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Abstract. We prove a symmetric function identity related to the operator ∇ of Bergeron-
Garsia when it acts on Hall-Littlewood symmetric functions. This identity motivates a
combinatorial recurrence on lattice paths with a N, E, blue NE, red NE, and blue/red
NNE steps. Our main result is a combinatorial interpretation for certain coefficients in
∇ acting on a form of Hall-Littlewood symmetric functions studied by Haglund-Morse-
Zabrocki that generalizes many of the q, t-Catalan, Schröder and lattice path results by
restricting to a paths with a fixed touch composition.

1. Introduction

Consider lattice paths in an n×n square starting at (0, 0) and ending at (n, n) that take
steps such as those that appear in Figure 1 and that do not pass below the x = y diagonal.

Figure 1. The step types that appear in a walk from (0, 0) to (n, n)

A typical path of this type might look like the example in the figure below.

Figure 2. A typical path P with dinv(P ) = 6 and area(P ) = 8.

The positions that the path touches the diagonal determines a composition of n. Say that
points where the path hits the diagonal are (0, 0), (r1, r1), (r2, r2), . . . , (r`−1, r`−1), (n, n),
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then the touch composition of the path will be defined as (r1 − 0, r2 − r1, . . . , n− r`−1). If
P represents the path then touch(P ) will represent the touch composition of the path. In
the example above the touch composition is (8, 1).

The area of the path will be denoted by area(P ) and represents the number of cells that
either pass through or are strictly below the path and are also strictly above the diagonal.
Let ui be the number of cells counted towards the area in the ith row. For instance in the
typical path example that we have drawn above the area is equal to 8 and the sequence of
ui is given by (0, 1, 1, 1, 1, 1, 1, 2, 0).

There is another statistic represented by dinv(P ) which is a translation of the dinv
statistic introduced by Haiman (see [10]) to this setting. Let dinv1(P ) be equal to the
number of pairs (i < j) with ui = uj such that either the ith step is black or the ith step

is red and the jth step is blue. Also let dinv2(P ) be the number of pairs (i < j) with
ui = uj + 1 such that either the jth step is black or ith step is blue and the jth step is
red. Now set dinv(P ) = dinv1(P ) + dinv2(P ). In the case of the example above the pairs
{(1, 9), (3, 6), (5, 6), (4, 5), (4, 6), (4, 7)} all contribute to dinv1 but no pairs contribute to
dinv2, hence in this case dinv(P ) = 6.

The operator ∇ was introduced by Bergeron-Garsia [1] to generalize the relationship be-
tween the conjectured Frobenius series of the space of diagonal harmonics on 2n letters and
the elementary symmetric function en. In [2] Bergeron-Garsia-Haiman-Tesler conjectured
that when ∇ acts on several different families of symmetric functions the coefficients are
polynomials in N[q, t]. In particular, they attribute to A. Lascoux the conjecture (see [2]
Conjecture II and III) that when ∇ acts on certain Hall-Littlewood symmetric functions
the result is Schur positive.

Haglund-Morse-Zabrocki [13] introduced a family of symmetric functions Cα[X; q] in-
dexed by compositions α that are closely related to the Hall-Littlewood symmetric func-
tions. They conjectured there that the operator ∇ applied to Cα[X; q] was a generating
function for parking functions whose support path touched the diagonal at points indicated
by the composition α and their conjecture generalized the shuffle conjecture of [11].

In this paper we provide evidence for this conjecture. Our main theorem is the following
combinatorial expression.

Theorem 1. For a+ b+ c = n and for α |= n (α is a composition of n),

〈∇(Cα[X; q]), eahbhc〉 =
∑
P

qarea(P )tdinv(P )

where the sum is over all paths of the type described above with touch(P ) = α that have a
black vertical steps, b red steps and c blue steps.

For instance we consider the case when α = (3, 2) and a = 1, b = 2, c = 2 we list all 6
paths of this type.

The first path listed has area 4, the others all have area statistic equal to 3. The dinv
statistics are respectively 2, 4, 3, 3, 2, 2. From the theorem above we may conclude that〈
∇(C(3,2)[X; q]), e1h2h2

〉
= t4q2 + t3(q4 + 2q3 + 2q2).
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Figure 3. The paths with touch composition (3, 2).

This theorem generalizes other results related to q, t-Schröder Theorem of Haglund [9]
in two ways. First, since

en =
∑
α|=n

Cα[X; q] ,

Haglund’s result follows immediately from ours by summing over all compositions. More-
over, Haglund gives two Theorems, one that is a combinatorial interpretation for 〈∇(en), eahb〉
and another a similar result for the special case of the shuffle conjecture 〈∇(en), hbhc〉. Our
Theorem 1 interpolates between the two and generalizes nearly all known special cases of
the shuffle conjecture.

The bijection between the paths of this type and parking functions whose reading word is
given by a shuffle of (a(a−1) . . . 21)tt((a+1)(a+2) · · · (a+b))tt((a+b+1)(a+b+2) · · ·n)
is made explicit in remark 8 in section 3.

The proof proceeds by showing that both the left and the right hand sides of this equation
satisfy the same recurrence. It builds on the techniques recently developed in [8, 13, 14] as
well as the foundational identities which were developed in [2, 3, 7, 9, 10, 11].

The remainder of this paper is divided into 2 sections. The first deals mainly with
symmetric function identities and the second (much shorter) section deals mainly with
the combinatorics. The basic tools and identities needed to derive the symmetric function
results that are mainly developed in other references are listed in section 2.1. In section 2.2
we develop the symmetric function recurrence and in section 3 we show that this symmetric
function recurrence agrees with the combinatorial interpretation given in Theorem 1.

2. The recursion on symmetric functions

We will assume that the reader is familiar with basic notions of symmetric functions
and refer the reader to the reference [16] for additional information. In the following cal-
culations, we will mainly use the elementary er[X] and homogeneous hr[X] symmetric
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functions, the Schur symmetric functions sλ[X] along with some basic identities of plethys-
tic notation for symmetric functions.

The most important identities will involve the evaluation of elementary and homogeneous
symmetric functions at two sets of variables. We first set Ω[X] =

∑
r≥0 hr[X]. This given,

we then have that for two sets of variables (or expressions) X and Y ,

(1) hr[X + Y ] =

r∑
a=0

ha[X]hr−a[Y ],

and this may be extended to the generating function so that

Ω[X + Y ] = Ω[X]Ω[Y ] .

By substituting hr[X −X] = 0 in (1) for r > 0, then we may also conclude that hr[−X] =
(−1)rer[X]. Note that f [−X] does not correspond to setting variables xi to −xi in the
symmetric function. To represent this other type of negation we introduce a symbol ε with
the property that

f [εX] = (−1)deg(f)f [X]

for any symmetric function f [X] of homogeneous degree.

2.1. Toolkit of Macdonald symmetric function identities. To begin, we identify the
partition λ with the lattice cells in diagram of λ as the set of pairs of integers {(i, j) : 0 ≤
i < `(λ), 0 ≤ j < λi}. It is appropriate in this case to use the notation c ∈ λ to indicate
that c is a pair in this set and c1 and c2 to refer to its coordinates. In this case we define

arm of c aλ(c) = λc1+1 − c2 − 1 coarm of c a′λ(x) = c2

leg of c lλ(c) = λ′c2+1 − c1 − 1 coleg of c l′λ(c) = c1 .

This given we set

Bµ(q, t) =
∑
c∈µ

tl
′
µ(c)qa

′
µ(c)

Tµ =
∏
c∈µ

tl
′
µ(c)qa

′
µ(c)

M = (1− q)(1− t)
Dµ(q, t) = MBµ(q, t)− 1

wµ(q, t) =
∏
c∈µ

(qaµ(c) − tlµ(c)+1)(tlµ(c) − qaµ(c)+1).

The Macdonald symmetric functions H̃λ[X; q, t] are the unique basis that satisfy

(1) H̃λ[(1− q)X; q, t] =
∑

µ≥λ rλµ(q, t)sµ[X] for some coefficients rλµ(q, t) and

(2) H̃λ[(t− 1)X; q, t] =
∑

µ≤λ tλµ(q, t)sµ[X] for some coefficients tλµ(q, t) and

(3)
〈
H̃λ[X; q, t], hn

〉
= 1 where 〈, 〉 denotes the usual Hall scalar product.
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The operator ∇ is defined to act on symmetric functions so that it has the this basis
as eigenfunctions where the eigenvalues are given by ∇H̃λ[X; q, t] = TλH̃λ[X; q, t]. Where

it is appropriate to abbreviate to conserve space, we will denote H̃µ = H̃µ[X; q, t], and
similarly Bµ = Bµ(q, t), Dµ = Dµ(q, t) and wµ = wµ(q, t).

It follows that if we should define the scalar product

〈f [X], g[X]〉∗ := 〈f [X], g[−εMX]〉

with respect to the usual Hall scalar product and refer to this as the ∗-scalar product. Then
the family of symmetric functions H̃λ[X; q, t] are orthogonal with respect to the ∗-scalar
product. In fact, we have that〈

H̃λ[X; q, t], H̃µ[X; q, t]
〉
∗

= χ(λ = µ)wµ

where we have use the notation χ(true) = 1 and χ(false) = 0. Since the Macdonald

symmetric functions H̃λ are orthogonal with respect to this scalar product, the operator
∇ is self dual 〈∇f, g〉∗ = 〈f,∇g〉∗. For a symmetric function f [X], set f∗[X] = f

[
X
M

]
.

In particular e∗n and h∗n will appear in many of the calculations in the remainder of this
section.

Any symmetric function F [X] of degree n can be expanded in the Macdonald basis by
the formula

(2) F [X] =
∑
µ`n

H̃µ[X; q, t]

wµ

〈
F [X], H̃µ[X; q, t]

〉
∗
.

Now if we define the q, t-coefficients dµν and cµν as those that appear in the Pieri formulas
for Macdonald polynomials

e1H̃ν =
∑
µ←ν

dµν(q, t)H̃µ e⊥1 H̃µ =
∑
ν→µ

cµν(q, t)H̃ν

then

dµν = Mcµν
wν
wµ

.

Moreover, for k ≥ 0 (see [7] and [2]),∑
ν→µ

cµν(q, t)(Tµ/Tν)k =
tq

M
hk+1 [Dµ(q, t)/tq] + χ(k = 0)/M(3)

(4)
∑
µ←ν

dµν(q, t)(Tµ/Tν)k = (−1)k−1ek−1 [Dν(q, t)] + χ(k = 0) .

The other set of formulas that we will need are the two families of symmetric functions
which are indexed by compositions that were introduced by Haglund-Morse-Zabrocki [13].
In the spirit of Jing’s [15] creation operators for the Hall-Littlewood symmetric functions,
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they defined the operators given by their action on a symmetric function F [X] by the
expressions

CaF [X] = (−q)−a+1 F

[
X − 1− 1/q

z

]
Ω[zX]

∣∣∣
za

= (−q)−a+1
∑
r≥0

q−rha+r[X]hq⊥r F [X]

BaF [X] = F

[
X − 1− q

z

]
Ω[zX]

∣∣∣
za

=
∑
r≥0

(−1)rea+r[X]hq⊥r F [X] .

where we we have used the notation here that hq⊥m is the operator which is dual to multi-
plication by hm[(1− q)X] with respect to the usual Hall scalar product. They then defined
a spanning set of the symmetric functions by

Cα[X; q] = Cα1Cα2 · · ·Cα`(α)(1)

Bα[X; q] = Bα`(α) · · ·Bα2Bα1(1) .

Haglund-Morse-Zabrocki [13] showed that Ca, Bb have a simple commutation relation
if a + b > 0. However, we will need a more refined result for our recurrence since we will
need to know how B−1 and C1 interact. To do this we compute the following commutation
relation which also explains what happens in the case when a+ b ≤ 0 as well.

Proposition 2. For a, b ∈ Z,

BaCb = qCbBa + (−1)a+bqa+1(q − 1)hq
2⊥
−a−b .

Proof. Using plethystic notation manipulations we note that
∑

r≥0 z
rhq⊥r F [X] = F [X +

z(1− q)] and use this to compute

hq⊥r hm[X] =
∑
i≥0

hm−i[X]hi[1− q]hq⊥r−i

and

hq⊥r em[X] =
∑
i≥0

em−i[X]ei[1− q]hq⊥r−i .

BaCb =(−q)1−b
∑
r≥0

∑
s≥0

∑
i≥0

(−1)rq−sea+rhb+s−ihi[1− q]hq⊥r−ih
q⊥
s

=(−q)1−b
∑
r≥0

∑
s≥0

(−1)rq−sea+rhb+sh
q⊥
r hq⊥s

+ (−q)1−b
∑
i≥1

∑
r≥0

∑
s≥0

(−1)r+iq−sea+r+ihb+s−i(1− q)hq⊥r hq⊥s .
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qCbBa =(−q)1−b
∑
s≥0

∑
r≥0

∑
i≥0

(−1)rq−s+1hb+sea+r−iei[1− q]hq⊥s−ih
q⊥
r

=(−q)1−b
∑
s≥0

∑
r≥0

(−1)rq−s+1ea+rhb+sh
q⊥
s hq⊥r

+ (−q)1−b
∑
i≥1

∑
s≥0

∑
r≥0

(−1)r+i+1q−sea+r−ihb+s+i(1− q)hq⊥s hq⊥r .

If we take the difference between these two expressions we have

BaCb − qCbBa =(1− q)(−q)1−b
∑
s≥0

∑
r≥0

q−s(−1)rea+rhb+sh
q⊥
r hq⊥s

+ (1− q)(−q)1−b
∑
r≥0

∑
s≥0

q−s

∑
i≥1

(−1)r+iea+r−ihb+s+i

hq⊥r hq⊥s

+ (1− q)(−q)1−b
∑
r≥0

∑
s≥0

q−s

∑
i≥1

(−1)r+iea+r+ihb+s−i

hq⊥r hq⊥s

=(1− q)(−q)1−b
∑
r≥0

∑
s≥0

q−s

(∑
i∈Z

(−1)r+iea+r−ihb+s+i

)
hq⊥r hq⊥s .

Now by shifting the sum over i ∈ Z and using that
∑

i∈Z(−1)ihi[X]em−i[X] = χ(m = 0)
we may reduce this expression by

= (1− q)(−q)1−b
∑
r≥0

∑
s≥0

q−s

(∑
i∈Z

(−1)r+b+s+iea+r+b+s−ihi

)
hq⊥r hq⊥s

= (1− q)(−q)1−b(−1)a
∑

r+s=−a−b
q−shq⊥r hq⊥s

Now we can use equation (1) to reduce this to the expression given in the statement of the
proposition since

∑
r+s=−a−b

q−shr[(1− q)X]⊥hs[(1− q)X]⊥ =
∑

r+s=−a−b
q−s−rhr[(q − q2)X]⊥hs[(1− q)X]⊥

= qa+bh−a−b[(1− q2)X]⊥ .

�

The commutation relation between the B and C operators is sort of half the story which
allows us to express to relate the two families of symmetric functions Cα[X; q] and Bα[X; q].
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The other property which Proposition 5.2 in [13] which says

(5) Bn(1) = en[X] =
∑
α|=n

Cα[X; q] .

For our purposes we will also need the dual operators with respect to the ∗-scalar product.
If we set,

C∗aF [X] = (−q)−a+1 F [X − εM/z] Ω

[
−εzX
q(1− t)

] ∣∣∣
z−a

(6)

B∗aF [X] = F [X +M/z] Ω

[
−zX
1− t

] ∣∣∣
z−a

,(7)

then a straightforward calculation on the reproducing kernel for the ∗-scalar product,
Ω
[−εXY

M

]
, that shows

CXa Ω

[
−εXY
M

]
= C∗Ya Ω

[
−εXY
M

]
.

This implies that for symmetric functions f, g,

〈Caf [X], g[X]〉∗ =

〈〈
CXa Ω

[
−εXY
M

]
, f [Y ]

〉
∗
, g[X]

〉
∗

=

〈〈
CY ∗a Ω

[
−εXY
M

]
, g[X]

〉
∗
, f [Y ]

〉
∗

= 〈C∗ag[Y ], f [Y ]〉∗ .

A similar calculation shows that Ba and B∗a are also dual with respect to the ∗-scalar
product.

2.2. The symmetric function recursion. The main result of this section is the following
symmetric function recursion.

Theorem 3. For integers n, a, b ≥ 0 and m ≥ 1,

C∗m∇h∗ae∗be∗n−a−b = B∗m−1∇h∗a−1e
∗
be
∗
n−a−b + B∗m−2∇h∗ae∗b−1e

∗
n−a−b−1(8)

+ χ(m = 1)∇h∗a(e∗b−1e
∗
n−a−b + e∗be

∗
n−a−b−1)

The proof of this theorem occurs after we develop a few expressions that will be useful
for our derivation. The consequences of this symmetric function identity are what will help
us develop the recurrence which we show will agree with the combinatorial interpretation.

Corollary 4. If a+ b+ c = m+ deg F [X],

〈∇CmF [X], eahbhc〉 = tm−1 〈∇Bm−1F [X], ea−1hbhc〉+ tm−1 〈∇Bm−2F [X], eahb−1hc−1〉
+ χ(m = 1) 〈∇F [X], ea(hb−1hc + hbhc−1)〉
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Proof. This result is mainly a corollary of Theorem 3. We note that since 〈f [X], g[X]〉 =
〈f [X], g∗[−εX]〉,
〈∇CmF [X], eahbhn−a−b〉 =

〈
∇CmF [X], h∗ae

∗
be
∗
n−a−b

〉
∗

=
〈
F [X],C∗m∇h∗ae∗be∗n−a−b

〉
∗

=
〈
F [X],B∗m−1∇h∗a−1e

∗
be
∗
n−a−b + B∗m−2∇h∗ae∗b−1e

∗
n−a−b−1

〉
∗

+ χ(m = 1)
〈
F [X],∇h∗a(e∗b−1e

∗
n−a−b + e∗be

∗
n−a−b−1)

〉
∗

and now the duality of these operators can at this point easily seen to agree with the right
hand side in the statement of the theorem. �

The main consequence of this recursion is that if F [X] = Cα[X; q] = Cα1Cα2 · · ·Cα`(1)
then we conclude the symmetric function recursion which forms the basis of the proof of
Theorem 1.

Corollary 5. Let and a, b, c,m, n ∈ Z such that a + b + c = m + n and α |= n be a
composition. If m > 1, then〈

∇C(m,α)[X; q], eahbhc
〉

=
∑

β|=m−1

tm−1q`(α)
〈
∇C(α,β)[X; q], ea−1hbhc

〉
+

∑
β|=m−2

tm−1q`(α)
〈
∇C(α,β)[X; q], eahb−1hc−1

〉
.

If m = 1, then〈
∇C(1,α)[X; q], eahbhc

〉
=q`(α) 〈∇Cα[X; q], ea−1hbhc〉+ 〈∇Cα[X; q], ea(hb−1hc + hbhc−1)〉

+ (q − 1)
∑
i:αi=1

qi−1 〈∇Cα̂(i) [X; q], eahb−1hc−1〉

where we denote α̂(i) = (α1, α2, . . . , αi−1, αi+1, . . . , α`(α)).

Proof. When r ≥ 0, Proposition 2 have the commutation relation that BrCa = qCaBr for
all a > 0. Using equation (5) we have

Br(Cα[X; q]) = q`(α)Cα1Cα2 · · ·Cα`(α)Br(1)

=
∑
β|=r

q`(α)Cα1Cα2 · · ·Cα`(α)Cβ[X; q]

=
∑
β|=r

q`(α)C(α,β)[X; q] .

In the case when r = −1, then from Proposition 2, BrCa = qCaBr if a > 1 and if a = 1 we
have BrCa = qCaBr + (q− 1). It follows then that B−1 will commute with all Cαi if αi > 1
and introduce a power of q, but will ‘kill’ a term of the form C1. Since B−1(1) = 0, the
only terms that survive this operator are those that do ‘kill’ a term C1. As a consequence,

B−1(Cα[X; q]) = (q − 1)
∑
i:αi=1

qi−1Cα̂(i) [X; q] .
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The result then follows directly from Corollary 4 with F [X] = Cα[X; q]. �

Before proceeding with the proof of Theorem 3 we will need to first develop an expansion
of the expression ∇h∗ae∗be∗n−a−b since this appears repeatedly in our calculations.

Proposition 6.

(9) ∇h∗ae∗be∗n−a−b =
a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s
∑
ν`r+s

er
[
Bν
]

wν
en
[
XDν/M

]
Proof.

(10) ∇h∗ae∗be∗n−a−b =
∑
µ`n

TµH̃µ[X; q, t]

wµ

〈
H̃µ , eahbhn−a−b

〉

Now Theorem I.2 of [6] gives an expansion of the scalar product
〈
H̃µ, fhr

〉
, yielding

〈
H̃µ , eahbhn−a−b

〉
= ∇−1ha[(X − ε)/M ]eb[(X − ε)/M ]

∣∣∣
X→Dµ

=

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ]∇−1hr[X/M ]es[X/M ]
∣∣∣
X→Dµ

.(11)

The same identity also shows,

∇−1hr[X/M ]es[X/M ]
∣∣∣
X→Dµ

=
∑
ν`r+s

T−1
ν H̃ν [Dµ; q, t]

wν

〈
H̃ν , erhs

〉
= (−1)n−r−s

∑
ν`r+s

T−1
µ H̃µ[Dν ; q, t]

wν
er[Bν ](12)

where we have derived the expression for the scalar product

〈
H̃ν , erhs

〉
= ∇−1hr[(X − ε)/M ]

∣∣∣
X→Dν

=

r∑
i=0

er−i

[
1

M

]
∇−1hi[X/M ]

∣∣∣
X→Dν

=

r∑
i=0

er−i

[
1

M

]∑
γ`i

H̃γ [Dν ]

wγ
=

r∑
i=0

er−i

[
1

M

]
ei

[
Dν

M

]
= er[Bν ]
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Combining (10),(11),(12) we can thus write

∇h∗ae∗be∗n−a−b

=
∑
µ`n

TµH̃µ[X; q, t]

wµ

a∑
r=0

b∑
s=0

ea−r

[
1

M

]
hb−s

[
1

M

]
(−1)n−r−s

∑
ν`r+s

T−1
µ H̃µ[Dν ; q, t]

wν
er[Bν ]

=

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s
∑
ν`r+s

er
[
Bν
]

wν

∑
µ`n

H̃µ[X; q, t]H̃µ[Dν ; q, t]

wµ

=

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s
∑
ν`r+s

er
[
Bν
]
en
[
XDν/M

]
wν

�

Now two of the terms in our main theorem are B∗m−1∇h∗a−1e
∗
be
∗
n−a−b and B∗m−2∇h∗ae∗b−1e

∗
n−a−b

and we will need an expression for these. Essentially these are shifts of each other so we
will start by computing the first one.

Proposition 7. For m ≥ 1,

B∗m−1∇h∗a−1e
∗
be
∗
n−a−b =

a−1∑
r=0

b∑
s=0

n−m∑
u=0

(−1)n−r−s+u−1ea−r−1[1/M ]hb−s[1/M ]eu

[
X

1− t

]
(13)

×
∑
ν`r+s

en−u−m

[
XDν

M

]
eu+m−1[Dν ]

er
[
Bν
]

wν
(14)

Proof. From equation (9) we have an equation for the left hand side. We need first compute
B∗m−1

(
en−1

[
XDν
M

])
using equation (7).

B∗m−1

(
en−1

[
XDν

M

])
= en−1

[
(X +M/z)Dν

M

]
Ω

[
−zX
1− t

] ∣∣∣
z−m+1

=
n−1∑
u=0

en−1−u

[
XDν

M

]
eu[Dν ]Ω

[
−zX
1− t

] ∣∣∣
zu−m+1

=

n−1∑
u=0

en−u

[
XDν

M

]
eu[Dν ]hu−m+1

[
−X
1− t

]

=

n−1∑
u=m−1

(−1)u−m+1en−1−u

[
XDν

M

]
eu[Dν ]eu−m+1

[
X

1− t

]

=

n−m∑
u=0

(−1)uen−u−m

[
XDν

M

]
eu+m−1[Dν ]eu

[
X

1− t

]
(15)
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So now the expression stated in the proposition for B∗m−1∇h∗a−1e
∗
be
∗
n−a−b follows by

combining equation (15) and (9). �

We can also calculate B∗m−2∇h∗ae∗b−1e
∗
n−a−b−1 by replacing a→ a+1, b→ b−1, n→ n−1,

m→ m− 1 in equation (13)-(14).

B∗m−2∇h∗ae∗b−1e
∗
n−a−b−1 =

a∑
r=0

b−1∑
s=0

n−m∑
u=0

(−1)n−r−s+uea−r[1/M ]hb−1−s[1/M ]eu

[
X

1− t

]

×
∑
ν`r+s

en−u−m

[
XDν

M

]
eu+m−2[Dν ]

er
[
Bν
]

wν
(16)

Proof. (of Theorem 3) To develop the left hand side of our identity we begin again with
Proposition 6.
(17)

C∗m∇h∗ae∗be∗n−a−b =
a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s
∑
ν`r+s

er
[
Bν
]

wν
C∗men

[
XDν/M

]
Now to proceed further we will calculate the action of C∗m on en[XDν/M ]. Recall that

the definition of C∗m from equation (6),

C∗men
[
XDν

M

]
= (−q)−m+1en[(X − εM/z)Dν/M ]Ω

[
−εzX
q(1− t)

] ∣∣∣
z−m

(18)

= (−q)−m+1en[XDν/M − εDν/z]Ω

[
−εzX
q(1− t)

] ∣∣∣
z−m

= (−q)−m+1
n∑
u=0

en−u[XDν/M ]eu[−εDν/z]Ω

[
−εzX
q(1− t)

] ∣∣∣
z−m

= (−q)−m+1
n∑
u=0

en−u[XDν/M ]hu[Dν ]z−uΩ

[
−εzX
q(1− t)

] ∣∣∣
z−m

= (−q)−m+1
n∑
u=0

en−u[XDν/M ]hu[Dν ]hu−m

[
−εX
q(1− t)

]

= (−q)−m+1
n∑

u=m

en−u[XDν/M ]hu[Dν ]qm−ueu−m

[
X

1− t

]

= (−q)−m+1
n−m∑
u=0

q−uen−m−u[XDν/M ]hu+m[Dν ]eu

[
X

1− t

]
Now we apply the identity (3) for hu+m[Dν ] so that

hk[Dν ] = Mtk−1qk−1
∑
γ→ν

cνγ (Tν/Tγ)k−1 − χ(k = 1)

and substituting into the previous equation we have
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= (−q)−m+1
n−m∑
u=0

q−uen−m−u

[
XDν

M

]
eu

[
X

1− t

]
(Mtu+m−1qu+m−1

∑
γ→ν

cνγ

(
Tν
Tγ

)u+m−1

− χ(u+m = 1))

= (−1)m−1
n−m∑
u=0

en−m−u

[
XDν

M

]
eu

[
X

1− t

]
(Mtu+m−1

∑
γ→ν

cνγ

(
Tν
Tγ

)u+m−1

− χ(u+m = 1))

= (−1)m−1
n−m∑
u=0

en−m−u

[
XDν

M

]
eu

[
X

1− t

]
Mtu+m−1

∑
γ→ν

cνγ

(
Tν
Tγ

)u+m−1

− χ(m = 1)en−1

[
XDν

M

]
Substituting this back into equation (17), we have

C∗m∇h∗ae∗be∗n−a−b

=

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+m−1
∑
ν`r+s

er
[
Bν
]

wν

n−m∑
u=0

en−m−u[XDν/M ]

× eu
[
X

1− t

]
Mtu+m−1

∑
γ→ν

cνγ (Tν/Tγ)u+m−1

− χ(m = 1)
a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s
∑
ν`r+s

er
[
Bν
]

wν
en−1[XDν/M ]

(19)

Notice that (19) is exactly (9) with n replaced by n− 1 hence we have

C∗m∇h∗ae∗be∗n−a−b − χ(m = 1)∇h∗ae∗be∗n−1−a−b

=

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+m−1
∑
ν`r+s

er
[
Bν
]

wν

n−m∑
u=0

en−m−u[XDν/M ]

× eu
[
X

1− t

]
Mtu+m−1

∑
γ→ν

cνγ (Tν/Tγ)u+m−1

Now the coefficients cµν and dµν are related by the identity wνdνγ = Mcνγwγ . We will
do a few intermediate reductions before replacing the cνγ coefficients:
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=
a∑
r=0

b∑
s=0

n−m∑
u=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+m−1eu

[
X

1− t

]
tu+m−1

×
∑
ν`r+s

er
[
Bν
]

wν
en−m−u[XDν/M ]M

∑
γ→ν

cνγ (Tν/Tγ)u+m−1

=

a∑
r=0

b∑
s=0

n−m∑
u=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+m−1eu

[
X

1− t

]
tu+m−1

×
∑

γ`r+s−1

1

wγ

∑
ν←γ

er
[
Bν
]
en−m−u[XDν/M ]dνγ (Tν/Tγ)u+m−1(20)

But now er[X + z] = er[X] + zer−1[X] and Bν = Bγ + Tν/Tγ and XDν/M = XDγ/M +
XTν/Tγ .

Now we will use identity (4) and expand the last part of equation (20) first.

∑
ν←γ

er
[
Bν
]
en−m−u

[
XDγ

M
+X

Tν
Tγ

]
dνγ

(
Tν
Tγ

)u+m−1

=

n−m−u∑
i=0

ei[X]
∑
ν←γ

(
er
[
Bγ
]

+
Tν
Tγ
er−1[Bγ ]

)
en−m−u−i

[
XDγ

M

]
dνγ

(
Tν
Tγ

)u+m+i−1

=

n−m−u∑
i=0

ei[X]
(
er
[
Bγ
]
en−m−u−i

[
XDγ

M

]∑
ν←γ

dνγ

(
Tν
Tγ

)u+m+i−1

+ er−1[Bγ ]en−m−u−i

[
XDγ

M

]∑
ν←γ

dνγ

(
Tν
Tγ

)u+m+i )

=
n−m−u∑
i=0

ei[X]er
[
Bγ
]
en−m−u−i

[
XDγ

M

]
(−1)u+m+ieu+m+i−2

[
Dγ

]
+

+ χ(m = 1, u = 0)er
[
Bγ
]
en−1

[
XDγ

M

]
+
n−m−u∑
i=0

ei[X]er−1[Bγ ]en−m−u−i

[
XDγ

M

]
(−1)u+m+i−1eu+m+i−1

[
Dγ

]
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Now if we substitute this back into (20) we have:

C∗m∇h∗ae∗be∗n−a−b − χ(m = 1)∇h∗ae∗be∗n−1−a−b(21)

=

a∑
r=0

b∑
s=0

n−m∑
u=0

n−m∑
i=0

ei[X]ea−r[1/M ]hb−s[1/M ](−1)n−r−s+u+i−1eu

[
X

1− t

]
tu+m−1

×
∑

γ`r+s−1

1

wγ
er
[
Bγ
]
en−m−u−i[XDγ/M ]eu+m+i−2

[
Dγ

]
+

a∑
r=0

b∑
s=0

n−m∑
u=0

n−m∑
i=0

ei[X]ea−r[1/M ]hb−s[1/M ](−1)n−r−s+u+ieu

[
X

1− t

]
tu+m−1

×
∑

γ`r+s−1

1

wγ
er−1[Bγ ]en−m−u−i[XDγ/M ]eu+m+i−1

[
Dγ

]
+ χ(m = 1)

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ]
∑

γ`r+s−1

1

wγ
(−1)n−r−ser

[
Bγ
]
en−1[XDγ/M ](22)

Notice now that (22) does not quite align with (9), but as it turns out it is only off by
something that is equal to 0. Consider equation (22) and break off the break off the s = 0
term and change the sum so that s→ s+ 1.

a∑
r=0

b∑
s=0

ea−r[1/M ]hb−s[1/M ]
∑

γ`r+s−1

(−1)n−r−s
er
[
Bγ
]

wγ
en−1[XDγ/M ](23)

=

a∑
r=0

b−1∑
s=0

ea−r[1/M ]hb−s−1[1/M ]
∑
γ`r+s

(−1)n−r−s−1 er
[
Bγ
]

wγ
en−1[XDγ/M ](24)

+
a∑
r=0

ea−r[1/M ]hb[1/M ]
∑
γ`r−1

(−1)n−r
er
[
Bγ
]

wγ
en−1[XDγ/M ](25)

= ∇h∗ae∗b−1e
∗
n−a−b(26)

This is because (25) is 0 because er[Bγ ] = 0 when γ ` r − 1. Therefore, what we have
shown (21)-(22) may be expressed by moving the χ(m = 1) terms on the left hand side of
the equation and shifting the sum of 0 ≤ i ≤ n −m and 0 ≤ u ≤ n −m by noticing that
u ≤ n−m− i and then it is possible to shift u→ u− i.
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C∗m∇h∗ae∗be∗n−a−b − χ(m = 1)(∇h∗ae∗be∗n−1−a−b +∇h∗ae∗b−1e
∗
n−a−b)

=
a∑
r=0

b∑
s=0

n−m∑
i=0

n−m∑
u=i

ei[X]ea−r[1/M ]hb−s[1/M ](−1)n−r−s+u−1eu−i

[
X

1− t

]
tu−i+m−1

×
∑

γ`r+s−1

1

wγ
er
[
Bγ
]
en−m−u[XDγ/M ]eu+m−2

[
Dγ

]
+

a∑
r=0

b∑
s=0

n−m∑
i=0

n−m∑
u=i

ei[X]ea−r[1/M ]hb−s[1/M ](−1)n−r−s+ueu−i

[
X

1− t

]
tu−i+m−1

×
∑

γ`r+s−1

1

wγ
er−1[Bγ ]en−m−u[XDγ/M ]eu+m−1

[
Dγ

]

The sums with 0 ≤ i ≤ n−m and i ≤ u ≤ n−m implies that 0 ≤ u ≤ n−m and 0 ≤ i ≤ u
and hence the part of the expression with

∑u
i=0 ei[X]eu−i[tX/(1− t)] = eu[X/(1− t)].

= tm−1
a∑
r=0

b∑
s=0

n−m∑
u=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+u−1eu

[
X

1− t

]
(27)

×
∑

γ`r+s−1

1

wγ
er
[
Bγ
]
en−m−u[XDγ/M ]eu+m−2

[
Dγ

]
(28)

+ tm−1
a∑
r=0

b∑
s=0

n−m∑
u=0

ea−r[1/M ]hb−s[1/M ](−1)n−r−s+ueu

[
X

1− t

]
(29)

×
∑

γ`r+s−1

1

wγ
er−1[Bγ ]en−m−u[XDγ/M ]eu+m−1

[
Dγ

]
(30)

Now in equation (27)-(28) the s = 0 term is 0 because er[Bγ ] = 0 for all γ ` r − 1 and
in (29)-(30) the r = 0 term is 0 since er−1 = 0. These are dropped from the sum and the
corresponding sum on r and s are shifted to align with the expression in Proposition 7.
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= tm−1
a∑
r=0

b−1∑
s=0

n−m∑
u=0

ea−r[1/M ]hb−s−1[1/M ](−1)n−r−s+ueu

[
X

1− t

]
×
∑
γ`r+s

1

wγ
er
[
Bγ
]
en−m−u[XDγ/M ]eu+m−2

[
Dγ

]
+ tm−1

a−1∑
r=0

b∑
s=0

n−m∑
u=0

ea−r−1[1/M ]hb−s[1/M ](−1)n−r−s+u+1eu

[
X

1− t

]
×
∑
γ`r+s

1

wγ
er[Bγ ]en−m−u[XDγ/M ]eu+m−1

[
Dγ

]
= B∗m−2∇h∗ae∗b−1e

∗
n−a−b−1 + B∗m−1∇h∗a−1e

∗
be
∗
n−a−b

�

3. The combinatorial recursion

In the remainder of the paper we will establish that the recurrence from Corollary 5
implies Theorem 1.

Remark 8. The colored paths that we use for our combinatorial interpretation are actually
just a different way of viewing parking functions. A parking function is a Dyck path
of length n along with a labeling of the vertical edges of the path with the numbers
{1, 2, . . . , n} such that the labels increase along the consecutive vertical edges from the
bottom of the path to the top.

The reading word of a parking function is a reading of the labels along the diagonals
starting with the diagonal farthest away from the main diagonal and moving towards the
x = y diagonal. The reading along each diagonal starts at the top of the diagram. For
instance in the example below the reading word of the parking function is 327415896.

Figure 4. A typical parking function with a reading word that is a shuffle
of 321, 456 and 789.

The paths we consider for our combinatorial interpretation are simply parking functions
whose reading word is a shuffle of the words (a(a − 1) · · · 21), ((a + 1)(a + 2) · · · (a + b))
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and ((a+ b+ 1)(a+ b+ 2) · · · (a+ b+ c)). To see the bijection we replace the edges with
labels between a+ 1 and a+ b by diagonal red edges and the labels between a+ b+ 1 and
a + b + c with diagonal blue edges and such that the slopes of those edges are equal to 2
iff a red edge is on top of a blue edge.

In our example above, the reading word is a shuffle of 321, 456 and 789 and by replacing
the edges labeled with 456 by red and those labled 789 by blue we obtain precisely the
colored path that appears in the introduction.

Proof. (of Theorem 1) For integers a, b, c and a composition α |= a+ b+ c we let Γ
(a,b,c)
α be

the set of paths with a black vertical steps, and b red diagonal steps and c blue diagonal
steps of the type in figure 1 and with touch composition equal to α.

Assume by induction that

〈∇Cβ[X; q], erhsht〉 =
∑

P∈Γ
(r,s,t)
β

qdinv(P )tarea(P )

is true for all compositions β |= r + s+ t < a+ b+ c.
We consider (m,α) |= a+ b+ c for two cases, m > 1 and m = 1.

Case 1: m > 1.
By Corollary 5 we have for m > 1,〈
∇C(m,α)[X; q], eahbhc

〉
= tm−1q`(α)

 ∑
β|=m−1

〈
∇C(α,β)[X; q], ea−1hbhc

〉
+

∑
β|=m−2

〈
∇C(α,β)[X; q], eahb−1hc−1

〉
=
∑
P ′

qdinv(P ′)+`(α)tarea(P ′)+m−1

where the sum is over all P ′ that are in the set

Γ′ :=
⋃

β|=m−1

Γ
(a−1,b,c)
(α,β) ∪

⋃
β|=m−2

Γ
(a,b−1,c−1)
(α,β) .

In this case there is a bijection between Γ′ and Γ
(a,b,c)
(m,α) . We describe the correspondence

starting with a P in Γ
(a,b,c)
(m,α) . In this case either the first step of P is a black step N or it

begins with a red/blue NNE step. We refer to the part of the path from (0, 0) to (m,m)
as the ‘first part’ and the part from (m,m) to (n, n) as the ‘second part.’

If P begins with a black step N then we let P ′ be the path formed by removing the first
vertical step and the last horizontal step from the first part and moving this remaining

piece to the end of the path. We remark that P ′ ∈
⋃
β|=m−1 Γ

(a−1,b,c)
(α,β) and it is easy to see

that area(P ) = area(P ′) + m − 1. The first step in P will contribute one for each time
that the second part of the path touches the diagonal. If pairs that are not in the first
row contribute towards the dinv(P ), then they are either both in the first part, or both
in the second part then they are pairs that also contribute to dinv(P ′). If one is in the
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first part and the other is in the second part then those pairs which contribute to dinv1(P )
then contribute to dinv2(P ′), and those that contribute to dinv2(P ) then contribute to
dinv1(P ′). In summary, we have that dinv(P ) = dinv(P ′) + `(α).

Figure 5. A transformation from P to P ′ when the first step is vertical. In
this case dinv(P ) = |{(1, 7), (2, 8), (3, 6), (3, 8), (3, 9), (4, 10), (6, 8), (6, 9)} ∪
{(2, 7), (3, 7), (4, 6), (6, 7)}| = 12, area(P ) =
12 and dinv(P ′) = |{(1, 5), (1, 6), (1, 9), (6, 9)} ∪
{(2, 5), (2, 6), (2, 9), (3, 6), (3, 9), (4, 7), (7, 9)}| = 11, area(P ′) = 7.

If P begins with a red/blue NNE step, then set P ′ as the path where the NNE step
as well as the last horizontal step before the path touches the diagonal are deleted and
the remainder is placed at the end of the second part of the path. In this case P ′ ∈⋃
β|=m−2 Γ

(a,b−1,c−1)
(α,β) since we have deleted both a blue and a red step and the first part of

the path now may touch anywhere. The same reasoning in the previous case shows that
area(P ) = area(P ′) +m− 1 and dinv(P ) = dinv(P ′) + `(α).

Figure 6. A transformation from P to P ′ when the first
step is a NNE red/blue step. In in this case, dinv(P ) =
|{(3, 6), (3, 8), (3, 9), (4, 10), (6, 8), (6, 9)} ∪ {(2, 7), (3, 7), (4, 6), (6, 7)}| =
10, area(P ) = 12 and dinv(P ′) = |{(1, 5), (1, 8), (5, 8)} ∪
{(2, 5), (2, 8), (3, 5), (3, 8), (4, 6), (6, 8)}| = 9, area(P ′) = 7.
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The procedure taking P to P ′ that we have described is a bijection from Γ
(a,b,c)
(m,α) to Γ′

and hence we conclude∑
P ′∈Γ′

qdinv(P ′)+`(α)tarea(P ′)+m−1 =
∑

P∈Γ
(a,b,c)
(m,α)

qdinv(P )tarea(P ) .

Case 1: m = 1.
By Corollary 5 we have an expression for

〈
C(1,α), eahbhc

〉
.〈

∇C(1,α)[X; q], eahbhc
〉

= q`(α) 〈∇Cα[X; q], ea−1hbhc〉+ 〈∇Cα[X; q], ea(hb−1hc + hbhc−1)〉

+ (q − 1)
∑
i:αi=1

qi−1 〈∇Cα̂(i) [X; q], eahb−1hc−1〉

=
∑

P ′∈Γ
(a−1,b,c)
α

qdinv(P ′)+`(α)tarea(P ′) +
∑

P ′∈Γ
(a,b,c−1)
α

qdinv(P ′)tarea(P ′)(31)

+
∑

P ′∈Γ
(a,b−1,c)
α

qdinv(P ′)tarea(P ′) + (q − 1)
∑
i:αi=1

∑
P ′∈Γ

(a,b−1,c−1)

α̂(i)

qdinv(P ′)+i−1tarea(P ′) .(32)

Now consider a path in Γ
(a,b,c)
(1,α) that must begin with either a black vertical followed by

a horizontal, a red diagonal or a blue diagonal. Let P ′ be the path formed by deleting the
first step from P . If P begins with a black vertical step, then dinv(P ) = dinv(P ′) + `(α).
If P begins with a red step then dinv(P ) = dinv(P ′)+ the number of blue steps on the
diagonal of P (which may only occur in positions where αi = 1). If P begins with a blue
step then dinv(P ) = dinv(P ′).

Say that there are r blue steps in the diagonal of P ′ in positions i1, i2, . . . , ir and let
P i1 , P i2 , . . . , P ir be the paths with the blue step at position id deleted from P ′. The
blue step contributes to the dinv in P ′ for each step in the diagonal which is not blue so
dinv(P id) = dinv(P ′)− (id − d). We note that

qdinv(P ′) + (q − 1)qdinv(P i1 )+i1−1 + (q − 1)qdinv(P i2 )+i2−1 + · · ·+ (q − 1)qdinv(P ir )+ir−1

= qdinv(P ′) + (q − 1)qdinv(P ′) + (q − 1)qdinv(P ′)+1 + · · ·+ (q − 1)qdinv(P ′)+r−1

= qdinv(P ′)+r = qdinv(P )

We can conclude the two sums which appear in (32) reduces to∑
P ′∈Γ

(a,b−1,c)
α

qdinv(P ′)+r(P ′)tarea(P ′)

where r(P ′) is the number of blue steps which occur in the diagonal of P ′. Therefore
(31)-(32) sum up to ∑

P∈Γ
(a,b,c)
(1,α)

qdinv(P )tarea(P )
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By induction it therefore follows that

〈∇(Cα[X; q]), eahbhc〉 =
∑

P∈Γ
(a,b,c)
α

qdinv(P )tarea(P )

for all a+ b+ c ≥ 0. �

References

[1] F. Bergeron and A. M. Garsia, Science fiction and Macdonalds polynomials, Algebraic methods and
q-special functions (Montreal, QC, 1996), CRM Proc. Lecture Notes, vol. 22, Amer. Math. Soc., Provi-
dence, RI, 1999, pp. 1-52.

[2] F. Bergeron, A. M. Garsia, M. Haiman, and G. Tesler, Identities and positivity conjectures for some
remarkable operators in the theory of symmetric functions, Methods in Appl. Anal. 6 (1999), 363-420.

[3] A. M. Garsia and J. Haglund, A proof of the q, t-Catalan positivity conjecture, Discrete Math. 256 (2002),
677-717.

[4] A.M. Garsia and M. Haiman, A remarkable q, t-Catalan sequence and q-Lagrange inversion, J. Algebraic
Combin. 5 (1996), no. 3, 191-244.

[5] A. M. Garsia and M. Haiman, A random q, t-hook walk and a sum of Pieri coefficients, J. of Comb.
Theory Ser. A, 82 (1998), no. 1, 74-111.

[6] A. Garsia, M. Haiman and G. Tesler, Explicit Plethystic Formulas for the Macdonald q, t-Kostka Coef-
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