For binomials, take as definition (Z) = ﬁlk), Note that this definition only works then for
n an integer, for a more general definition where n may be any real number but k£ non-negative
integer, () = "("_1)@_,3!)”'("_]““). Then you may want use the identity that (}) + (,",) = ("Zl)
for the induction steps.

For any problems involving the Fibbonacci numbers, take as definition F_; = Fy =0, F} =1,

Fy=1and Fj,y1 = F, + F,,_1 forn > 1.
(1)

By Fy+ FoFs + F3Fy+ -+ Foy 1By, = F22n
(2) Using the recursive definition of F,,, show that for n > 2,
F2+1 = Fn+1Fn + Fn+1Fn—1

n

(3) Show that

(4) Show that for n > 1

(5) Show that for n > 0,
B43 45+ +(2n -1 =n?(2n? - 1)

(6) Show that postage stamps of value 5 cents and 9 cents are sufficient to post any letter
requiring more than 31 cents in postage.
(7) If n is any integer such that n > 4, then

n? <2 <nl.
(8) Show that
I S S 1 __n
1-5 5-9 (4n—3)(dn+1) 4dn+1

(9) Show that for n an integer and 6 any real number we have
(cos @ +isin 0)" = cos nf +isin nd .

(10) Show that for n,r > 0,

G0+ (L) GG ) ()6 - ()

(11) Show that

HQG)+3(Z>+"'+(k+1)<Z>+"'+("+1)<Z) =(n+2)2""!

(12) Let a'? be the number of points in n'* diagram of the sequence of drawings of nested

pentagons shown below. Show that ald® = 3"27*”
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(13) Show by induction on m, n or r that

Z(m)( n ) <m+n>
o k)\r+k m+r
(14) Show for n > 0,

n n n n
o+ B+ F3+---+ Foy1 = Fopy
0 1 2 n

(15) Show that for n > 1,

n n—1 n—2 n—|n/2]
DY = Fn
©)+ ()27 (M .
The notation |z] represents the largest integer less than x.
(16) Show that any positive integer n can be uniquely represented in the form
c11l 4+ o2l + ¢33 + - - - + ¢ k!

for some positive integer k where ¢ 20 and 0 < ¢; <iforalli=1,2,... k.
(17) Show that any integer n can be uniquely represented in the form

703° + 7130 4 1932 4 30

for some positive integer k where r, # 0 and r; € {—1,0,1} for alli =1,2,... k.
(18) Show that F, = %(qb" —¢") where ¢ = 1+T\/g and ¢ = 15
(19) Show that for all n > 0,

(D06 ()6 = (")

Fi+F3+F5+-- -+ Fopy = Iy

1S

(20)

(21)
FiFo + FoF3 + F3Fy + - + FopFony :F22n+1 -1

(22) Show that for n > 0,
1+v5)" 1-5

FnFn+1 = Fn—an+2 + (_1)7l_1

(23) Show that for n > 1,

(24) Show that for n > 0,
Fr%—&-l - FnFn+2 = <_1)n+1



