Polynomial Rings
All rings in this note are commutative.

1. POLYNOMIALS IN SEVERAL VARIABLES OVER A FIELD AND GROBNER BASES

Example:
fi=a3y —ay® +1
fo=atP — P —1
g=z+yel(fif2)
Find a(z,y), b(z,y) such that a(z,y)fi + b(x,y)fo =g
y(fr =2 y—wy +1) = yfi =% —ay’ +y

— —x+

Definition: A monomial ordering on z{'xz5? - - -zhm > J:'fleBQ .- 28" total order that satisfies "well
I T I
za define ZB

—

ordering hypothesis” z%z? then #7 - 7% > #7 - &

Lexicographic = dictionary order on the exponents

22adad > olade?
lex

22zt > 2dalaled
lex

Looking at exponents @ = (aq, g, -+ , ) and 8= (B1, B2y Bn),

7an) le>x (627 e Bn)

z® > 27 if oy > By and (g, - -

lex

Definition: Fix a monomial ordering on the polynomial ring Fx1,za, -, xy).

(1) The leading term of a nonzero polynomial p(z) in Fxi,z2,- - ,xy], denoted LT (p(x)), is the
monomial term of maximal order in p(z) and the leading term of p(x) = 0 is 0.

If p(x Z ca7® then LT(p(x)) = maxg (caa_c'&).

(2) If I is an ideal in Flx1,x9, - ,xy], the ideal of leading terms, denoted LT (I), is the ideal
generated by the leading terms of all the elements in the ideal, i.e., LT(I) = (LT (p(x)) :

p(z) € I).

Example

If lexicographic, LT (z3y — zy* + 1) = 23y.
If graded lexicographic, LT (z3y — xy* + 1) = —ay*.

Definition: A Grébner basis (dependent on monomial order) for an ideal I in the polynomial ring

Flxy,x9, -+ ,xy] is a list of polynomials fi,--- , f, for I whose leading terms generate the ideal of all
leading terms in I, i.e., I = (fy, fa,- -+, fn) such that

LT(I) = (LT(f1), LT(f2),- - s LT (fn))-
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Fix a monomial ordering on F[x,x9,--- ,x,], and suppose fi, fa, -, fn is a set of nonzero polyno-
mials in Flz1, 29, -+ ,2z,]. If ¢ is any polynomial in F[xy,xo,--- ,xy], start with the set of quotient
q1,92,"** ,qn and a remainder r, all polynomials at the end of this procedure where

g=q+1fi,+@fe+ - +afo+r
Stepl: Check for smallest i such that LT(f;) divides LT (g).

If no i exists (all LT(f;) do not divide LT (g)) then r =g and g1 = ¢ = --- = g, = 0 STOP!
If LT(f;) divides LT(g) then add %{;ﬂ) to ¢; and ¢' = g — %{;ﬂ) fi.

Step2: Repeat with ¢’ until STOP!
Example:
g = 23y + 32%y*
fr = xy
If lexicographic, g = 0 - fi + 23y + 32%y*
If reverse lexicographic, g = 3z (x?y*) + x3y3
g=z*+r—y*+y
fi=zy+1
fo=z+y
Jd=—azx+y)+2+r—y +ty=—ayt+z—y*+y
' =(@y+)—zy+tr—y*+y=z—y’ +y+1
9" =—(+y)+r—y’+y+l=—y’+1
g=-1-(zy+ 1)+ (@+y) +(-y*+1)

Exercise: Try the example above with fi =z +y, fo=ay+1,and g=a22+z — > +y

For a Grobner basis the result is unique = g € I(= (f1, -+, fu), f1, - fn is Grobner basis) <=
division algorithm reduces g to 0 remainder.
Grobner basis always exists for a polynomial ring over a field.

Examples on Sage
(1) Does = + y lie in the ideal generated by
fi=ady—z-y2+1
fo=a?y =yt -1

sage: P = PolynomialRing(QQ,[’x’,’y’])
sage: (x,y)=P.gens()

sage: fl = x"3*xy-x*xy~2+1

sage: f2 = x"2%xy"2-y~3-1

sage: P.ideal([f1,f2]).reduce(x+y)

0

Computer says "yes” to question (1).
Lets look at the Grobner basis:

sage: P.ideal([f1,f2]).groebner_basis()
[y’4 -y3-1, x+yl]

(2) How can we express = + y as an algebraic combination of the generators f; and fo7
Answer: Reduce z(z + y) in the ideal (z - fi — 21,2 - fo — 2z2) where z, 21, 2o are all ’"dummy’
variables and x,y and z are all higher weight than z; and z».



sage: P = PolynomialRing(QQ,[’x’,’y’,’z’,’z1’,%22°])
sage: (x,y,z,z1,z2)=P.gens()

sage: fl1 = x"3*xy-x*xy~2+1

sage: f2 = x"2%xy"2-y~3-1

sage: P.ideal([z*f1-z1,z*f2-z2]) .reduce(z*(x+y))
yxzl - x*z2

The computer says: c+y=y- f1 — - fo.
Lets look at the Grobner basis:

sage: P.ideal([z*fl-z1,z*f2-z2]).groebner_basis()
[y~4*xz + x*y~3*xzl - y 4%zl - x"2%xy~2%z2 + x*y~3%z2 - y"3*%z - z - z2,
X"2%y 2%zl - X"3%y*z2 - y~3xzl + x*ky"2*%z2 - zl - 22, x*z + y*z - y*zl + x*z2]

(3) Given a list of polynomials:

g=xty—a3 2.2y -1

gp=x-y—z"+y° -2

gp=x-y’+a’+y’ —x—1
find what algebraic combination gives the polynomial:
Oy —rBsyt 42T xy® — 25 P wyS 4+ 252wy —4xaPxyt — 4w wyd — 253 xy” — V42T xy? — Txabxy
—x5*y4—7*x4*y5—4*x3*y6—3*x2*y7—3*x*y8—y9—2*x6*y2+5*x5*y&+3*x4*y4+x3*y
+ 2% 22 %y0 + 3527 — A5 a0 xy+ 165 2” xy2 + 10x 2t 3 + 9523 %y + 10522 xy® + 3x xS+ — 2
455wy +atxy? + 10528 w3+ 225yt + 65wy + 2%y — Trartsvy —4xadxy? —9xa?xy® —y
—10xz? —5xadxy —12x 22 %y —Txaxy® — 2%yt —dxad 4522y —3xxxy’ +Txz
+2%xxky+3xy>+ 257 —2
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sage: P = PolynomialRing(QQ,[’x’,’y’,’z1’,°22°,723°])

sage: (x,y,z1,z2,z3) = P.gens()

sage: gl = x"2%y-x" 3%y 2+2*%x"2+y"2-1

sage: g2 = x¥y-x"2+y~3-2

sage: g3 = x*y 2+x"3+y~3-x-1

sage: £ = x76xy"7 - x"8%y 4 + x"Txy"5 — 2xx"b*xy"6 + 2*x"7*y"3 - 4*x"6*xy 4

- 4xx75%xy"5 — 2xx73*%y"7 - X9 + X"T*y"2 - T*x76xy"3 - x"bky"4 - T*x"4xy~5

- 4xx73%y"6 — 3*xT2xy"7 - 3*kx*ky"8 - y 9 - 2*xxT6xy"2 + L5kx"Hky"3 + 3*¥x"4xy~4
X"3*%yT5 + 2%x72xy"6 + 3*kx77 - 4*x76*xy + 16*xx75xy"2 + 10*x74*y"3 + 9*x"3xy~4
10*x72*%y"5 + 3*x*¥y"6 + y~7 — x76 + H5*xx"bky + x74xy"2 + 10*x73*y"3 + x"2%y"4
6*x*xy~5 + 2xy~6 — Tkx“4ky - 4*x73%y 2 - Oxx"2xy"3 - y°5 - 10*%x74 - 5xx”" 3%y
= 12%x72%y"2 — Txxky~3 - 2%y"4 - 4*x73 + 4xxT2xy — Jkxky 2 + THXT2 + 2¥xxy

+ 3xy"2 + 2%x - 2

sage: P.ideal([gl-z1,g2-z2,g3-23]) .reduce(f)

z172%z2 - 2373 + zl1*z3 - z2*z3

+ 4+ +

The computer says:
f=¢ g—g+g9-95—92 93
lets check:

sage: f == gl~2%g2 - g373 + glxg3 - g2*g3
True

For next time:
(1) Grobner basis exists,

(2) the quotient and remainder is unique with a Grébner basis.



