HOMEWORK #2 - MATH 4160

DUE: WEDNESDAY FEBRUARY 5, 2002 AT 10:30AM

Write your homework solutions neatly and clearly. Provide full explanations and justify all of your
answers. You may work in groups (maximum 3). You need only hand in one assignment per group,
and write all names at the top.

Enumeration problems. Do problem #1 and two of #2, #3 or #4:

(1)

3)

How many arrangements are there of the letters in the words ELEMENTARY ENUMER-
ATION such that there are no consecutive E’s?

Choose where the E’s go such that they are not consecutive, to do this instead of choosing
from 21 places, 5 to put E’s, choose from 17 places, 5 to put E’s and then insert a space
after the first 4 of those E’s This can be done in (157) ways.

Now the number of ways of ordering the remaining letters (2 Ms, 2 T's, 2 As, 3 Ns, 2

Rs, L, U, Y, I, O) in the remaining 16 spaces is Wﬁ,g,z, = (126) (124) (122) (130) (;)5!

()(2)(5) (2)2) () -

How many quick pick outcomes are there in the Super 7 lottery game (pick 7 numbers in
49)? Say 7 winning numbers are fixed and a bonus number is chosen. How many of these
quick pick numbers have all 7 numbers correct? 6 numbers and a bonus? 6 numbers and
not the bonus? Five numbers?

There are a couple of problems with this question, but if you just ignore them and answer
the question as stated and then remark on the errors after the solution.

The number of quick pick outcomes from a game with 49 possible numbers and choose 7
s ().

If we fix 7 winning numbers and a bonus then there is exactly 1 winning ticket.

If there are 6 numbers right and the bonus number then there are 7 winning tickets.

If there are 6 numbers and the bonus number is wrong then there are 7 - (411) = 287
winning tickets.

If there are 5 numbers correct then there are (g) (422) = 18081 winning tickets.

Remark: Many people asked me if it should be 47 numbers in the Super 7 lottery. I don’t
care. If you answered it with these numbers then subtract 2 from every number larger than
40 in the answers above.

The following questions are regarding a poker hand of five cards.
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(a) How many hands contain a pair and three more cards that have the same suit as one
of the cards in the pair? (e.g. 39, 3, G, S, Q)

Choose the pair value (113), choose the suits that appear (‘21), choose the suit for the

other three cards (%), choose the values of the other three cards (132).

(7)) () () =

(b) How many hands contain a pair and three more cards in sequence of the same suit
(which may or may not be the same as the suit in the pair)? (e.g. 50,5, Jd, Qée, K o
or 790,75, 285, 3¢, 4$%) The sequence of 3 should not share a card with the pair or even
have a card in common with the pair (e.g. the hand 50,60, 70, 6, 6 is not valid).

For this problem pick the suits first and the values of the cards second (because the
suits are easy to do and the other part is less trivial). For the pair, pick two suits to
appear in (3) ways and pick the suit for the sequence in (411) ways. Now one can almost
pick the pair and the sequence independently, but the problem is if one picks a pair
of A,2 or K there are 10 possible sequences, for a pair of 3,4,5,6,7,8,9,10, J,Q there
are 9 possible sequences. In total there are

<‘21> (;‘) (3-10+10-9) = 2880

valid hands of this type.
Another way of solving this problem (and probably better) is to pick the sequence of
three cards first and then choose the pair. There are (le) suits for the sequence and

(112) different sequences then there are (110) possible values for the pair and (3) possible

ways of choosing two suits which determine the pair.

(1) () (7) (5) =2

(4) There are 100 pennies, how many ways are there of distributing them to 5 different people
(i.e. each person may or may not get some of these pennies)? How many ways are there of
distributing these pennies so that each person gets at least 5 pennies each? (Hint: think of
the derivative problem from last time).

100+5-1

51 ) = 4598126 ways. For the explanation see the last

Distribute the pennies in (
homework.
To make sure that everyone gets at least 5 pennies, give everyone 5 pennies first and then

distribute the remaining 75 pennies in (75;_51_ 1) = 1502501 ways.

Do three of the following 6 problems. These will use the principle of inclusion-exclusion.

(1) How many n-digit decimal sequences (using the digits 0 — 9) are there in which the digits
1,2 and 3 all appear?



(4)
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Let A; = set of sequences of n digits where ¢ does not appear. The number of n digit
decimal sequences = the total number of decimal sequences minus those that do not have
either 1, 2 or 3. That is we wish to calculate 10™ — |A; U Ao U A3| = 10" — |A;| — |A2] —
|As| + |A1 N Ag| 4+ |A1 N As| + |A2 N As| — |A1 N Ay N As| where 10" represents the number
of sequences of n digits and |A; U Ay U As| represents the number of n digit sequences that
either do not have a 1 or a2 or a 3. |4;| =9", |4;NA;| =8" and |[A; N Ay N Az| =7". The
answer is then

10" —-3-9"4+3.8" 1"
How many ways are there of rolling a sided die 10 times in a sequence such that all 6 faces
appear at least once?

Let A; = set of sequences of 10 die rolls where i does not appear. We wish to count 6'°
minus the number of sequences of 10 rolls where at least one of the 6 faces does not appear
=610 — |A1 UAdyUA3U Ay U A5 U A6| |Al| = 510, |Al N AJ| = 410, |Al N Aj N Ak| = 310,
|A;iNA;NALN Al =219 |4, N A;N AN AN Ay | = 119 and the intersection of all six sets
is 0. Therefore the number of sequences where all 6 faces appear at least once is

_ 610 _g.510 <g> 410 _ <g> 23104 <g) 210 _ (g) 1'0 = 16435440

How many positive integers < 420 are relatively prime to 420 = 5-22-7-3?

Let A be the set of positive integers less than or equal to 420 which are divisible by
k. The positive integers which are relatively prime to 420 and less than or equal to are
those which are not divisible by either 2 or 5 or 7 or 3. That is we wish to calculate
420 — [A2 U A3 U A5 U A7| = 420 — |Ag| — |As| — |A5] — [A7] 4 [A2 N Ag| + [A2 N As5[ + |A2 N
A7‘ + |A3ﬂA5| + |A3ﬂA7| + |A5ﬂA7| — ‘A20A3QA5| — |A2ﬂA30A7‘ — |A2ﬂA5ﬂA7| —
|AsN A5 N A7| 4+ |Aa N A3N A5 N A7|. |Ag| = 420/2, |A2 N A3| = 22 ect. and for all of these

420

237
sets
.
Nt = 1
Pi T ]
i—1 [l pi

where p; € {2,3,5,7}. Therefore the number of positive integers less than or equal to 420
which are relatively prime to 420 is

420 - 210 - 140 -84 - 60+ 70 +42+30+28 +20+12—-14 -10-6 -4+ 2 =96

How many arrangements of 52 letters, 2 As, 2 Bs, 2 Cs, etc. with no pair of consecutive
letters the same?

Let Ax be the set of arrangements of 52 letters with two of each letter where the Xs
appear next to each other (X may represent any letter of the alphabet). The number of
arrangements of 52 letters with no pair of consecutive letters the same = the number of
52 arrangements - the number of arrangements with at least one pair of letters adjacent
=521/22 —|AsUAgUAcU--- Ay U Az|. Now the intersection of k different subsets Ay,
is counted by
k 926—k

— 52 — 2k)!
| A, VAL, N---NAL| = <52 k) k‘g
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(choose k spaces to put the pairs of letters, order the pairs, and then order the remaining
52 — 2k letters). Therefore the total number of arrangements of the 52 letters in this way is

=S () (% )t

k=1
= 437841663766269416768677470831924656480287096002969600000000

~ 4.378 x 10°°

How many ways are there of dealing a 13 card hand with at least suit that does not appear?

Let A, be the set of thirteen card hands with no * where x € {O, #,,&}. We are
counting |[Ao U Aq U Ay U Ag| and we know that |A,| = (‘z’g) and [A, N Ay| = (fg) and
|A, N Ay N Ag| =1 and the intersection of all four sets is empty. Therefore the number of
13 card hands with a void in at least one suit is

39 26
4 - 4 = 32427298180

How many 13 card hands have at least one type of face card (J, Q, K, A)?

The number of ways of having a 13 card hand with at least one face card = the number
of 13 card hands minus the number of hands which contain no face cards (since there are
36 non-face cards there are (i’g) non-face card hands). This is best solved without using
the inclusion-exclusion principle and we should say then that it is equal to

52 36
<13> — <13) = 632702770000



