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Hilbert Series of Invariants, Constant terms
and
Kostka-Foulkes Polynomials
by
A. Garsia, N. Wallach, G. Xin & M. Zabrocki

Abstract. A problem that arose in the study of the mass of the neutrino led us to the evaluation
of a constant term with a variety of ramifications into several areas from Invariant Theory, Repre-
sentation Theory, the Theory of Symmetric Functions and Combinatorics. A significant by-product
of our evaluation is the construction of a trigraded Cohen Macaulay basis for the Invariants under

an action of SL,(C) on a space of 2n + n? variables.

Introduction
This paper covers a variety of topics encountered in the construction of a proof of the following
constant term identity
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This problem arose in the determination of the ring of invariants under an action of SL,[C]. on the polynomial
ring Q[U, V, X] in the 2n + n? variables

{ui v, @544 1.2

Here, a matrix g € SL,[C] is made to act on the row vector U = (uy,us,...,uy,) by right multiplication,

on the column vector V' = (vy,v2,---,v,) by left multiplication and on the matrix X = |lz;;||}';—; by
conjugation. More precisely, the action of g on a polynomial P(U,V, X) € Q[U, V, X] is defined by setting

T,P(U,V,X) = P(Ug,g"'V,g"'Xg). L3

It follows from well known results of Invariant Theory that the ring of invariants Q[U, V, X]%L» [© is Cohen

Macaulay. This means that we must be able to find a basic set of invariants {01,...,0a; n1,...,mN}

such that every invariant can be uniquely expanded as a linear combination of 7, ...,ny with coefficients

polynomials in 6y,...,6,. We shall here and after refer to the task of constructing such a basic set as the
“UVX Problem ” and the polynomials P(U,V, X) € C[U, V, X|5E» (@ will be called “UVX invariants .

A useful tool in identifying a basic set in a Cohen Macaulay ring is the Hilbert series of the ring.
That is the generating function of the dimension of the successive homogeneous components of the ring. In
this case, denoting by H,, (U, V, X) the subspace of homogeneous elements of degree m in C[U,V, X ]SL"[(C].
the Hilbert series is simply the rational function Fyy x(¢) with Taylor expansion

Fyvx(g) = ) dim Hy(U,V,X)q"
m>0

The constant term in I.1 arises precisely in the construction of this rational function. That is we will show
that
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Theorem 1.2

Fovx(q) = H
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In particular by combining Theorems 1.1 and 1.2 we obtain

Theorem 1.3
The Hilbert series of the ring of invariants C[U, V X)SEnIC s the rational function

n+1)

1+ q( 2
(1—g) T, (1 — ¢)2(1 — gn 1) (1 = ¢("2))

This somewhat surprising result strongly suggests the nature of a possible basic set. Indeed, a Cohen

1.4

Fyvx(q) =

Macaulay ring with homogeneous basic set {61,...,60x; n1,...,nnv} will necessarily have as Hilbert series

the rational function N
Zi:l qdeg(m)

H;Lil (1 — qde!](ej))
Calling the 0; “quasi-generators” and the n; “separators’, 1.4 suggests that our ring should have 2n quasi-

generators of degrees 1,2,...,m;2,n,...,n+ 1, a quasi-generator of degree ("'2"1) and two separators, one a
constant and one of degree (”;‘1) The first set of 2n potential quasi-generators is not difficult to construct,
Indeed, the invariance of a trace under conjugation yields that the following n polynomials are all UVX

invariant
I, = traceX , Iy = traceX? , II5 = traceX?® , ... , II,, = traceX™ L5
The same is easily shown to be true for the polynomials
6, =UV, 0,=UXV, 0,=UX*V, ..., 0,=UX""1V, 1.6
here all these expressions should be interpreted as matrix products.
n+1

The search for two further homogeneous invariants of degree ( ) as suggested by 1.4, after some

2
efforts, yielded the following surprising pair of polynomials

U
UX

®U,X) = det| UX? and U(V,X) = detHV,XV,XQV,...,X"‘lvu

UXn—l

In fact note that for any g € SL,(C) we have

Ug~! U
UXg™! UX
(U, X) = det Ung’l = det| UX? |ldetg™' = &(U,X)

UXn 1 —1 UXTL—l
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and
T,0(V, X) = det HgV, gXV,gX2V,. .. ,gX”—1VH — det g det HV XV, X2V,. .. ,X”—1VH —W(V, X)

Before we show how to construct a basic set from these UVX invariants, it will be good to give
an overview of the developments that yielded the evaluation of the constant term in I.1. The most natural
approach to proving 1.1 is to start with a representation theoretical interpretation of the kernel involved in the
constant term. In fact as we shall see this kernel(T) is none other than a graded character of SL,,[C]. Following
this approach required the decomposition of this character into its irreducible constituents, i.e. computing
the Schur expansion of this kernel. This is precisely where the so-called Kostka-Foulkes polynomials make
their appearance. This done, the completion of the proof may be carried out by a fascinating combination of
tools from Representation Theory, the Theory of Symmetric function and Combinatorics. Although all this
is natural and possibly quite revealing, we were compelled to find a shorter path. The first path we pursued
is to condense the essential ideas of this approach into a succession of symmetric function identities. We
give this proof in full detail in section 2. Nevertheless, so that the flavour of the first proof is not entirely
lost we give some of the highlights of the representation theoretical proof in section 3. There is however
another equally natural path that can be pursued, that is to use the algorithmic machinery of constant term
evaluations. In fact, if we simply process the kernel in the left hand side of 1.1 by the MAPLE software of
G. Xin (H)7 out pops the right hand side of I.1 in a matter of seconds for n = 2,3, 4 and these instances are
sufficient for a formulation of the general result. The problem then arises whether the identity in 1.1, in full
generality, can be obtained manually by means of the partial fraction algorithm of G. Xin. Following this
path yielded unexpected surprises: To begin it showed the power of the partial fraction algorithm, yielding
the constant term in a few lines and avoiding almost all the sophisticated machinery of the previous proofs.
Next but not least it yielded a tri-graded version of the constant term and consequently also a tri-graded
Hilbert series. This development is presented in section 4. Its by-products can be stated as follows.

Theorem 1.4

For w, v, q variables and n > 2 we have

n

1 1 1 —ZL'Z'/.’KJ'
- Wi—wma—wm U cwmi-wm

7

— 0,.0 0
1 T1T2 T =1lz] Ty ]

L7

B 1 v”q(g) n 1
SISO =) T O - wg ™) \ 1 —gng() 1 ung(3) )

A post hoc examination of this identity immediately suggested a natural tri-grading of the UVX
invariants. More precisely let us denote by H, sm(UVX) the subspace of UVX invariants that are tri-
homogeneous of degree r in uq,us, ..., Uy, of degree s in vy, vs, ..., v, and degree m in the x;Js and set

Fyvx(u,v,q) = Z Z Z uvq" dim H,y 5 m (UVX)

r>0s>0m>0

() Except for the factor H (1—xj/z;)
1<i<j<n
(M (downloadable from www.combinatorics.net.cn/homepage/xin/
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Then as a Corollary of Theorem 1.4 we derive

Theorem 1.5

F, (u,v,q) = ! Unq(g) + ! L.8
vyat 4= [T (1 —¢") TLL, (1 —uvg =) \ 1 = v"q(;) 1- u"q(;) . .

These two results turn out to be precisely the refinements of Theorems [.2 and 1.3 needed for a
surprisingly simple approach to the construction of bases for our UVX invariants. For example, we derive
from 1.8

Theorem 1.6
The UVX invariants have the tri-graded basis

B = @M T 07 057 0 5 WG T 07057 0 im0, > 0,r 20 ) L9

and this in turn yields
Theorem 1.7
Setting

rtU;V;X)=oU; X) +¥(V; X) and r~(U;v;x)y=oU; X)) - ¥(V; X) 1.10
both collections
Bt = {(r+)a(r—)bngln52 IO 05 ta=0,13b> 07,8, > o} L11

and
B™ = {0 () I 070503 0= 0,150 057,85 2 0 112

are vector space bases for the UVX invariants

Remarkably, as we shall see, this path can be reversed and derive the identity in 1.8 from the following
result that may be proved directly from the singly graded Hilbert series in 1.4

Theorem 1.8
The UVX invariants have the tri-graded basis

B = {egnn’l“lngz G TITO03 0 Y s >0, > 0w > 0,0 >0, 0<m < n— 1} 1.9
These three results are shown in section 5. The paper starts in the next section with a proof of Theorem 1.2.
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1. Molien’s Theorem and constant terms
The relation between Hilbert series and constant terms brought to the fore in the examples studied
in [4] is not an isolated accident. In fact, the path

Hilbert series — Moliens Theorem — Integral— Constant Term

can be followed verbatim in a variety of cases leading to constant term problems gravid with algebraic and
combinatorial ramifications. Another example in point is given by the present UVX problem.

But before we proceed with our specific case we need to review the underlying general set up. To
this end note that the action of an m x m matrix A = [|a;;||;";=; on a polynomial P(z) = P(z1,z2,...,2x)
is denoted Ty P(z) and is defined by setting

m m m
TaP(x1,22,...,0,) = P( E Til41 E TiQi2 5 - E -Tiaim) 1.1
i—1 i—1 i=1

In matrix notation, (viewing z = (z1,2,...,%,) as a row vector), we may simply rewrite this as
TaP(z) = P(zA). 1.2
Recall that if G is a group of m X m matrices we say that P € Clxy, xo, ..., x,] is “G-invariant” if and only if
TsP(x) = P(x) v AedG 1.3

The subspace of Clz] = Clzy, 2, ...,x,] of G-invariant polynomials is usually denoted C[z]“. Clearly, the
action in 1.1 preserves homogeneity and degree, thus we have the direct sum decomposition

Cz]¢ = Ho(Cz]) @ H1 (Cz]€) @ Ha (C2]C) @ - - & Ha(Cl2]C) @ - - 14

where Hq(C[z]¥) denotes the subspace of G-invariants that are homogeneous of degree d. The “Hilbert
series” of C[z]“ is simply given by formal power series

> g dim (Ha(Cla])) 15

d>0

Since dim Hq(C[z]¥) < dim (Hd ((C[x])) = (d“"*l) we see that this is a well defined formal power series.

m—1

In the case that G is a finite group the Hilbert series Fz(q) is immediately obtained from Molien’s

formula
Fala) = \G| Z det (I — qA L6
For an infinite group G which posesses a unit invariant measure w this identity becomes
Folq) = / _ dw. 1.7
Acc det (I — qA)

To convert such an integral into a constant term in [4] we used the following easily stablished identity.
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Proposition 1.1
ap;1/ay1/as, ..., 1/ag] then

IfQ(ai,as,...,ax) is a polynomial in Qay, az, ..

k
1 o " 6 i i0 _
<%) Lﬂ/—w... _ﬂQ[(e e e k]d01d92-~-d9k = Q(ay,a9,...,ax) 2 ag--- a0 1.8
where the symbol ” . " denotes the operator of taking the constant term in a Laurent polynomial in a1, as, ..., ag
a

Armed with this machinery we can now proceed with
A proof of Theorem 1.2

Passing from SL,[C] to SU[n] and using Moliens Theorem, we derive that

1.9

1
Fyvx(q) = /Tnmdw(g)

with D(g) giving the action of 7, on the on the alphabet {u;, v;, z; ;}}';_; and dw(g) giving the corresponding
normalized Haar measure. Moreover, since the integrand is invariant under conjugation, the integral needs

to be carried out only over the thorus T,, of diagonal matrices

ag 0 O 0
0 ay O 0
g= 0 0 a3 0 1.10
0o 0 0 0
0o 0 0 G
with
a; = ewl, ao = eioQ, e, Q= ew",

and

arag - ap =1, 1.11
Now for g as in 1.10, from 1.3 we derive that

To{ui,vj, i} o = {wiai,a; vy, a;  w jag}i_y.
That is T acts on the alphabet {u;,v;,z; ; }ﬁjzl the by the diagonal matrix D(g) with eigenvalues
A1y ey Oy al_l,...,a,fl; {aiaj_l 1 <4,5 < n}
this gives
n n
det |1 —¢D(g)] = [0 - qar)(1 = q/ar) J] (1 - qar/as) 1.12
r=1 r,s=1
and 1.9 reduces to
u 1
1.13
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where the Haar measure here is
2 d91d02 ce d@n,l

d = |A 1.14
Wy [A(g)] nl(2m)n—1
with A(g) = [[,<, <4<, (ar — as) the Vandermonde determinant in the variables a, = e, Note next that
Vandermonde determinant expansion gives
2 _
[Alg)]” = Alg)Alg™)
= Alg) Z sgn(o Ha_(” 7)
oES,
n—1 )
= T o0 lle") = So( T (-a)
cES, j=1 oESy, 1<r<s<n

Using this in 1.14, 1.13 becomes

2 1 df1dbs - - - db,_1
Fuvx(q Z / H (1 - qa,) 1—q/ar) rgl (1—qar/as)a( H (1—as/ar)) nl(2m)n-1

o€ES, Tn p=1 1<r<s<n

However, we see that the symetry of the expression to the left of ¢ allows us to move ¢ all the way to the
left of the integrand and reduce this integral to

n

1 1 df1dfy - - - dfp_1
oot = X f oI gty L gy | L (0 onto) ) 05

g€S, r,s=1 1<r<s<n

But with the substitution a,, = (a1ag - - an_l)*l the integrand is still symmetric in a1, as,...,a,_1, and the
action of o cannot affect the value of the integral. Thus

- d6,dbs - - - db,_,
FUVX / H 1 — qar 1 IR q/a Hl 1— qar/a ) H (1 — a/s/aﬂr) (27_(_)”7—1 .

Tn p= 1 T,8 1<r<s<n

and this can be further simplified to

(1-as/a,) d1dbs - - - dby,_y
Fyvx(q) = T—qn / H (1—qa,) (1 — q/ar) Tl_[ (1 —gqar/as)(1 — qas/a,) (2m)n—1 )

<s<n

The identity in I.1 is thus an immediate consequence of Proposition 1.1.

2. Computing the constant term by symmetric function methods

The object of this section is to evaluate the constant term

2.1

n
1—x;/x;
Q =
(I—=qm 1;[1 1—qx;)(1—q/z;) 1§g§n (1= qui/;)(1 = g2 /2i) |4, 0y, =11 2909 a0
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using the Theory of Symmetric Functions.
To begin note that we can write

= 1] EPa Ty = YN ¢ ha(@)he(1/2)

z:l a>0b>0

where we have set hy(1/x) = h(1/x1,1/22,...,1/2z,). We can thus split this factor of 2.1 into three summands

F(z;q) = Fo(x;9) + Fi(z;q) + Fa(x;q) 2.2
where
= ¢*"ha(x)ha(1/x)
a>0
and

= > ¢“Pho(x)h(1/z) = > ¢"Pho(a)hy(1/z)

0<a<b 0<b<a

Using 2.2 in 2.1 we get the decomposition

Q = Qo+ Q1+ Qo

with
1 1-— .Ti/l‘j .
Qi = 7F1(3?,q) (fOI‘Z:O,l,2)
1—gr H (= a2 /2) (L~ 403 /70) |y 00t
Note that
Z ¢“hy(p)ha(1/2) = Fa(1/x;q)
0<b<a
Thus /
1 1—x;/x;
Q1 = —— F»(1/x;q) o
(1—q)" 1§g§n (1 —qzi/z;)(1 = qu/Ti) |4 4w =1 292020
1 1—zj/z;
= —— Fy(x;9) z
e Rl VG compray oy cumproy oyt AN R
= @2

The last equality due to the fact that any permutation of the variables cannot affect this constant term. In
summary we have

Q = Qo+2Q2 2.3

Now it is easy to show that

ho(1/z) = —————— Spn-1(2) 2 Spu () 2.4

(1‘11‘2 ce ],‘n)
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] «o2”

where here and after the symbo

aAb a/Ab
ha(z)hy(1/x) = Zs(b—i-a dbn—2.d) = ZS(b—d—&-a—d,(b—d)"*%Oy
d=0

Using this gives

Fo(z;q9) = Zq Zsza d),(a—dy»—2)(T)

a>0

_ 2a _

= Zq ZSQdd"2 = 1—q22q Sad,dn-2().
a>0 d>0

Likewise

b
Fy(xiq) = Z qa+bZSb—d+a—d,(b—d)"*2

0<b<a d=0

_ a+b

= E E q E 52d+a b,dn—2
b>0 a>b

and making the substitution a = b + k we get

Yo Seasnanz Y

d>0k>1 b>d

In summary

Fy(xiq) = 7 SO PG gn2 ().

d>0k>1

Our next step is to obtain a more suitable version of the factor

Glaiq) = —— II :

A=) o, (T=azi/z;) (1 — qu;/zi)

Our point of departure is the following classical identity

Proposition 2.1

For any n > 2 we have

Zsign(a)a( H (xi_qxj)> = (ﬁiii)

c€S, 1<i<j<n

I @i-=))

1<i<j<n

Proof
Note that for n = 2 this identity reduces to

(1 — qr2) — (72 —qz1) = (14 ¢q)(71 — 22)

represents congruence “modulo x1xs ...x,”. It follows from 2.4 that

2.5

2.6

2.7

2.8
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which is patently true. We can thus proceed by induction on n. Let us assume that 2.8 is true for n — 1.
Letting ¢(®) denote the left S,,_-coset representative of S, that sends n to s and sends 1,2,...,n — 1 onto

the remaining integers in increasing order, we can rewrite the left hand side of 2.8 in the form

n —

LHS = Z )oel®) H i — qTn) Z sign(o)a( H (xi*qzj))

s=1 i=1 0ESn_1 1<i<j<n—1

and the inductive hypothesis gives that

1

n—1 i n n

1- q n—s (s
s = J[ =23 1o @) [ @i-2) 2.9
i=1 s=1 i=1 1<i<j<n—1
Using the identity
n—1 n—1
H( qxn) Z(qu )n ! 16 ($1,l‘27 Tn 1)
i=1 r=0
2.9 becomes
n—1 1_ q’ n—1 n
LHS = H 1=, Zq”flﬂZ(—1)5*“10(5%27“161-(‘%1,x2,...,xn,l) H (x; — xj)
i=1 q r=0 s=1 1<i<j<n-—1

and 2.8 follows since we have

n

Z(—1)571'710(5%271-7161'(55175627~-~,17n—1) H (xi —x5) = H (zi — x5).

s=1 1<i<j<n—1 1<i<j<n

In fact the left hand side is none other than the expansion of the Vandermonde determinant with respect

the row o't ah it L an il

The identity in 2.8 has the following immediate corollary.
Proposition 2.2

For any n > 2 we have

G =—— [ : ! -

(M=) 2, (U= qzi/e;) (1 = qz;/zi)
n 2.10
aam X s I )
= — - sign(o)o | | «; _—
[12 (- Al) = Fale \<isjen LT/,
where A(x) denotes the Vandermonde determinant in x1, 22, ..., %n.

Proof

Note that 2.8 can be rewritten in the form

i am X oo (Il T 0-efm) = G

UES i—1 1<i<j<n
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Next we divide both sides by the rational function [, £ j(l — qx;/x;) and since this function is symmetric in

T1,T2,...,Ty, we can place it to the right of ¢ in the summation side. This results in the identity
1 1 1 1 1
5 - sign(o ( z " ) = —
[[i-(1 = ¢") A=) U;S" Hl @ggn 1—qxi/z;/  (1-q) 1gggn (1 —qwi/z;)(1 — qz;/z;)
and 2.10 then follows from 2.2.
Remark 2.1

In using 2.8 to prove 2.17 we have followed an argument of Wallach-Willenbring [9] who prove the
corresponding general result for all Weyl groups. The representational context which gives rise to these
computations will be discussed in the next section.

The identity in 2.10 has the following remarkable consequence

Proposition 2.3

For n > 2 and for any symmetric rational funtion A(x) we have

1 1—a;/z;
—— A(x) v =
RN Y S oy o uray | S R .
1 1—x;/x; '
. A() Lo mijry
Hi:l(l - ql) 1§E§n (1 - qxi/‘rj) z1zowp =120z 20
Proof

Using 2.10 the left hand side of 2.11 becomes

A(x) [Ticicjcn (1 —i/z5) ( ; 1 )

LHS = —; . =9 sign(o - _—

e (o I )

Aw) (1) < ! )

= — S sign(o)o | | =7 _—

Hi:l(l —4q ) Hj:l xi ! 0'; H 1<E<n 1- qwl/xJ T1xo - xy=1129 x2 -0

A(z) : 1

ML el T )
i ) | R OOR H Y S w7y | I P
S~ signioo (7 T157) e T
gn(o)o H Ha: H
oE€S,, 1 ) 1<i<j<n 1= a2i/%5 ) |4105 0021 zjzy-zf

Since permuting the variables cannot aﬁect this constant term we can remove the left most o and obtain

Lits = ()@ 3 signioo 1ﬁx;j)n s Hx m

0€Sy j=1 1<i<j<n L] P xQuf--af
A n ) 1
_ (_1)(2)( I - x)# = 10—
1<i<j<n Hi:l(l —q ) i1 1<i<j<n 1- qwl/xj zixywp =112y -zl
n n
~II+ 1 (x) Hzl_i 11 L —xifx,
j=1 [lie (=g 25 1<i<j<n 1= q2i/%5 410 =1 0g0g a0

o A(JC) 1 —JUi/LEj
- ITL (=) 1§H 1 — qa;/x;

- e — 0.,.0...,.0
i<j<n T1x2Tp=1lzT 2l
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This proves 2.11.

Using 2.11 with A(x) = Fy(z;q) and A(z) = Fa(x;q) as given by 2.5 and 2.6 we get

1 1—a;/x;
Qo = 7 Zq2d52d an—2() H 1# 212
o q H1 1 d>0 1<i<j<n ( - qmi/xj) 1T =11202] -z,
and
Qp = — qu2d+’f52d+k poe(e) [ Ao 2.13
1-¢*[[im, (1 - ") d>0k>1 1<i<j<n (1= q2i/%) |4y =1 afzh
This brings us to the evaluation of constant terms of the form
1-— mi/xj
(e = 5@ [T =75 2.14
with A = (A1, A2,...,An—1,0). Now note that the symmetry of Sy(z) and the invariance of our constant
term under permutation of the variables allows us to rewrite 2.14 as
1—x;/x;
Ci(g) = Si(z) H ﬁ
1<i<j<n X5 %) Ly g =1 I11I2 @, 215
(X sign(@art8) [
R S o] I R
with
d = (n—1,n—2,...,1,0). 2.16

It will be convenient here and after to denote by P collection of vectors which may be written in the form

p= Z a; j(e; —ej) 2.17

1<i<j<n
with a; ; > 0 integers, and ey, eg,. .., e, the n-dimensional coordinate vectors. We may thus write
H / Z qPl 2. 2.18
—qz;/x;
1§i<j§n q 7 peP

where for p as in 2.17 we set

ol = > pi-

1<i<j<n

We should note that for any p = (p1,p2,...,pn) € P we have

p1+p2+--+p,=0 2.19
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Using 2.18 in 2.15 gives

Ci(q) = qu\pl\ Z sign(o)z® A0 =0-p

pEP ocES,

2.20

292920

Tz wn =112 Ty xh

This brings us to the following basic result
Proposition 2.4

The constant term C)(q) vanishes unless the size of A\ is divisible by n, and if \y + Ao + -+ + A\, = nb
then

Cix(q) = Kxapn(q) 221

the latter being the Kostka Foulkes polynomial with the given partition indexing.
Proof

Observe first that a constant term such as

ay _as a
xl x2 e :L'n"
Tz wp=11z0z 2
fails to vanish if and only if a; = as = -+ = a,. Indeed we have
1 ifa;=a,for1 <i<n-1
ai ,,az a _ a1 —an 02— 0n, An—1—0n .
Ty Ty Ty = T Ty o Th =
z1x2Tp=112929--x0 z929--af, 0 otherwise

In particular, in the first case we will have

a+az+...+a, = (n—1a,+a, = nay.

In view of 2.19 we immediately derive from this that all the summands in 2.20 will identically vanish if
A1+ Ao 4+ -+ + A, is not divisible by n. On the other hand when A\ + Ay + - -+ + \,, = nb we can write

Ci(q) = qu\PH Z Sign(g)ma(z\+5)—5—p

pEP c€S, afah-ab
1—a;/z;
_ 3/ %
= S\(@) H 1—qz;/z;
1<i<j<n It gt el al,

and the latter is the well known formula for the Kostka-Foulkes polynomial Ky pn ()
To complete the evaluation of our constant term we need one more auxiliary result

Proposition 2.5
Forn > 2, and d,k > 0 we have

d—l—n—Z} 999
q

K(adthn.dn=2),(ktan (0) = qk(§)+d[ '

Proof
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We are to show that for A =

a1

1<i<j<n

2d + nk,d"=2,0
(

1—£Uj/$i

1—gqxj/z;

dtk, dtk d+k
Ty Ty T,

Note first that for n = 2, (setting d + k = b), this reduces to

1— /2y (x’{be

e oo

October 11, 2007

S+ [dﬂ— 2]

b

S(2,0)[T1 + 2]

1 —qxo/xy

zfz} 1 —qxo/xy

b =4q-
1

b
wwz

14

which is clearly true. So we can proceed by induction on n > 2 and assume 2.22 valid up to n — 1. This

given, canceling the denominator of the Schur function we get

L — 2/ 2oO+8) =8
S [Xn} H # = H Z sgn 0' — d+k
1<i<ien s T AT Tilagriagen gaee e, 1 q%/xl oe [Ty ayeg-ey
Aoy —014+1—d—k n Ao (i) 0o (i) —0i—(d+k)
- Z 5gn(0) = Iis 2
oy Hj:2(1 —qxj/r) 0 H2§i<j§n 1 —qux;/z; 2920,

Now note that

7171#»1 k
Aoy —o1+1—d—k 'n.—
zy [T, (—az,/e1)

—n+1l—d—k

_qxj/xl) B Ty

[[-.(1

L, (1—qz;/z1)

if2<o;<n-1

ifU1:TL

2.23

and we see that in either case this expression contains only negative powers of x1. Thus only the terms with

o1 = 1 contribute to the constant term in 2.23. Since for o7 = 1 we have

Aoy —o1+1—d—k p2dtnk—d—Fk (1)
1 1 — A=D1k
= d+(n—1)k(T2. .., Tp)
H;L:2(1 —qx;/T1) | 40 H?:g(l —qrj/T1) |0 (n—1) n
The constant term in 2.23 reduces to
Hn z] Ao (i) +05(s) —0i—(d+k)
qd+(n71)khd+(n—l)k(5€2, e xn) Z sgn(a) =2 1 ] ] -
065(2 »»»»» n) H1<i<‘j§n N qx]/xl xgz?z
_ 1—x;/x;
= qd+(n 1)khd+(n71)k(x2,...,mn)Sdnfz(x27...,ﬂjn) H 1#
2<i<j<n = G5/ i |pdee...
d 1—z;/x
_ d+(n—-1)k S T
= q (d+a+(n—1)k,dn—3,d— )($27~-~»$n) —
ago a+(n a 2§i];£§n 1— qxj/lil' m;Hk-“
d 1—a;/z;
= qd"r(n—l)k? Z S(2a+(n—l)k,a"—3,0) (1’2, ey (En) H #
a=0 2<i<j<n —qzj/@; R

(by induction) =

d
e -1\, la+n—3
+( 1)kzqk( 2+ { . }
a=0 q

+dz {a+n3]q7

d+k
ZL‘TL+

d+-k
n
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and 2.22 follows from the g-binomial identity
4 a|la+n—3 d+mn—2
Z q a = d :
a=0 q q
We now have all the ingrediens need to establish our final result here which, combined with Theorem

1.2, yields us our first proof of Theorem 1.3. That is

Theorem 2.1

n+1
1 1 ( 2 )
Q = ' — 2.24
=D, - )21 - g (1-¢2))
Proof
Proposition 2.3 gives
0 = Tm 5 . LolTiq TRy
Hi:l(l - qz) 1<i<j<n (1 - qxl/wj) z1zowp=112929 20
1 1—ax;/x,;
(using 2.5 ) = n q SZd dn—2() s
Hi:l(l - q dz>;) 1<i<1_£§n (1 o qxl/x]) Tz T =112z
1
(using 2.21 ) = —x - 2 > P Kaan-2),a0 ()
e (=) 1 d>0
1 1 d+mn—2 1 1 1
(using 2.22 ) = , 4q? [ } = , . 225
[T (1-¢) 1-¢2 ; d ], 1-ql[iL,(1-¢)? (1 —q"™)
where the last equality follows from the g-series identity
d+ m] 1
a { _
S = . 2.26
= d |, (1=2)1—-zq) - (1—aqm)
Using again Proposition 2.3 we get
1 1—az;/z,
Q2 = = Fa(z39) H TN
Hi:l(l —q ) 1<i<j<n (1 - qa:z/x]) T1xoxyp=1 1112 -0
1 1—a;/x;
(using 2.6 ) = D 7) qu2d+k’92d+k an—2() H —
Hi:l(l - 2 d>0k>1 1<i<j<n (1 qT; /.’17]) z1xxn=112929 - x9

Now note that the size of the partition (2d + k,d"~?2) is a multiple of n is if and only if k itself is a multiple
of n. Thus Proposition 4 reduces this constant term to

— 1 2d+nk 1—a;/z;
R (D zzzq B | S e

) 1-q d>0k>1 1<i<j<n ryxgwn=1120x9 -zl
. 1 n
(using 2.21) = .0 —q) 7 ZZ 2K ik, dn—2), (k) ()
i=1 d>0k>1
1 d+mn—2

wing222) = kLSS a4 2]

[l (1 —¢7) l—q d>0k>1 d q

1 1 g("s") 1

(using 2.26 ) = L g1 —q) (1 B q(nﬂ)) (1— g1
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and from 2.3 we get

1 1 1 2¢("3")
- 90, — , 1
Q QO + Q2 1 _ q H’;LZQ(l _ q,L)Q (1 _ qn_;’_l) ( + n+1)> bl

proving 2.24 and completing our calculation of the constant term.

3. Computing the constant term by Representation Theory.

We give an overview of the original proof of Theorem I.1. We will see that the proof we gave in
the previous section is the end product of a succession of efforts aimed at eliminating from the original
proof all the steps that required more specialized knowledge. Our goal there was to produce an argument
accessible to the general audience. Inevitably, some beautiful facts were lost in the process. To compensate,
in this section, we will make available to the interested reader some of the identities that are needed for a
representation theoretical proof of Theorem I.1.

We must point out that many of the tools need in this approach are well known to representation
theorists. For sake of completeness, we will review them here recast in a language that is more familiar to
the combinatorists.

Recall that the action of an n x n matrix M = ||m; ;||7';_, on a polynomial P(z) = P(z1,%2,...,%n)
is defined by setting

The matrix expressing the action of T, on the homogeneous polynomials of degree m in term of the monomial

basis <x1’ > is denoted here by S™(M) and its entries may be computed from the identities

lpl=m
T]\/[xq = Z LCpSg?q(M)
[pl=m

That is
Sm (M) = (eM)?

xP

It follows from the Macmahon Master Theorem that the generating function of the traces of the matrices
S™(M) is given by the formula

1

m M) = ———. 1
mzmq race S™ (M) det(1 = gM) 3

If G is a group of n x n matrices then the right hand side of 3.1, as a function of M € G, may be viewed as
the “graded character” of G as it acts on the polynomial ring R = C[z1, 22, ..., Zy].
This simple observation yields

Proposition 3.1

The rational function

1 1
n (T3 = Xn ) PR %) = 3.2
X (l‘ q) X (1’1 T2 €z q) (1 _ q)n g 1— q%/ﬂﬁg
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is the graded character of SL,(C) under the action on polynomials P(X) € Cla; j : 1 < i,j < n] defined by

T,P(X) = Pg7'Xg) ( X =layl}=0) 3.3
Proof
Note that if g is diagonal with eigenvalues 1, zs, ..., z, then
97 Xg = |lz7 @izl

thus in this case the character is given by 3.1 with M the diagonal matrix with eigenvalues
xi_lxj for 1 <i,5 <n.

But then

det(l1—qM) = (1—¢q)" H (1 - qxj/xi).
1<i#j<n

Since det(1 — ¢M) is invariant under conjugation, this proves 3.2 for a diagonalizable g . The validity of 3.2
for all g € SL,,(C) then follows by a standard continuity argument.

In the same manner it follows from 3.1
Proposition 3.2

The rational function

Faa) = Il gmsimamy = 2 Sod halahu1/) 34

i=1 a>0b>0

is the graded character of SL, (C) under the action on polynomials P(U,V) € Clu;,v; : 1 <, j < n] defined by

U1
1 v2
T,PU,V) = PWUg,g7V) (U= (u,ug,...,un) V=1| . 1) 3.5
Un
Proof
It suffices to note that when g is diagonal with eigenvalues x1, xs, ..., x, then
Tg<u1, U,y ooy Un; V1, V2, ... ,vn> = <u1x1,u2x2, - ,unxn;xflvl,mglv% - ,x;lvn>
Thus here M is a diagonal matrix with eigenvalues x1, 2o, ..., 2y, mfl,x§17 ...,x;t. and in this case 3.1

reduces to the right hand side of 3.4

By combinining these two results we obtain
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Theorem 3.1

The rational function

1A 1 !

=1

is the graded character of SL,(C) under the action on polynomials P(U,V,X) € Clu;,vj,x;; : 1 <i,j <n]
defined by
T,P(U,V,X) = P(Ug,g7'V,g~'Xg) 3.7

In particular 3.6 yields a representation theoretical proof of the identity

n
1—a;/x
Fyvx(q) = 5 . 38
(L—aq)r 11;[1 1= qui)(1 —q/2:) 1gggn (L= q2i/2) (L = 42 /%) |4y =1 | 200 a0
Proof

We need only show that 3.6 implies 3.8. To this end note that since z1, zs, ..., z, are the eigenvalues

of a matrix in SL, (C) we necesarily have
1Ty ... Ty = 1 3.9

Thus all computations of a character of SL,(C) should be carried out, modulo this relation. This implies
that the irreducible characters of SL,, (C) are Schur functions indexed by partitions of length n — 1 at most.
In fact, if A has k columns of length n and p is the partition obtained by removing these columns then

sa(z) = (z122...20) s, () = s,(2),

] “x2»

here again the symbo represents ” congruence ” modulo 3.9. Since we have

su(e) J] (1 —mi/ay)

1<i<j<n 1T Ty

o _ {1 ifu=¢

0 otherwise

we can see that the right hand side of 3.8 gives none other than the graded generating function of the multi-
plicities of the trivial representation of SL,,(C) under the action in 3.7 on the polynomial ring Clu;, vj, x;; :
1 <4,j < n]. But this is only another way of saying that the right hand side of 3.8 is the Hilbert series of
UVX invariants and our proof is thus complete.

These observations immediately yield a path for the computation of the constant term in 3.8 by
symmetric function methods. Indeed, this computation can be carried out in three steps
(1) Obtain the Schur function expansion of

n 1
F(z;q) = H (1 —qax;)(1 —q/x;)

i=1
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(2) Obtain the Schur function expansion of

n

1 1
Xn(21q) = (1— q)” H (1- qxi/xi)

i#]

(3) Multiply these two expansion by the Littlewood Richarson rule and then
a) set to 1 all the Schur functions indexed by rectangular partitions of height n
b) set to zero all the other Schur functions.

We have seen how to carry out step (1) in the computations that yielded F,(x;q) and Fa(z;q) (see
2.6). To carry out step (2) we can use a short cut yielded by a further representation theoretical argument.
To see this note that since traces are not affected by conjugation, it follows that n polynomials

I, = traceX , Iy = traceX?, ..., I, = traceX"

are invariant under our action. Now from a general result of B. Kostant [8] it follows that the ring of poly-
nomials in the x; ; is free over the ring of polynomials in IIy, Iy, ..., II,. From this fact we can immediately
obtain the character of the action of SL,,(C) on the quotient ring

Clai; : 1<4,5 <n]/(Ily, [y, ..., I1,) 3.10

or equivalently on the space H,, of “ SL,-Harmonic’ polynomials. That is the space polynomials in the
x;; that are killed by the differential operators obtained from the II; upon replacement of each z;; by 0., .
Denoting the graded character of this action by y™= (z;¢q),it follows from the theorem of Kostant that

H
X (x5 q)
XnlZ;q) = ; 3.11
S e R )
This given. Proposition 2.2 can be restated as
Proposition 3.3
For anyn > 2
Xt () = 1 Z sign(o)o ﬁan( H ;) 3.12
A(x) L Ll 1 —qz;/x;
oceSy i—1 1<i<j<n
where A(x) denotes the Vandermonde determinant in x1,22, ..., %p.

Proof
In view of 3.2 the identity in 2.10 simply states that

1 1 . . n—i 1
Xn(@iq) = [T, (1 —¢) Az) ZSZgn(U)UHmi ( H m)

o€eSy i—1 1<i<j<n
and 3.12 follows by combining this identity with 3.5.

This result has the following remarkable consequence of Kostant Theorem,
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Theorem 3.2 (first stated in this form by Ranee Gupta in [6], [7])

N Z Z Sx(x)Kxpm (q) 3.13

b>0 AFnbd
A(A)<n

where K pn(q) is the so-called Kotska Foulkes polynomial.

Proof
The point of departure here is 3.6 which, using the notation introduced in 2.16, 2.17 and 2.18,
becomes
1 , N 1
X (@q) = = Y. Slgn(o)UHxJ ’( 11 7)
A(x) : Ll 1 —qu/x;
gES, i—1 1<i<j<n 314
Z qlp‘| Z sign(o)ox® P
pG’P+ UeSn
Now note that for some A = (A\y > A\ > --- > A,;) we have
) if o(A+6) = o f S,
1 Z sign()oa™? = sign(o)sa(z) if o(A+0) =p+ 9 for some o € S,
Aw) 2™ B
0ES, 0 otherwise
Thus 3.14 may be rewritten as
X (i) = Y g1 sa@) > sign(o)x(o(A+0) =6 +p)
pEPT A o€Sy
=X M) Y sl
pEP+ A gE€Sy 1Tz
peP+ 202y 2]
1
(Using 2.18) = Zs)\(x).s)\(z) A [ ———— 3.15
A 1§i<j§n qzﬂ/zl 229 2],

Now since p1+p2+- - -+p, = 0 (see 2.10), it follows from the equality o(A+J)—d = p that Ay +Aa+-- -+ A, =
Thus we must have —)\,, = b > 0 and, a fortiori, the vector \* = (A + b, A2 +b,..., A1 + b,0) must
be a partition of b". To convert sy(z) into an customary Schur function, we then note that from the
bideterminantal formula we get that

)

sae(x) = sa(@)(zimg - 2n)b 2 sy (x)

Using this identity 3.15 becomes

=3y hoeotozn) 1 L
5>‘* SA* b+n—lzb+n—2 . Zb-‘rn—n o

b>0 A*Hbn #1 2 n 1<i<j<n 1= qzj /21292829

=3 Y se@ns) [ 2

1—9qzi/z
b>0 A* 1§i<j§n q 3/ v

b,b, .. .b
2122 Zn
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This proves 3.13 since one of the classical formulas for the Kostka-Foulkes polynomial may be written in the
form
1-— Zj/Zl'

KA,H(Q) = S)\(217227'- -7271,) H 1— qZ/Z
i/ %

i#]

2182, hn
Having carried out step (1) and step (2) to carry out step (3), we need the following symmetric
function fact.
Proposition 3.4
Given two partitions A\ = (A1 > Ao > ... > Apo1 > 0) and p= (1 > po > ... > pp—1 > 0), the Schur
fuction expansion of the product
sx(x)su(x) 3.16

contains a Schur function indexed by a rectangular partition of height n if and only if
w=0b=An,....;0=A2,b—X\1,), 3.17

where b = max (A1, p1) and |\ + || = nb. In particular this Schur function occurs with multiplicity 1.
Proof

The expansion of the product in 3.16 contains a Schur function sy» (x) if and only if
(5x(@)5u(@) , s (2)) £0  (with nb = [A] + )

now this is equivalent to
(su(x) . spnya(x)) #0. 3.18

But a Schur function indexed a skew diagram obtained by removing a Ferrers
diagram from a rectangle is identical to the Schur function indexed by the partition
A¢ obtained by a 180° rotation of the skew diagram, (see figure where we depicted
the case when b = ;). This geometric fact yields 3.17 as well as the multiplicity
assertion.
Combining 3.11 with 3.13 and using the expansions in 2.4 and 2.6, it is not difficult to complete
step 3 by means of Proposition 3.4. We shall not carry this out here since the remaining steps involve
manipulations with symmetric functions that are quite similar to those we have seen in the previous section.
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4. Computing the constant term by the partial fraction algorithm

A comprehensive introduction to the general form of the partial fraction algorithm can be found in
[10]. A tutorial in the use of a restricted version this algorithm (sufficient for the present purposes) is given
in [5]. In this paper we will strictly adhere to the notation and terminology introduced in [5] except that we
will use the signs “<” and “>” for all monomial inequalities derived from our alphabet total order.

Our point of departure here is Proposition 2.3. More precisely, using the identity in 2.11 with

n

1
A0 = la—aya=am

1=1

gives

T1T2 - Tp=1

1 -~ 1 1-— JUi/$j
(I=g)" -7 (1 —qxi)(1 —q/zy) 191191 (1= qzi/a;)(1 — qr;/24)
1 - 1 1 —xi/z;
[li-. (1 =q) 1;[1 (1 —qui)(1 = q/z:) 11 (1= qzi/x;)

1<i<j<n

020...20
TITy Ty

0,.0,..,,0
TiTo T

n

T1x2 - Tp=1

Thus to prove Theorem 1.1, we need show that

14 q(n-zu)

n+1

20a9-a0 (1—qU3 )T - i)

+ (1 —qz)(1 = q/x) 1 (1 —quzi/z;)

i=1 1S1<JS71 1T Tp=1

Since this constant term cannot change under any permutation of the variables, it will be equivalent to show

1 (ﬂ,-zl—l)
- ta .41

n+1

000 (1—qUs )T (1 - )

The simplicity of the following purely manipulatorial derivation of 4.1 demonstrates the power of the partial

. 1 171’]‘/1’1'

(1= qai)(1 = q/xi) 1<idi<n (1—qxj/x;)

_ 0
i T1T2Tp=1lzlT

fraction algorithm in the computation of constant terms.
Let u,v and w be three additional variables, and set

2 1 1—x;/x;
On(u,v,w) = SV .
2131 (1 —wz)(1 —v/z;) \<isi<n (1—qz;/x;) len=w/a1 20
L 1 1—x;/x;
Qr (u,v,w) = H i » . 4.2
r1=w= /T2y

W =w =/, L G, 7w)

To do this, we choose the total order of the variables to be ¢ <u <v < w=<x; <22 < ... <x,, and define

1 " 1 1—xj/z;
R, (u,v,w) = — g
( ) 1—w/xy -z bl (1 —wux)(1 —v/xz;) L<isi<n (1—qz;/x;)
1 s 1 1—zj/z;
R} (u,v,w) = I
1—1/wzy -z, 21;[1 (1 —wuzy)(1 —v/x;) 1<isj<n (1—gqxj/x;)
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Clearly we have R, (u,v,w) = RX(u,v,1/w). In what follows, the argument w may be replaced by a
monomial m. We will always make the following choice: if m/x1 -+ -z, <1 or m <1 for short, then we must
choose R, (u,v,m), otherwise m/x; ---x, > 1 or m =1 for short, we must choose R (u,v,1/m).

We will evaluate the constant terms of Ry, (u, v, w) and R} (u, v, w) in two ways to obtain the constant
terms of Qy(u,v,w) and @ (u,v, w). This given, it is easy to check that R, (u,v,w) is proper in z; for all 4
and vanishes when setting x; = 0, so the tools of the tutorial in [5] may be applied for every z;.

Lemma 4.1

We have 1
- Rnfl(qu7ba uw)‘zfl)

.0
Tn 1—uv

Ry, (u,v,w)] 0. z0
1 n—1

Proof

We use Proposition 4.2 of [5] for the variable z1. Among all factors containing z1, the factors of the
form 1 — gzj/z1 have a dual contribution; the factors 1 — w/zy - - -z, and 1 — v/x; have dual contribution;
only the factor 1 — uz; has a contribution. Thus using the first equality in 4.10 of [5], this contribution is
obtained by removing this factor and then replacing z; by u~!. Carrying this out gives

1 - 1 1—z;/z; 1—ux,
(1 _ I:_wz) (1 - uv) i (1 —zu)(1 —v/z;) v<idicn 1—qxj/x; 2 lien 1 — quzx;’
which simplifies to
1 - 1 1—xzj/x;
(1- 22 ) (- ww) 1;[2 (1= wiqu)(1 —v/x;) , A2 1~ quj/e;

Since uw < 1 this is exactly ﬁRn_l(qu, v, uw) if we rename z; by x;_1. Therefore the Lemma follows.

Iterating the above Lemma, together with the easy fact Ro(u,v,w) = ﬁ, we obtain

Proposition 4.1
1

T (1= uw)(1 —wvg) - (1 — uvgn 1) (1 — urwg(3))

Lemma 4.2

We have 1

1—uv

RZ(U,U,wﬂx?” R;—l(uaqv’qw)’zfl).“

0

0 =
T
n n—1

xT

Proof

We now use Proposition 4.2 of [5] for the variable z,. Note that since wz;---2, <1 the proper

form of L is e
1 (1—wzy-Tpn_1)
weT Tn

R (u,v,w) , only the factor 1 —v/x, has a dual contribution. Using the second equality in formula 4.10 of

. Thus among all the factors containing x,,, in the denominator of

[5] we derive that the constant term of R} (u,v,w) in x,, is

n

1 = 1 1—xj/x; 1—v/z;
1;[1 (1 —zu)(1 —v/x;) H 1 H

b
1 —qx;i/x; 1—qv/x;
(1 - 4’071)11'“&771—_1) (1 —uv) ; I<icjeno1 L T 9/ i 1 qu/a
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This simplifies to

1 = 1 1—z/z;
(1 -1/ vwzy - zp—1) (1 —uv) H (1 —zu)(1 —qu/z;) H 1—qxj/x;

=1 1<i<j<n—1

*
n—1

(u, qu,vw). Therefore the lemma follows.

Iterating the above Lemma, together with the easy fact Ro(u,v,w) = ﬁ = — 12 (since w< 1),
we obtain

Proposition 4.2

v”wq(;)

R} (u,v,w) oo = - B
17T (1 —ww)(1 —uvg) - (1 —uvg™1)(1 — vmwgq'\2/)

Now we evaluate the constant terms of R, (u,v,w) and R} (u,v,w) in another way to obtain recur-
rences involving the constant terms of @, (u,v,w) and Q@ (u,v,w), and then compute these constant terms
by solving the recurrences.

Lemma 4.3

We have

R, (u,v,w) = Qn(u,v,w) a0 + 1 uvR;fl(u,qv,v/w)

17 Tn 17 Tn1 L1 1

Proof

We will use Proposition 4.2 of [5] with respect to x,,. Among all factors in the denominator containing
Zn, only the factors 1 —w/zy - -+ 2, and 1 —v/x,, have dual contributions. The dual contribution of the first
factor is
1—z;/xz;

(1= quj /@) lon=w/wran

:]:

(1 — uxy;) 1—v/ i)

=1 1<i<j<n

which is exactly @, (u,v,w). Using the second equality in formula 4.10 of [5], we deriove that the dual
contribution of the second factor is

1 nt 1 1—zj/x; s, 1—v/z;
(1 - %) (1—w) E (1 —uai) (1 —v/z;) 1§i<1j_£n71 (1 —qz;/xi) };[1 1—qu/z;’
which simplifies to
1 nt 1—xzj/x;
(1 _ %) (1- };[1 1 —uz;)(1—qu/z;) 1§i<1;£n—1 (1—gqz;/z;)

*

Since w/v > 1, this is clearly _1(u, qu,v/w). The Lemma then follows.

1uv
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Applying Lemma 4.3, Propositions 4.1 and Proposition 4.2, we obtain
Theorem 4.1

1 a1 (3)
+ a )

1- u”wq(g) 1- v”w—lq(g)

Lemma 4.4

R—1(qu,v,u/w)

1
B (10,0, = = Qa0 w0)lageag + 70

Proof
We apply Proposition 4.2 of [5] with respect to z;. Among all factors in the denominator containing
21, only the factors 1 — 1/wx; - - -z, and 1 — uzy have contributions. The first contribution is

n

1 1—.Z‘j/.13i
_l_ll(lfu:ﬂl-) H

bl (I —v/z) 1<i<j<n (1 —qx;/xi)

)
z1=1/wxxp

which is exactly — Q% (u, v, w). The second contribution is

n

1 1 1—aj/x; 1—zju
(1_+> (1_uv)i:r[2(l—uxi)(1—v/mi) 11 (1—(1%/%’)]1;[21—%(]@7

w/uze Ty 2<i<j<n

which simplifies to

n

(1 — é) (1 —wv) jZs (1= qua;)(1 —v/z) a<ici<n (1 —quj/x)

W/ Ux2 Ty

Since u/w < 1, this is clearly =—R,_1(qu, v,u/w) if we rename ;41 by x;. The lemma then follows.

Applying Lemma 4.4, Propositions 4.1 and Proposition 4.2, we obtain
Theorem 4.2

Qn (u,v,w) _ ! ><< wotgl) + ! )> 4.3

w9-ad  (uv)y 1-— wv"q(g) 1- U”w_lq(2

Note that the left hand side of 4.1 is none other than the constant term of Q7 (q, ¢, 1). But Theorem
4.2 gives

L o)
QZ(%% 1) = ntl
) (¢2)n(l — q( 3 ))

completing the proof of 4.1.
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Note further that the second case of 4.3, combined with the definition in 4.2 gives (setting w = 1)

1 R :1<vq<”>+1>44
z:l ]. — ’LLiEZ ]. — ’U/ ) 1<i<j<n (]. — ql'j/l'z) Tp=w" /T Tp_1 wgacg (U’U)n 1,1)71(1(3) 1,unq(g)

This proves Theorem 1.4.

5. Our four bases for the UVX invariants.

Returning to UVX invariants we first need to derive Theorem 1.5 from Theorem I.4. To this end
note that if the variables u;,v; and x;; are respectively weighted by u,v and g, then the corresponding
tri-graded Hilbert series Fyy x (u,v,q) should be given by the corresponding tri-graded version of Moliens
theorem. This simply means that in the Molien integral we must replace the denominator factor

det |1 —qD(g)| = H(l —qa,)(1—q/ay) H (1—qa,/as) 5.1
r=1 r,s=1

by a tri-graded factor that reflects the separate action of g on the three sets of variables u;,v; and z; ;.
Denoting by D1(g) D2(g) and D3(g) the three diagonal matrices with eigenvalues

1,02, ... 0y; afl,agl,...agl; and aiajl for1 <i,j<mn,

in the integral we must replace 5.1 by the product

det |1 — uDy(g)| det |1 — vDa(g)|det [1 —uD,(q)| = [[(1—wua,)1—v/a,) [] A —qar/a;) 52

This changes 1.13 to

n

1
F d . .
vvx(u,v,q) / H 0= wa)(d = o/a) Tlll 0 qarjal) w(g) 5.3

"rl

This given, a close look at the proof of Theorem 1.2 given in section 1, quickly reveals that the, replacements
g—u and g—wv in the first two factors does not affect the validity of any of the steps. Thus, with these
replacements the proof in section 1 yields

1 ﬁ 1 l—xi/xj

Fovxtena) = aogr Wa—aa—vmy U 0= wrma—am

Tz wp=11z0zy- -zl

Combining this with Theorem 1.5 yields Theorem I.5:

1 U”q(g) 1
Fovx(u,v,q) = == ST : N T ok 5.4
( ) [[im (M=) [Lim, (1 — wwg=) (1 — v”q(2) 1— u"q(2)>

Now note that the tri-degrees of

I, = traceX , Iy = traceX? |, 3 = traceX?® , ... , I, = traceX™
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are
(0,0,1),(0,0,2),(0,0,3),...,(0,0,n),

the tri-degrees of
0, =UV, 0o=UXV, 0b=UX*V,...,0,=UX""'V

are
(17 1a 0)7 (17 1a 1)) DR (17 17’”' - 1)
and those of the two determinants:

U
UX

(U, X) = det| UX? and U(V,X) = detHV,XV,X2V,...,X"_1VH
Uxn-1
are
(n,0,(3)) and  (0,n,(3))
Thus if we assign weights
w(l) =q' . w(0y) =uwg ", w(@®) =u"q’) and w(w) =v"q(>)

we see that 5.4 may be rewritten as the formal series

Fovx(uo,q) = > > oo > w(@ )™ - w(Il)™ x w(fh)™ - w(Bn) " w(®)™

r12>0 rn>0s120 sn20m=>0

+ Z Z Z Z Z w(Iy)™ - w(IL,)"™ x w(f)* - - w(fy,)* w(W)™+

r1>0 rn>0512>0 $n>0m>0

9.5

This brings us in a position to prove
Theorem 1.6
The UVX invariants have the tri-graded basis

By = {@anyngz QT O51052 05 WOTIITTL2 - 9T 051052 - 05 s a,b > 0,1 > 0,8 > 0} 5.6

Proof

The identity in 5.5 essentially says that the number of elements of the collection B’ that are tri-
homogeneous of tri-degree r, s, m is exactly equal to the dimension of the subspace H, s (UVX). Thus to
prove that B is a basis it is sufficient to show independence.

To this end, suppose we had a vanishing linear combination P of the monomials in 5.6. Since each
of the tri-homogeneous components of P would have to vanish separately, there is no loss in assuming that
P is tri-homogeneous. Now we have two important facts:

(1) The monomial ®IITIIS? - - 07671052 - - - 05~ has tri-degree

(an, 0, a(g)) + (0,0, >, 27"2)) + (ZZ Siv ;5 (O zsz)) 5.7
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(2) The monomial WOTITIIIS? - - - 07205057 - - - 03~ has tri-degree

(01 (b + 1)”7 (b + 1)(3)) + (0’ 0, (21 Zrl)) + (Zz Siy Zz S, (21 Zs%)) 5.8

This immediately shows that any tri-homogenous linear combination P cannot contain both ® and
U, Indeed we see from 5.7 and 5.8 that the terms of P that contain ® are of tri-degree (r, s, m) with r > s
and those that contain ¥ are of tri-degree (r,s,m) with r < s. Now note that if P contains only ® and is
of tri-degree (r, s, m) then from 5.7 we derive we must have an = r — s for each monomial in P. In other
words, in each term of P, ® must occur to the power (r — s)/n. Thus any vanishing tri-homogeneous P
that contains only ® must factor as a product of ® to some power times a vanishing linear combination that
does not contain neither ® nor ¥. Of course we can reach the analogous conclusion interchanging ¥ and ®
in the previous argument. In summary we thus obtain that by factoring out a power of ® or ¥ as the case
may be any non trivial tri-homogeneous vanishing combination of the monomials in 4.2 will yield a vanishing
polynomial in II;, 115, ..., I1,; 01,02, ...,60,.

We are thus left to show that these polynomials are algebraically independent. But this is an
immediate consequence of the fact that the Jacobian of II;,Ils,...,II,;601,0s,...,60, with respect to the
variables x11, T22, ..., T22; U1, U2, . .., Uy does not even vanish when we set to zero all the variable x;; with
i # j. In fact we can easily see that carrying this out results in the Jacobian polynomial

viva, v [ (@i — 2.

1<i<j<n
This completes our proof.

Note next that an immediate by-product of this proof is that the collection
{@TQSH?H; OO0 05 s sy > o} 5.9

spans the UVX invariants. But since ® = (I'" +T7)/2 and ¥ = (I'" — I'")/2 the same will be true for the
collection

Bt = {(rﬂ"(r*)snyngz TR0 05 s, piys; > 0 }
Now it is important to note that ®(U, X) and ¥(V, X) are not completely independent of the other invariants.
More precisely we have

Proposition 5.1
The product ®(U, X)¥(V, X) may be expresssed in terms of the parameters 111,15, ..., I, ; 61,02,...,0,.
Proof

The Cayley-Hamilton theorem gives

n n

O = UX 1V = U(Z(—l)i_lei(X)X’“_i_l)V =3 (1) e (X) 0
i=1 i=1
since the polynomials e1(X), ea(X), -+, e,(X) (the elementary symmetric function of the eigenvalues of X)

may be expressed as polynomials in IIy,1Ils, ... II,, it follows that the polynomials 6y, (for k& > n), can all
y p p y ) b ) n p y k? )
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be expressed as polynomials in Iy, Il5, ... ,II, ; 61,02,...,0,. This given, the assertion follows immediately
from the determinantal identity

(U, X)U(V,X) = detHUX”jVH - det‘

0| 5.10

0<i,j<n—1 0<ij<n—1

Note next that the two polynomials
r*(U,v,X)=oU,X)+¥(V,X) and I' (U, V,X)=®U, X)—-¥(V,X)

satisfy the quadratic equation
(TT)? = (I'")2 + 400, 5.11

This brings us in a position to prove Theorem 1.7. That is to show that the two collections

BT = {(1"+)a(1"—)bﬂqll—[;2 _..9;;9;19;2 3 ia>1, b,ri, 55 > 0}
and

B~ = {(FJr)a(F*)bH’l“ngz ...9?9?9;2 03 b >, a8 > 0}
are vector space bases for the UVX invariants. To this end note that since deg(Il;) = 4, deg(8;) = j + 1 and
deg(I't) = deg(I'~) = ("}") it follows that

n+1)

Z qdeg(b) _ Z qdeg(b) _ ]-+q( 2

vest ves - (1= ) Ty (1 = a)2(1 = g+ (1 = g("2))

Thus our proof that

g

(1= @) T (1 - )21 = 1) (1 - ()

Fyvx(gin) =

is equivalent to each of the equalities

a) Z ¢ = Fyvx(g;n) and ) Z ¢ = Fyyx(q;n).
beB+ beB~

This means that both collections B* and B~ have the correct number of elements in each degree. Thus to
prove that they are bases we need only show that they span. Now we have seen that the collection

BE = () ()T 00070503 s pivs; 20 )

spans the UVX invariants. This given, note that dropping from B* all terms that contain I'~ to a power
greater than 1 we get BT while dropping all terms that contain I'" to a power greater than 1 gives B~. Now
Proposition 5.1 together with 5.11 assures that, in either case, the loss of these terms does not affect the
spanning property and Theorem 1.7 necessarily follows.



Hilbert Series A. Garsia, N. Wallach, G. Xin & M. Zabrocki October 11, 2007 30

Remark 5.1
Note that we can write
v"q(g) n 1 _ v"q(g) — v"q(g)u"q(g) +1-— v"q(g) _ 1 - (uvq("_l))”
1— v”q(g) 1-— u“q(g) (]_ — u”q(g))(l — U”q(g)) (1 — u”q(g))(]_ — 'Unq(g))

Thus the trigraded Hilbert series in 1.8 may be rewritten in the form
1 (1= (wq"")")
T2 (1= ") TIZ (1 = wvg=1) (1 = ymgl3))(1 — omg(3))
1 +uvqn—1 + (uvqn—1)2 NI (uvqn_l)n—l .
IT7, (1= ) TS (1 — wog =) (1 = urgl3)) (1 = vmg(3))

This alternate form of the Hilbert series suggests taking as quasi-generators of the ring of UVX invariants

Fuvx(u,v,q)

5.12

the polynomials
H17H2,...,Hn;91,92,...79n,1;(I),\I/ 5.13

and as separators
1,0,,60%, ....00 L. 5.14

This is essentially the contents of Theorem 1.8. To establish it we need only use the singly graded Hilbert
series in 1.4 which now can be rewritten in the form

14 ¢+ (qn+1)2 N (qn+1)n71
ITy (- ) TS - 1)1 = g3 (1 = g(5))

Now let us recall that we obtained, as a by product of the proof of of Theorem 1.6, that the collection in 5.9,

5.15

Fyvx(q) =

namely
{@T@SH?H; IO 05 s 8 > 0} 5.16

spans the space of UV X invariants. Thus in view of 5.15 to prove Theorem 1.8 we need only show that all
the powers 67 (for m > n) can be removed from 5.16 without affecting the spanning property. Now this is
an immediate consequence of the following

Proposition 5.2
There are polynomials ag,aq,...apn_1 in Iq,...  1,;01,...,0,_1; P,V such that

0, = ag +a10,, + agei + ...+ an_lﬁz_l

Proof
We have seen in 5.10 that
OV = det

9i+j_1H 5.17

1<ij<n
We have also seen in the proof of Proposition 5.1 that from the Caley-hamilton Theorem it follows that for
i+ j—1>n we have

Oivi1 = Sitj—nbn + tivj—n
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with the s,, and t,, polynomials in IIy,...,I1,;6,...,0,_1. Using this in 5.17 gives

2 D) e On—2 -1 On
92 03 e 911—1 9n—1 en
(1)1/) = det 93 04 T O, On—1 On,
911 Slen + tl e 377,—3011 + tn—3 3n—29n + tn—? S71—1911 + tn—l

and we see, by expansion with respect to the first row, that all terms of this determinant except the term
coming from second diagonal are of degree at most n — 1 in #,,. This proves the result and completes the
proof of Theorem 1.8.

Remark 5.2

Surprisingly, it is possible to establish Theorem 1.8 without making use of the trigraded Hilbert
series, and thus also obtain the identity in 5.4 itself as a by-product. To obtain such a proof we need
establish the spanning property of the collection in 5.15 without using 5.4. Now note that this spanning
property would itself be a consequence of Theorem 1.7. Now Theorem 1.7 can be established without using
5.4 by giving a 5.4 independent proof that the collection

Bt = {(1“+)“(I‘_)b1'[§11'[§2 I 070052 -0y ca=0,150>0; 7,5 > O} 5.18
is independent. More precisely, we need only show that the identity
F(Iy,...,10,;01,...,0,, o —0) + (2 4+ 0)G(Iy,...,1,;01,...,0,,o—-T) = 0 5.19

with F' and G polynomials in their arguments forces F' and G to identically vanish.

Since the 5.4 independent proof of this result is not as simple nor as elementary as our previous
proofs we will only give a brief sketch of the argument.

The idea is to show that 5.19 implies the vanishing of F' and G even when we set x; ; = 0 for all
i # j and set z; ; = ; for 1 <i < n. Note that these choices give

n n
I, = fo , 0, = Zumﬂ:f , D =wus - uA), U =wvgvg v, AT) 5.20
i=1 i=1
with A(z) the Vandermonde determinant in x1,xs, ..., x,. So that 5.18 can now be rewritten in the form
J@1, o T w01, UV s UL Uy — V1 V) 5o
(U Uy F v V) g(T, B ULV, e U Uy U Uy — VT e Uy) = O

Moreover, the relations
n

=1

Ui

which can be obtained by inverting the Vandemonde matrix, can be used to show that the vanishing of f
and g forces the vanishing of F' and G.
This reduces us to showing that 5.21 forces the vanishing of f and g.
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To this end note that we also have the relation
(g Uy F 01 00))2 = (Ug Uy — V1 p))? A U0 URYS . U Uy 5.22
Furthermore, it is easy to show, (by computing the Jacobian), that the 2n 4+ 1 polynomials
Tlyeeey Ty ULV, oo ey UpUp s UL+ Uy + V1 - * - Up

form a regular sequence in the ring Q[z1,...,Zn; U1, .., Up;V1,...,0,]. Thus, if z1,29,...,2, and 7,0 are
indeterminates then 5.21 and 5.22 are equivalent to

flxr, o vxn; 21, y2n;y) F 091 ooy 205 21,..5205y) = 0 and 82 = V2 44z120- - 2.

This would say that the rational function

fl@r, oo xn; 21,0y 205 )
V@1 s e ni ) = -
g(xlw"vmn;zlvnwzn;,y)
satisfies
V(Zy. . T 21y 2n s 7). = YR dzize 2.
for all (x1,...,%n;21,-..,2n;7) for which it is defined. This is impossible, Thus f and g must vanish

identically and the desired independence of the collection in 5.18 necessarily follows.
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