division of one-variable polynomials. The goal is to find ay, as, r such
that f = a1 f1 + aafs + r and no term of r is divisible by any of LT'(f;) and
LT(f2). We do it by recursion according to the following setup

ai

)

zy + 1

y+1
ry? + 1

The leading terms LT(f;) = xy and LT(f;) = y both divide the leading
term LT(f) = xy?. Since f; is listed first, we will use it. Thus we divide zy?
by zy, leaving y and then subtract y - f; from f.

ay Y
a2
zy+1
y+1
zy® +1 -
zy® +y
—y+1

Now we repeat the same process on —y + 1. This time we must use fy since
LT(f1) = zy does not divide LT(—y + 1) = —y. We obtain

a oy
ay : —1
zy +1
y+1
| —y+1
| —y—1
2

Y Taken from [3]
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Since LT(f1) and LT(f2) do not divide 2, the reminder is 7 = 2 and we are
done. Thus

v+ 1=y - (zy+ 1)+ (=1)-(y+1)+2.
Example 1.9. % Let us divide f = 2%y + 29®> + 9*> by fi = 2y — 1 and
fo = y* — 1, using lex order with z > y. The first step is

a; :x
a2
r
xy —1
y'—1
2%y + 2y® +y° —
|v?y —
xy2+x+y2
The second step
ap r+y
as :
r
xy — 1
y' -1
jay? + @ +y* —
2y —y
4y’ +y

Now something new happens. The leading term of the polynomial to be
divided further is not divisible by the leading terms of f; and f,. But if we
move this leading term in the reminder we can proceed further.

ap x+y
as :
r i T
ry — 1
y' -1

20Taken from [3]
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and we get
a, r+y
a9 01
r DX
ry — 1
y'—1
vy —
y'—1
y+1

Move again the leading term to the reminder you are left with one. Move
again to the remainder, you are left with zero and you are done. Thus, the
reminder is x + y + 1, and we obtain

Pyt oyt =(r+y) (ey—1)+1- =1 +a+y+ 1

The algorithm works in general as follows. Start with f, a reminder variable
initially set to zero and s polynomials ¢; initially set to zero. Then, if LT(f)
is divisible by some LT(f;), we pick the smallest such i and write

f= LT/ LT(f) fi+ f"

The reminder is unchanged and we add (LT'(f)/LT(f;)) to ¢;. On the other
hand, if no LT(f;) divides LT(f), then we add LT(f) to the reminder, leave
all ¢;’s unchanged and write

f=LT(f)+ [

In each case, note that LT(f) > LT(f"). Now repeat the above process
using f’ and the current value of the reminder. Since > is a well ordering,
after finitely many steps, the process must stop. It is easy to prove that
the result is a standard expression for f2'. Although this algorithm is easy
to carry out, it does not behave as well as one would like. For instance,
the algorithm depends on how the polynomials fi,..., f, are ordered, and
changing the order can give a different result. To illustrate this point we
consider the following example. Using lex order with x > y on K|z, y], let’s

21Gee [3]
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divide f = x>~z by fi = zy+1 and f, = y?—1. Using the above algorithm,
one easily gets

vy —r=y-(ey+1)+0- (¥ = 1) —z -y, (1.6)

so that —x —y is the reminder. But if we divide the same polynomial f using
f2, fi1, the algorithm gives

vy —x=x-(y* —1)+0-(zy+1)+0, (1.7)
where the reminder is now zero. Hence reminders are not unique.

Exercise 1.7. Cocoa Cocoa has an already defined function DivAlg to
perform division of a polynomial by a list of polynomials which return its
quotient and remeinder. Define a function MyDivAlg which implements the
divisiona algoritm by scratch.

This example reveals another problem with division. If we consider the ideal
generated by f1, fa, then (1.7) shows that dividing an element of an ideal by
a basis of the ideal may fail to give a zero remainder. We now shall see that
if we divide by the polynomials in a Groebner basis, then the shortcomings
of the division algorithm disappear.

Given a monomial order > on Klzy,...,z,] and an ideal I, the ideal of
leading terms < LT(I) > is the ideal generated by the leading terms LT'(f)
for fel—0.1f I =< fi,..., fmn > then

< LT(f),...,LT(fs) >C< LT(I) > (1.8)
but equality need not occur.

Example 1.10. If f; = 23 — 22y and f, = 2%y — v — 2¢%, then 2% =
yfi — xfs €< fi,fo > hence 2* € LT(< fi,f, >). However, using
lex order with = > y, we have LT(f;) = 2® and LT(f;) = z?y, hence
x? ¢< LT(fl), LT(fQ) >

A Groebner basis occurs when we get equality in (1.8). More precisely

Definition 1.2. Given a monomial order > and and an ideal I C
K[z, ..., x,], we say that {g1,...,q:} is a Groebner basis of I if

< LT(q1),...,LT(gs) >=< LT(I) >

Given an ideal I, the ideal LT(I) is a monomial ideal. These ideals have
some nice properties which we consider now.



1.3. THE DIVISION ALGORITHM AND GROEBNER BASIS 17

Definition 1.3. An ideal I C Klzy,...,z,]| is a monomial ideal if there
is a subset A C Z" (possibly infinite) such that I consists of all polynomials
which are finite sums of the form ) _, hoz®, where by € K[z1, ..., 2,).

Exercise 1.8. Let I =< 2% : « € A > be a monomial ideal. Then a
monomial 2° lies in I if and only if 2° is divisible by 2® for some o € A

Solution If 27 is a multiple of 2 for some a € A, then 2 € I by definition of
ideal. Conversely, if 2% € I, then 2% = >°7_ h;z*¥, where h; € Klzy, ..., 2,]
and a(i) € A. If we expand each h; as a linear combination of monomials,
we see that every term on the right side of the equation is divisible by some
2@ Hence the left hand side 2’ must have the same property

Monomial ideals can always be generated by a finite set of monomials.

Theorem 1.3. Dickson’s Lemma. A monomial ideal I =< 2% A C
Z™ > can be written down in the form I =< z®M ... 2°) > where
a(l),...,a(s) € A. In particular, I has a finite basis.

Proof See [3]|, Chapter 2, section 4, Theorem 5.
Theorem 1.4. For any ideal [ C Kxy,...,z,], LT(I) is a monomial ideal.
Proof See [3], Chapter 2, section 5, Proposition 3, part (i).

Theorem 1.5. Fix a monomial order > on Kizy,...,z,], and let I C
K[z1,...,z,] be an ideal. Then I has a Groebner basis, and furthermore,
any Groebner basis of [ is a basis of [.

Proof < LT(I) > is a monomial ideal by Theorem 1.4, hence it has a
finite monomial basis h;y ..., hs by Theorem 1.3 (Dickson’s Lemma). Since
< LT(I) > is generated by the leading terms of elements of I, expressing each
h; as a combination of leading terms shows that we can find ¢1,...,¢9; € I
such that hy, ..., hs €< LT(g1),...,LT(g:) >. Then

< LT(I) >=<hy,...,hs >C< LT(qn),...,LT(g:) >C< LT(I) >,

so that < LT(I) >=< LT(¢1),...,LT(g;) >. By definition gy,...,g; is a
Groebner basis.

It remains to be proved that I C< ¢y,...,9; >. Let f € I. Divide f by
g1,---,9; and get f =q1g91 + -+ + q9: + r. We want to prove that r = 0. If
not, r = f — (qugr + -+ + q:9¢) € I — {0}, so that

LT(r) €< LT(I) >=< LT(gy),...,LT(g) > .
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This implies that LT (r) is divisible by some LT(g;) by Exercise 1.8, which
is impossible by (1.4) (no term of the reminder is divisible by any of the
LT(g;)’s). Hence r must be zero. O

The same reasoning gives the following result

Theorem 1.6. If ¢1,...,¢g; is a Groebner basis for I and f € K[z, ..., z,],
then f € I if and only if the remainder of f on division by g1, ..., g is zero.

This tells us that once we have a Groebner basis for an ideal, we have an
algorithmic method for deciding when a given polynomials lies in the ideal.
Another important property of Groebner Basis is that the remainders are
unique in the following sense.

Proposition 1.1. If g1, ..., g; is a Groebner basis for I and f € K[z1, ..., z,],
then f can be written uniquely in the form

f=g+r
where g € I and no term of r is divisible by any LT(g;).

Sketch of Proof Suppose f=¢g+rand f=¢ +7'. Thenr —1r'=¢ —g
and r — r’ belongs to the ideal I. Then its leading term belongs to
LT(I) =< LT(q1),...,LT(g¢) >, since g¢1,...,g; is a Groebner basis for
I. But no leading term of r and no leading term of 7’ is divisible by any of
LT(g;). Hence r —r' =0 and ¢’ = g. O

Remark 1.1. Proposition 1.1 implies that the reminder on division by a
Groebner basis is unique. If we let G = {g1,...,¢:} be the Groebner basis,
then the reminder of f on division by G will be denoted

-G

r=f.
These reminders can be used to get unique coset representatives for elements
of the quotient ring Klzy, ..., z,]/I.

These propositions are nice but in order for them to be useful we need to
compute Groebner basis. Furthermore, since the definition of Groebner basis
involves checking LT'(f) for all non zero f in the ideal, it is not clear how
to prove that a given basis of an ideal is a Groebner basis. Fortunately,
Buchberger provided algorithms for solving both of these problems. The key
tool is the S-polynomial of f1, fo € K[z1,...,x,], which is defined to be

7 7

LB = Ty h T i

where 27 = lem(LM(f1), LM(f3)). The basic idea of the S-polynomial is
that it is the simplest combination of f; and f, which cancels leading terms.
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Exercise 1.9. Let f; = 2% — 22y and fo = 2%y — 2y* — 2. Compute S(fy, fo)
with respect to the lex order with x > y.

Solution x?. Since LT (x?) is divisible by neither LT'(f;) nor LT(fs), we see
that f1, fo is not a Groebner basis of < fi, fo >.

In general we can use S-polynomials to tell if we have a Groebner basis.

Theorem 1.7. Buchberger’s criterion. A basis G = {¢1,...,q:} C [ is a
Groebner Basis of I if and only if for all ¢ < j, we have

G
S(gi,9;) =0.

Here, S(g;, gj)G denotes the remainder of S(g;, g;) on division by G.
Proof see [3]. O

This criterion gives an algorithm for detecting Groebner bases. Moreover it
suggests how to modify a bases to turn it into a Groebner one. Namely, if
F ={f1,..., f;} fails because S(fi, f;)* # 0 for some i < j. then we should

add this remainder to the bases and try again.

Example 1.11. Let F = {f, o} = {2 — 22y, 2%y — 2y? — x}. We know
that this is not a Groebner basis w.r.t lex order with = > y, in fact we know
————F
by Exercise 1.9 that S(fi, fo) = x? = f3, so that, setting Fy = {f1, f, f3},
we compute:
—F
S f) =0
—F
S(f1, f3) b= 22y = fi

S(f2>f3)F1 = —$—2y2: 5

So we do not have a Groebner basis yet. Adding the non zero remainders to
Fy we get Fy = {f1, f2, f3, [1, f5}, and then we compute

7}72

S(f17f5) = _4y3

e —— A

S(f47f5) = _2y3

S(fi f)* = Oall others i < j

It sufficies to add f¢ = y3 to F, giving Fs = {f1, f2, f3, f1, f5, fe}- This time
we get
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so that a Groebner basis of < 2® — 2zy, 2%y — 2y?> — x > for lex order with
T >y is

Fy = {<2® = 2y, 2%y — x — 2%, 2%, -2y, —x — 2y%, y°} (1.9)
The general case is similar to the example just completed.

Theorem 1.8. Buchberger’s algorithm. Given {fi,..., fs} C K[xy,...,z,],
consider the algorithm which starts with F' = {fi,..., fs} and then repeats
two steps

e (Compute Step) Compute S(f;, f;) forall 1 >4 < j > |F|.

——F
e (Augment Step) Augment F' by adding the nonzero S(f;, f;) until the
compute step gives only zero reminders.

This algorithm always terminates and the final value of F' is a Groebner basis

of < f1,..., fs>.

This crude form of the algorithm can be enhanced in many ways, see [3] and
[1]. The Groebner basis in (1.9) in unnecessarily large. A standard way to
simplify a Groebner basis G = {gi, ..., g;} is the following: first replace each
g; with its reminder on division by {g1,...,9i-1,Gi+1,--.,gt}, then discard
any remainders that are zero, and finally, for those that are left, make the
coefficient of their leading terms equal to 1. This gives what is called a
reduced Groebner basis. For example, the reduced Groebner basis associated
to (1.9) is
G ={z+24% 9’}

In general, for a fixed monomial order, an ideal has a wunique reduced
Groebner basis.

1.4 Groebner basis and symmetric polynomi-
als

We can show now that it is possible to use the division algorithm with respect
to a suitable Groebner basis in order to express a symmetric polynomial as
a polynomial in the symmetric elementary functions. The same approach
can be used to express an invariant polynomial with respect to generators of
more general invariant rings??23.

22Mainly taken from [3]
230ne may wonder if also for reflection groups there exists a nattural combinatorial
basis with good Groebner basis properties
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Theorem 1.9. In the ring K[zy,...,2,,v1,...,y,] fix a monomial order
where any monomial involving one of x4, ..., z, is greater than all monomials
in K[y1,...,ys). Let G be a Groebner basis of the ideal

<01_y17---70n_yn >g K[xlv-"axnayla"'vyn]

Given f € Klzy,...,z,], let g = TG be the remainder of f on division by G.
Then:

e f is symmetric if and only if g € K[y, ...,y

o If f is symmetric, then f = g(oy,...,0,) is the unique expression of f
as a polynomial in the elementary symmetric polynomials o4, ..., 0,.

Proof We have
f=4Ap+--+Ag+g

To prove the first claim, suppose that ¢ € K[y ...,y,]. Then for each
7, substitute o; for y; in the above formula for f. This will not affect f
since it involves only x1,...,z,. The crucial observation is that under this
substitution, every polynomial in < oy —v, ..., 0, —y, > goes to zero. Since
g1, - - -, g lie in this ideal, it follows that

f=glo,...,o0).

Hence f is symmetric.

Conversely, suppose that f € Klzy,...,z,] is symmetric, Then f =
g(o1,...,0,) for some g € Klyi,...,y,]. We want to show that ¢ is
the remainder of f on division by G. To prove this, first note that in
K[z1,. .., Zn, Y1, -, Yn], @ monomial in oy, ...,0, can be written as follows:

O—?l . .O-ZC" = (yl —+ (0'1 —yl))al et (yn + (O-n - yn))an

for some By, ..., B, € Klzy,...,2n,v1,...,yn]. Multiplying by an appropri-
ate constant and adding over the exponents appearing in g, it follows that

g(al,...,an) Zg(yl,...,yn)+01(01 _yl) ++Cn(an_yn)

where C4,...,C, € K[z, ..., 20, Y1,...,Yn]. Since f = g(o1,...,0,) we can
write this as

f= C’1(01 - yl) Tt Cn(Un - ?/n) +g(y1, . >yn) (1'10)
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We want to show that g is the remainder of f on division by G.

The first step is to show that no term of ¢ is divisible by an element of
LT(G). If this were not so, then there would be ¢g; € G,g; # 0, where
LT(g;) divides some term of g. Hence LT(g;) would involve only y,. .., Y,
since g € K[y, ...,ys]. By our hypothesis on the ordering, it would follow
that ¢g; € K[y1,...,yn]. Now replace every y; with the corresponding o;.
Since g; €< 01 — Y1,...,0, — Y >, we conclude that g; — 0 under the
substitution y; — ;. Then g; € K|y, ..., y,] would mean g;(o4,...,0,) = 0.
By the uniqueness part of Theorem (1.1), this would imply g; = 0, which is
impossible since g; # 0. This proves our Claim.

It follows that in (1.10), no term of g is divisible by an element of < LT(G) >,
and since G is a Groebner basis, g is the remainder of f on division by G 24,
hence we have proved the first part of the Theorem.

The second part follows immediately. O

A minor adaption of the same proof can give us something more.

Theorem 1.10. Suppose that fi,..., fin € K[zq,...,2,] are given. Fix a
monomial order in K[zy,...,2,,v1,...,¥yn] where any monomial involving
one of zy,...,x, is greater than all monomials in K[y, ..., y,]. Let G be a
Groebner basis of the ideal

<y1_f17"'7ym_fm >g K[zla"'axnaylv"wym]'

Given f € Klzy,...,z,], let g = fc be the remainder of f on division by G.
Then:

o feK[fi,..., fm] if and only if g € Kyy, ..., ym].

o If feK[fi,..., fm], then f = g(fi,..., fm) is an expression of f as a
polynomial in fi,..., f-

Proof The proof follows closely the proof of Theorem 1.9. If f =
g(f1,... fm), arguing as above we get

fzol(yl_fl)+"'+Cm(ym_fm)+g(y17---aym)

Now g needs not to be the remainder of f on division by G, we still need to
reduce some more. Let G' = GNK]yy, ..., yn]. Renumbering if necessary we
can assume G’ = {g1,...,gs}. If we divide g by G’ we get

g=Bigi+ -+ Bsgs + ¢ (1.11)

24See Proposition 1.1.
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where By, ...Bs, ¢ € K[y, ..., ymn] and hence

f=Cipn—fi)+ - +CrYm— f) + 9 (W15 Um)

This follows because in (1.11), each g; liesin < y; — f1,...,ym — fm >. We
claim that ¢’ is the remainder of f on division by G. This will prove that
the remainder lies in ¢ € K[y1,...,yn]. Since G is a Groebner basis ¢’ is
the remainder of f on division by G provided that no term of ¢’ is divisible
by an element of LT(G). To prove that ¢’ has this property, suppose that
there is ¢g; € G where LT (g;) divides some term of ¢’. Then LT(g;) involves
only y1,...,Yym since ¢ € K[y1,...,yn|. By our hypothesis on the ordering,
it follows that ¢g; € Klyi, ..., yn] and hence g; € G’. Since ¢’ is a remainder
on division by G’, LT(g;) cannot divide any term of ¢’. This contradiction
shows that ¢’ is the desired remainder. O

To use Theorem 1.9 we need to compute a Groebner basis for the ideal
< 01 —Y1,.--,0n —Yp >. This is not hard when we use lex order. Given
variables uq, ..., us, let

hi(uy, ..., us) = Zua

|a|=1
be the sum of all monomials of total degree 7 in uq, ..., us. Then we get the
following Groebner basis.
Theorem 1.11. Fix lex order on K[xy, ..., 2, 41, .., Y] with

Ty> > T > YL > Yy

Then the polynomials

k
g = he(Tky .oy T0) + Z(—l)ihk_i(xk, e X)) Y k=1,...,n.

i=1
form a Groebner basis for the ideal < o1 —y1,...,0, — Y, >.

Proof see [3], p.316

1.5 Generators for the Ring of Invariants

Definition 1.4. Given fi,...,f, € Klzy,...,z,], we let K[f1,..., fn]
denote the subset of K|xy,...,z,| consisting of all polynomial expressions
in fi,..., fn with coefficients in K.
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This means that the elements f € K[f1,..., fi] are those polynomials which
can be written in the form

f:g(flavfm)
where ¢ is a polynomial in m variables with coefficients in k.
Elements of the ring of invariants K[z, ...,,] are easily made by means

of the Reynolds operator.

Definition 1.5. Given a finite matrix group G C Gi(n, 1), the Reynolds
operator of G is the map Rg : Klxy,..., 2z, — K[zy,...,x,] defined by the
formula

Ro(f)(x) = ﬁ S f(A-x)

AeG
for f(z) € Klzy, ..., x,].

One can think of Rg(f) as averaging the effect of G on f.
The following properties are easy to prove and are left as an exercise.

Proposition 1.2. 1. Rg is T-linear in f.
2. If f € K[zy,...,x,], then Rg(f) € Kz, ..., 2,
3. If f €Kly,...,x,])%, then Ro(f) = f
Example 1.12. Consider the cyclic matrix group Cy C GI(2, k) of order 4

generated by
0 -1
10

Kla,y|? = {f € Klz,y] : f(a,y) = f(-z.9)}.
One can easily check that the Reynolds operator is given by

Reu(£)(e.5) = 1@ 9) + f(=,2) + f(=2,~y) + Sy, ~))

By Proposition (1.2), we can compute some invariants as follows:

Obviously

Reu(?) = 30+ (=) + (=2 +4) = 5( +17)
Reu(ey) = ey + (~g)z + (=2)(~y) +y(~2)) =0
Reu(*y) = 3+ (~y)r + (~a)*(—y) + v () = (s — )
Reu(ry?) = (0 + (=) + (=P (~y)? + y(~a)?) = 2%

4
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It will be shown in Theorem 1.12 that these three invariants generate in
Kz, y]“

It is easy to prove that, for any monomial %, the Reynolds operator gives
a homogeneous invariant of total degree || whenever it is non zero. The
following theorem of Emmy Noether shows that we can always find finitely
many of these invariants that generate Kz, ..., z,].

Theorem 1.12. Given a finite matrix group G C Gl(n, 1), we have
Klay, ..., 2] = K[Rg(2”) : |8 <|G]

In particular, K[zy,...,2,]¢ is generated by finitely many homogeneous

mvariants.

Proof Let f =3 cq1z® € K[x1,...,2,]° Then

f=Ra(f) =) caRa(x

Hence, every invariant is a linear combination of the Rg(z®). It remains to
be proved that Rg(z®) is a polynomial in Re(zg), |6] < G. Let

(14 -+ 2,)F = Z aa T, (1.12)

laf=k

where ¢, are the multinomials coefficients

k k!
C = =
“ o oqlag! - - a,)!

Let x be the column vector of variables x1,...,z, and let u be the column
vector of variables uy, ..., u,. Then (u-x)* =37, cou'x* If Ac G
(uA - x)k Z cou®(A - x)” (1.13)
|a|=k

If we sum both members of (1.13) over all A’s in G, we obtain

Z (uA - x)* Z cou® (Z A-x)a> (1.14)

AeG la|=k Aeq

The right hand side of (1.14) is

> |Gleau” Ra(a®)

laf=k
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Note how the sum on the right encodes all Rg(z*) with |a| = k. This is why
we use the variables uy, ..., u,: they prevent any cancellation from occurring.
The left hand side of (1.14) is the k-th power sum Sy of the |G| quantities
Us = (uA - x). We write this as Sy = Si(Us : A € G). By Theorem 1.2 of
Section 1.2, every symmetric function in the |G| quantities U, is a polynomial
in Sy,...,S)g- Since Sy is symmetric in the Uy, it follows that

Sy =F(S,....S) (1.15)

for some polynomial F' with coefficients in k. Substituting S, = > ,.o(uA-
x)" in (1.15), we obtain

Z boRg(z*)u® = F Z bgRa(x")u’, ... Z bs R (2% )u”
laf=k 161=1 18=1G]|
Expanding the right side and equating the coefficients of u®, it follows that
boRe(2*) = a polynomial in the Re(z?), 18] < |G|.
Since 1 has characteristic zero, the coefficient b, = |G|a, is not zero in T,
and, hence, Rg(z*) has the desired form. O
1.6 Elimination theory

We begin with an example®.

Example 1.13. To eliminate y from the system of equations
r—y = 0
ry—3r+2 = 0
consider the polynomial consequence

v-(r—y)+1-(zy—30+2)=2"-32+2=0

This eliminates y and allow us to find the x values of the solutions. In terms
of ideals, we can write this as

2 —3r+2€<a—y,ay— 3w+ 2> NK[x]

25The first example should be a system of linear equations solved with Gaussian
elimination
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Note that < z —y, zy — 3z + 2 > NK|x] gives all possible way of eliminating
y from our system of equations.
In general, given equations

fi =0
fs =0
with fi,..., fs € K[xy,...,2,], we can form the ideal I =< f1,..., f; > and

then successively eliminate variables by considering the intersections

INKzy, ...z, which eliminates z;
INKlzs, ..., z,) which eliminates x1, xs;
(1.16)
I NKlz,] which eliminates 1, xa, ..., Ty;

These are called elimination ideals and one of the goals of elimination theory
is to find elements (preferably generators) of each I N K[xy, ..., z,]

Amazingly, we can find basis of all of these ideals simultaneously by using a
lexicographic Groebner basis. Here is the precise result.

Theorem 1.13. (Elimination theory) If I =< fi,..., fs >C K|zy,...,z,]
is an ideal and G = {g1,...,¢:} is a Groebner basis for I for lex order with
xr1 > X9 > -+ > x,, then for each k£ between 2 and n, the set

GNKzg, ...,z
is a Groebner basis for the elimination ideal
IﬂK[.Tk,...,;Un]

Proof Given any f # 0 in I NK[xy, ..., z,]|, we have f € I, so that LT(f)
is divisible by LT'(g;) for some g; € G by definition of Groebner basis. Since
f € Kz, ..., z,], its leading term LT(f) does not involve xy,..., T 1.
Hence the same is true for LT(g;) Because of our hypothesis on the order,
LT(g;) € Klzg,...,x,) implies ¢g; € Klag,...,x,]. Hence we have proved
that for any f # 0 € INK|xg, ..., x,], LT(f) is divisible by LT(g;) for some
g; € GNK[zy,...,z,] and we are done for the definition of Groebner basis.

Example 1.14. Suppose we want to find the minimum and maximum values
of the function f(z,y, z) = > + 2xyz — 2% subject to the constraint equation
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g(x,y,2) = 22+ y*+ 22 —1 = 0. This is a typical constrained min-max
problem. By the method of Lagrange multipliers, we get the equations

Vf = AVyg
g =0

which can be written in the form

322 +2yz — 22\ =
2xz — 2Y\ =
2y — 22 — 22\ =
P4yt -1 =

o O O O

The four polynomials which appears in the left hand side of the above
equations can be turned into a Groebner basis with respect to the lex order
with A >z > y > 2. We obtain

3 3 167616 , 36717 , 134419 ,
\— -1 — Sz — = 1.1
2" 9% 3m3s 2 s © om0 0 (I
P4y 22 —1 = 0 (1.18)
19584 ;1999 , 6403
_ - 11
™ ae3s s T o050 335t = 0 (119)
1152 ;108 , 2556
. B B it 1.2
I Y T e T gs® Taggst = 0 (120)
9216 ; 906 , 2362
3 —y—— ~——z =0 (121
VR 3 Y 505 T 3’ (1.21)
. 0912 ; 827 , 3839

209 = 1.22

Y%7 3835° T 295" " 38357 0 (122)
576 4 1605 , 453 ,

e R T TT- LA )
1763 5 655 11

P S+ B2 =0 (124

1152 1152 288

The last equation involves only z, and it factors as

4 11
-1 R > i
A2 = 1)(2 = ) - =) =0
which implies
2 V11
z=0 +£1 +- +——
3 8v/2

This solves (1.24). (1.21), (1.22) and (1.23) involve only y and z. Thus by
setting z equal to each of the values we obtained by solving (1.24), we can
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solve for the corresponding y. Continuing this way, we can find the values
for # (and A, which are not needed). They are

z=0 y=20 r ==l
z2=0 y==l1 x=0
z ==l y=0 z2=0
z=2/3 y=1/3 r=-2/3
z=-2/3 y=—1/3 =—2/3

z=11/8V2 y=-3/11/V2 i:—?)/s
z=—/11/8V2 y=3V11/vV2 x=-3/8

The code for computing the Groebner basis in example 1.14 with CoCoA is

Use R::=Q[1,x,y,z];
F:=x"3+2x*y*z-z"2;
G:=x"2+y"2+z"2-1;
MJ:=Jacobian([F])-1*Jacobian([G]);
ListPol:=MJ[1];

Append (ListPol,G);
Id:=Ideal(ListPol);

Set Indentation;

GB:=GBasis(Id);

GB;

1.7 Relations among the Generators for the
Ring of Invariants

In Section 1.5 we have seen (in principle) how to find generators F =
{f1,..., fm} for the ring of polynomial invariants of a finite group, i.e.
elements of K[z1, ..., z,] such that

K[.I'l, ce ,$n]G = K[fla Ce 7fm]

In this section we want to discuss how to produce all relations between these
generators, i.e. all polynomials h € K|y, ..., ym] such that h(fy,..., fr) = 0.
If we call this set Ip, it is easy to prove that [r is a prime ideal of

K[ylv s aym]26
We call I the ideal of relations for F = {f1,..., fm} or the first syzygy ideal.

265ee [4], chap 7, par 4, proposition 1
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Exercise 1.10. If K[zy,...,2,]9 = K[f1,..., f], let Ir CK[y1, ..., ym] the
ideal of relations. Then there is a ring isomorphism

Klyi, - Yml/Ir 2Kz, ..., z,]¢
We can compute Ir explicitly using elimination theory.

Theorem 1.14. If K[zy,...,7,]9 = K[f1,..., fu], consider the ideal

Jr=<fi—=y1, s Jfmn —Ym >CK[z1, ..., 20, y1, -, Ym]-
1. Ip is the n-th elimination ideal of Jgp. Thus Ir = Jr NK[y1, ..., yn)

2. Fix a monomial order in K[xy,..., 2,41, .., Ym| where any monomial
involving one of zy, . . ., x,, is greater than all monomials in K[y, . .., y]
and let G be a Groebner basis of Jp. Then G N Klyy,...,yn] is a
Groebner basis for I in the monomial order induced on K[y, . .., ym).

Proof To relate Jr to the ideal of relations Ir, we will need the following
characterization of Jg: if p € K[z1,...,2n, ¥1, ..., Ym], then we claim that

pEJr <= p(a1,...,Tn, f1,- - fm) = 0in K[z, ..., 2,]. (1.25)

One implication (=) is obvious since the substitution y; — f; takes all
elements of Jp =< f1 —y1,..., frn — Ym > to zero. On the other hand, given
p € Klzy,...,Zn, Y1, .-, Yn], if we replace each y; in p by f; — (f; — ;) and
expand, we obtain

p(gjla"'axnayl)"'vym) :p(x17"'7$n7f17"'7fm)+
+B1(fi —y1) + -+ Bl fm — Ym)

for some By, ..., B, € Klxy,...,Tn, Y1, ..., Ym]. In particular, if

p(T1, . Ty f1y s f) =0,
then

p<x1a"'7xn7y17"'7ym> :Bl(fl_y1)++Bm(fm_ym) S JF

This completes the proof of (1.25).
Now intersect each side of (1.25) with K[y, ..., 4. For p € Klyi, ..., Ym]
this proves

peJrNKlyy,....um] <= p(fi,. ., fm) =0in K[zy,..., x,],

so that Jp N K[y, ..., ym] = Ir by definition of I-. Thus, point 1) is proved
and point 2) is then an immediate consequence of the elimination theory of
Section 1.6
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Example 1.15. In Example 1.2 we saw that the ring of invariants of C5 =
{£L,} € GL(2,k) is given by K[z, y]?® = K[2?, 32, zy]. Let F = (22,9, xy)
and let the new variables be u,v,w. Then the ideal of relations is obtained
by eliminating x,y from the equations

u = T
v o= y?
w o= Yy

If we use lex order with > y > u > v > w, than a Groebner basis for the
ideal Jp =< u — 2%,v — y%, w — 2y > consists of the polynomials
22 —u, ry —w v — yw 2w — yu y: — v, uw — w?.
It follows from Proposition 1.14 that

Ip =< uv —w?> .

This says that all relations between 22, y? and zy are generated by the
obvious relations 22 - y* = (zy)?. The the ring of invariants is therefore

K[z, y]“? = Klu, v, w]/ < uv —w? >

1.8 Hilbert series and Molien theorem

In this Section, we prove some results about Hilbert series of rings and some
applications to rings of invariants®’.

Definition 1.6. For a graded vector space V = &, V,; with V; finite
dimensional for all d we define the Hilbert series of V' as the formal Laurent
series

H(V,t) = i dim/(Va)t*

In the literature, Hilbert series are sometimes called Poincaré series. In our
applications, V' will always be a graded algebra or a graded module.

Example 1.16. Let us compute the Hilbert series of K[xy,...,z,]. There
are ("J“d*l) monomials of degree d, therefore the Hilbert series is

! H(K[xl,...,xn],t):i(n—i_d_l)td

n—1
d=0

This is exactly the power series expansion of (1 —¢)~".

271 should define the concept of graded algebra and graded moduli first, discuss only the
behaviour of Hilbert series w.r.t. symmetric products, look at the examples in Sloane.
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Remark 1.2. If V and W are two graded vector spaces, then the tensor
product V' ® W has also a natural grading, namely

(Ve W)i= ®a+ds=aVa, @ Wa,

It is obvious from this formula that H(V @ W,t) = H(V,t)H (W, t). Suppose
that R = Klzy,...,z,] and z; has degree d; > 0. Then we have R =
K[z] ® K[zs] @ K[z,] as graded algebras and H(K[z;],t) = (1 — t%)~1. It

follows that .

H(R,t) = (1 —¢d) o (1 — ¢dn)

(1.26)

Remark 1.3. If
0-7VDO L@ ... 5170 5 (1.27)

is an exact sequence of graded vector spaces (all maps respect degree) with
Vd(l) finite dimensional for all ¢ and d, then

> (—1)'HVY 1) =0

i=1
This is clear because the degree d part of (1.27) is exact for all d.

Theorem 1.15. (Hilbert) If R = @3 Ry is a finitely generated graded
algebra over a field 1 = Ry, then H(R,t) is the power series of a rational
function. The radius of convergence of this power series is at least one.
Moreover, if M = @32, My is a finitely generated graded R-module, the
H(M,t) is the Laurent series of a rational function (which may have a pole
at 0).

Proof Let A = K[zy,...,x,] be the polynomial ring, graded in such a way
that deg(x;) = d; > 0. Then H(A, 1) is a rational function by equation (1.26)
and the radius of convergence of the power series is 1 if n > 0 and oo if n = 0.
For any integer e, we define the A-module A(e) by A(e) = &2 _, A(e)q with
A(e)g = Aciq. Tt is clear that H(A(e),t) = t °H(A,t) is again a rational
function. A module is free if it is isomorphic to a direct sum A = @&;A(i),
hence the Hilbert series of a finitely generated free module M is a rational
function. If M is a finitely generated A-module, then by Hilbert’s syzygy
theorem (see [7], thm 31.13), there exists a resolution

0 FO L pe=D L pl O g (1.28)
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where F® is finitely generated free A-module for all i, and the sequence is
exact. It follows from Remark 1.3 that

H(M,t) =Y (-1)'H(F", 1) (1.29)

1=0

so H(M,t) is a rational function. If M is non-negatively graded, then the
same is true for all FV), so the radius of convergence of H(M, ) is at least 1.
Let R be an arbitrary finitely generated graded algebra over k£ = Ry. Then,
for some n and some dy, ..., d, > 0, there exists a homogeneous ideal I C A
such that A/I = R. Hence R is a finitely generated, not negatively graded
A-module, and the claim follows. Moreover, any finitely generated graded
R-module M is also a finitely generated graded A-module. Il
We consider now the Hilbert series of the ring of invariants, which is also
called the Molien series. If T € Gl(n,K), then T" acts on K[zy,...,z,] and
T restricts to a linear transformation on each K[zy, ..., x,]s which is finite
dimensional. We shall write tr T for the trace of T|K[z1,...,z,]4.%

Proposition 1.3. If T € Gi(n) then Y o7 (tryT)t? = det(1 — ¢T)

Proof It will be convenient for the proof to extend the base field to its
algebraic closure, to have access to eigenvalues. Then we may choose a basis
{z1,...,2,} for 1" so that T is represented by a triangular matrix, with
eigenvalues Ar,..., \,. Also [[ zf" : (a1,...,a,) € Z%, > ,0; = d} is a
basis for K[z, ..., x,]s, and if that basis is ordered lexicographically then
T|Kl[zy,...,x,)q is also represented by a triangular matrix with eigenvalues

{H?:l )\;ll : (ab cee 7an) S 217 Zz a; = d} Thus

(trqT)t? Z{H (ANit)* : (aq,...,a,) € ZT, Zai:d}

and o
ZtrdT Z{H >\t al,...,an)EZi,}
d=0
Now note that (1 — N\t)~t = > (\it)?, so
Hz 1( = A t) = H?:1 ZZ?:O()‘J)M

DAL () (ar, .. an) €2, }
Z?:O(trdT)td

Z8This section is taken from [2]
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To complete the proof observe that

n

L
.H<1 —ADT = det(1 —¢T)

Corollary 1.1. > (dim(K[zy,...,z,)))t = (1 — )™
Proof Take T' = 1.

Proposition 1.4. Suppose W is a subspace of V and P is a projection of V'
onto W, i.e. PV =W and P? = P. The dim(W) = ¢r(P)

Proof Let W/ = (1 — P)V. Hence, V. =W @& W’ and the restriction of P to
W' is zero, so by choosing a suitable basis we can represent P by the matrix

( ICéW 8 ) (1.30)
and dim(W) = tr(P) .

Let G C Gl(n) be a finite group and let Z = K[z, ...,2,] be the algebra
of invariants of G. The Molien series of G is the Hilbert series of 7 i.e. is

the power series
Z dlmId
d=0
Proposition 1.5. If G C GL(V) is finite then dim(Z,;) = |G| SAtrdT - T €
G}
Proof Let T, be the restriction of T' € G to K|xy, ..., z,+4. The restriction

to K[xy,...,z,+4 of the Reynolds operator, Ry := ﬁZTeG Tr(Ty)is a
projection. Hence by proposition 1.4

dimZ,; = Tr(Ry) = T Z{mT T € G}

Theorem 1.16. (Molien’s theorem) If G C GL(n, K) is finite then its Molien

series is
> req det(l —¢T) 1
G

O(t) =
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Proof
d(t) = Zdlm (Z,)t? Z &l Z{trdT TeG} =

= Z Z (trqT)t?)

TEG d=0
_ 1 Z I
|Gl A det(1—1T)

Example 1.17. Let G be the dihedral group over 3 elements. The matrices

(10 (1 0 =12 —V3)2
ne(ov) (o %) om0
are representatives of the conjugacy classes, of respective sizes 1, 3 and 2.

We have
det(Id —tTy) = (1 — t)?

det(Id —tTy) =1 —1?
det(Id — tT3) = 1+t + 2
and thus

1/ 1 3 2
o0 =5 ((1—75)2+1—152Jr 1—|—t+t2>

=1+t+t2+8+. .. (1.31)

We recall that
1-—1t
By setting ¢ = ¢* in (1.31) we get

whose coefficients follows the pattern

101010101 ... (1.32)

By differentiating (1.31) we get

1
W:1+2H31&2+4t3+...

whose coefficients follows the pattern

123456789 ... (1.33)
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Notice moreover that

1 1—t
=1-)1+3++2+ ...
1+4+t+t2 1—13 ( JA+E+ 0+ )

= (I—t)+ (=t + (=17 + (¢* =9

whose coefficients follows the pattern
1 -101-101—-10 ... (1.34)
Hence, the pattern of coefficients of ¢(t) is
101111212222323333 ... (1.35)

Hence we get; at degree zero, the constants; at degree one, no invariants; at
degree 2, the invariant f, = 2 + 12, which is invariant for the whole O(2, R);
at degree 3 the invariant f3 = ..., that can be computed by applying the
Reynold operator to monomial of degree 3; in degree 4, the invariant fy = f2;
in degree 5, the invariant f5 = fof3. In degree 6 we have fg = f3 and gs = f3.
Since fy and f3 are irreducible, fg and gg are independent. Hence, by Noether
theorem, K[z, 25]¢ is generated by f, and f3, which are independent.

The group of the example is a Coxeter group, i.e. a finite effective subgroup
of O(R™) which is generated by reflections. For these groups the following
facts hold?’.

Theorem 1.17. Let G C O(R"™) be a Coxeter group. Then there exist n
algebraically independent polynomials fi,..., f, € R[xy,...,z,] such that

Riz, ..., 2,9 ZR[f1, ..., fa

Moreover, G has no invariant of degree one while it has always the obvious
degree two invariant 2 + - - - + 22.

The basic generators fi, ..., f, are not uniquely determined, but their degrees
dy,...,d, are. These degrees satisfy the following properties

LGl =TIi= di
2. The total number of reflections in G is Y | (d; — 1)

We close this section with a table (Table 1.1), taken from [2], in which the
degrees of the basic generators are given for each Coxeter group.

29We refer to [2] for their proofs.
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G d.....d,

A, 2,3,...,n+1

B, 2,4,...,2n

D, 2,4,....n—2nnnn+2 ...,2n—2 (n even)

2,4,...,n—1,n,,n+1,...,2n—2 (n odd)

5 2,n

Go 2,6

Fi 2,6,8,12

T, 2,6,10

T, 2,12,20,30

& 2,5.6,8,9 12

& 2,6,8,10,12,14, 18

S 2,8,12,14,18,20,24, 30

Table 1.1: Degree of basic generators of Coxeter groups

37
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Appendix A

Tensor product

We shall denote by K a numeric field.

Definition A.1. Let U V and W be three dimensional vector spaces over
K. A bilinear map ¢ : U x V — W is a function ¢ which is linear in u for
each v € V and linear in v for each v € U.

The set Bil(U x V, W) of bilinear maps is a vector space.

Definition A.2. A bilinear map ¢ : U x V — W is the tensor product of
V and W if it has the following universal property. For every vector space
Z and every bilinear application g : U X V — Z there exists a unique linear
map h: W — Z such that ¢ = h o ¢, i.e. such that the following diagram is
commutative

UxV — W

g\ s h
Z

The universal property defines the tensor product uniquely modulo natural
isomorphisms. In fact, let ¢ and ¢’ two tensor products U and V. Then,
by the universal property of ¢ there exists one and only one linear map h
such that h o ¢ = ¢’ and by the universal property of ¢’ there exists one
and only one linear map A’ such that h' o ¢’ = ¢. Hence, h o ho ¢ = ¢ and
hoh'o@¢ = ¢. By the universal property of ¢, h’ o h coincides with the
identity and by the universal property of ¢', hoh’ coincides with the identity.
We give now a concrete way to build the tensor product of two finite
dimensional vector spaces.

Proposition A.1. Let eq,...,e, be a basis of U and let fi,..., f,, be a
basis of V. Let W be the free vector space over the symbols u; ® v;. The

39



40 APPENDIX A. TENSOR PRODUCT

bilinear function ¢ : U x V — W defined by
6> aiei, Y bifi) =Y aibjui ® v
i=1 j=1 1,3
is a tensor product of U and V

Proof Let g : U x V — Z be a bilinear function. Let us define h : W — Z

by
h(z CijU; @ Uj) = Cij Z g(eia b])

It is immediate to check that A is linear. Moreover h o ¢ = g. In fact

(ho@)(Doaiei, 2 bif;) = ho(Xae,d]) =
h(Qoaibjoles, f;)) = Yabih(u;®@v;) = (A1
Zaibjg(eiafj) = g(Zaiei,ijfj)

If h is a linear function W — Z such that h o ¢ = g, then h(u; ® w;) =
h(u; ® w;) and since w; ® v; is a basis, h = h. O

~—
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