Nantel Bergeron
Mike Zabrocki

York University

q and gt-analogs of
non-commutative symmetric

functions



The Symmetric Functions

The space of symmetric functions is generated algebraically
by the simple homogeneous and power symmetric functions.

The Schur Functions

Example:
ha hs hy
S@21)=| M he hs | =hs’hy — hohg — h3hi® + ha by
0 1 h~




More symmetric functions

e = ex_1h1 — ep_2ha + -+ + (=1)Fhy

more generally

S\/u = d6t|h)\i_ﬂj_|_z‘_j|

{8xfaFn {hafakn {exfarn
bases for the symmetric functions of degree n

w(hy) = ey w(sy) = S
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Non-commutative
symmetric functions

The space of non-commutative symmetric functions
is the free algebra with one generator in each degree

The NCSchur Functions

Example:

S921 = hoo1 — hoz — hyy + hj
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a=(1,31,1,2,1,2)
D(a) = {1,4,5,6,8,9}




More non-commutative
symmetric functions

er =€er_1h; —ep_ohy +--- + (=1)*hy
= >k ()N,

€y, = €4,€4, "€

XL (o)

So = X g (1)@ ~4®hy

{Sa}ahn {ha}ahn {ea}abn

are bases for NCSF of degree n

Sar WY (Sq)=Sac W S
W'(hy)=e- why)=e, wW(hy) =hg
h. w e

w(eq) = hg



in general

SN/p = det|h’>\i_ﬂj+’i_j



Hall-Littlewood symmetric functions

Sm(SA) — S(m,)\)
S)\ls>\2 s S>\e(>\)1 — S\

For V€ Hom(A, A)
V=poid®(VoS)oA
RI(f) = g9 f

for f € A of homogeneous degree
Ve—V Re

H,, = é:/nq
Hi =H, Hy, - H>\£(>\) 1

Theorem (Jing)
Hl =3 Kxu(q)sx



Srn(sa) — S(a,m)
Sae(oosle(a)—l "'Slll = Sa

For V.€ Hom(NCA, NCA)
V=poid®(VoS)oA

Ri(f) = ¢t f

for f € NCA of homogeneous degree
V4=V Rd




Theorem (Z-Bergeron)
H, = ZﬁZQ gl )Sﬁ

where

cla, ) = Z (

i€D(a)ND(B)

moreover

X(I_Ela,b)) — H(qb,la)

¢ _ - | ]
H(113) [1+¢ [+ AL T T+ LT T T 1]
X(H%B)) = H(qsn) = | l+¢q |+ (g + ¢°) [T 1+ LI T T 1]
H! = Sq HY = h,



Define HS.(HY) =H' .

Exam]gt)le
HY = ¢+ (gt +1) ﬁqﬁ







