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non-commutative symmetric

functions

qtq and -analogs of



   

The Symmetric Functions

Λ = Q[h1, h2, h3, . . . ]

deg(hk) = k

The Schur Functions

sλ = det|hλi+i−j |

Example:
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2 + h4 h1

The space of symmetric functions is generated algebraically
by the simple homogeneous and power symmetric functions.



   

ek := ek−1h1 − ek−2h2 + · · ·+ (−1)khk

eλ := eλ1eλ2 · · · eλ�(λ)

sλ = det|hλi+i−j |

{sλ}λ�n {hλ}λ�n {eλ}λ�n
bases for the symmetric functions of degree n

ω(hλ) = eλ ω(sλ) = sλ′

sλ/µ = det|hλi−µj+i−j |

More symmetric functions

more generally



 

λ = (4, 3, 3, 3, 1, 1)

λ
′

=
(6
,4
,4
,1
)



 

QSym
Quasi-symmetric

functions

NSym
Non-commutative
symmetric functions

Sym
Λ Symmetric

functions

SSym
Malvenuto-Reutenauer

Hopf algebra

partitions

compositions

461253
permutations

(3, 1, 2, 1, 4)

(4, 2, 2, 1, 1)



     

= Q

deg( k) = k

The NCSchur Functions

Example:

h1, h2, h3, . . .
h

s221 = h221 − h23 − h41 + h5

sα =
∑

β≥α
(−1)�(α)−�(β)hβ

hihj �= hjhi

〈 〉NSym

The space of non-commutative symmetric functions
is the free algebra with one generator in each degree

= h − h − h + h

Non-commutative
symmetric functions



 

α = (1, 3, 1, 1, 2, 1, 2)
D(α) = {1, 4, 5, 6, 8, 9}
←−α=(2,1,2,1,1,3,1)
D(←−α)={2,3,5,6,7,10}

α
′
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(1
,3
,4
,1
,2
)

D
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,8
,9
}

α
c
=
(2,1,4
,3
,1)

D
(α
c )
=
{2
,3,7,10}



    

More non-commutative
symmetric functions

ek = ek−1h1 − ek−2h2 + · · ·+ (−1)khk

=
∑

α|=k(−1)k+�(α)hα

eα = eα1eα2 · · ·eα�(α)

sα =
∑

β≥α(−1)�(α)−�(β)hβ

ω′(sα) = sα′ ωc(sα) = sαc ←−ω (sα) = s←−α

{sα}α n {hα}α n {eα}α n|= |= |=

are bases for NCSF of degree n

ω′(hα) = e ωc(hα) = eα ←−ω (hα) = h←−α

ω′(eα) = h ωc(eα) = hα ←−ω (eα) = e←−α

←−α

←−α



    

For the map χ : NSym→Λ by
χ(hα) = hα1 · · ·hα�(α)

χ(s(1a,b)) = s(b,1a)

χ(eα) = eα1 · · · eα�(α)

in general

χ(sα) = αs as a skew Schur function

α=(4,2,3)

χ(sα) = s
(7,5,4)/(4,3)

Example:

sλ/µ = det|hλi−µj+i−j |



    

Hall-Littlewood symmetric functions

Sm(sλ) = s(m,λ)

Sλ1Sλ2 · · ·Sλ�(λ)1 = sλ

For V ∈ Hom(Λ,Λ)
V = µ ◦ id⊗ (V ◦ S) ◦∆
Rq(f) = qdeg(f)f
for f ∈ Λ of homogeneous degree
Ṽ q = V Rq

Hm = S̃m
q

Hq
λ = Hλ1Hλ2 · · ·Hλ�(λ)1

Theorem (Jing)
Hq =

∑
Kλµ(q)sλλµ



    

Non-commutative
Hall-Littlewood symmetric functions

Sm(sα) = s(α,m)

α�(α) α�(α)−1 · · · 1 = sα

For V ∈ Hom(NCΛ, NCΛ)
V = µ ◦ id⊗ (V ◦ S) ◦∆
Rq(f) = qdeg(f)f
for f ∈ NCΛ of homogeneous degree
Ṽ q = V Rq

m = ˜
m

q

Hqα := α�(α) α�(α)−1 · · ·H 1

S
SS SS SSα1

SS

Hα1
HHHH

HH

Hq
= + q

2

Example



     

Theorem (Z-Bergeron)
Hqα =

∑

β≥α q
c(α,βc)

β

χ(Hq(1a,b)) = Hq
(b,1a)

s

c(α, β) =
∑

i∈D(α)∩D(β)

i

Hq(113)= + q + q2 + q3

χ(Hq
(113)

) = Hq
(311) = + q + (q + q2) + q3

moreover

where

Hqα

∣
∣
∣
q=0

= sα Hqα

∣
∣
∣
q=1

= hα



     

Ht
1m(Ht

λ) = Ht
λ+1m

+ =

Define

Hqt
1m = ˜Ht

1m
q

Hqt
µ = Hqt

1µ1
Hqt

1µ2
· · ·Hqt

1
µ�(µ)

1

=
∑

λ

Kλµ (q, t)sλ

set

Macdonald symmetric functions

Hqt
µHt

µ

hµ

sµ

ωHq
µ′

eµ′

sµ

q=1

q=0

q=0 t=0

t=1

t=0

′

′

ωHqt
µ = qn(µ′)tn(µ)H

1
q

1
t

µ ωHtq
µ = Hqt

µ′

Hqt = + + qt (qt+ 1)

Example



    

Hqtα =
∑

β

qc(α
′,
←−
β )tc(α,β

c)sβ

A non-commutative Macdonald
symmetric function

Hqtα ω′Hqα′Htα

hα eαc

sα sα

ω′Hqtα =Htqα′ωcHqtα = qn(α′)tn(α)H
1
q

1
t

α

χ(Hqtα ) = Hqt
(b1a)

if α = (1ab)

q = 0

t = 0

t = 1

q = 0

q = 1

t = 0

Hqt = + + + qt qt

Example


