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The Symmetric Functions

A= @[plap27p37 S0 C
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deg(hy) =k

The space of symmetric functions is generated algebraically
by the simple homogeneous and power symmetric functions.

The Schur Functions

Example:

ho hs hy
hi ho hs
0 1 A~

$(2,2,1) = = ha°h1 — hahs — hah1® + ha




Bernstein Schur row adding operator

Sm(S,UI) — S(m,/,l,)
Jing’s Hall-Littlewood row adding operator

_ 74
H,(Hy) = H )

Hopft g-ification of linear operators
A coproduct Alpe) =pr @1+ 1Q pg
1 multiplication u(f®g)=fg
S antipode S(pr) = —ps

RI(f) = g9l f
Define for V'€ Hom(A, A)

Vi=poid® (VS)o A




Hall-Littlewood symmetric functions
Kostka-Foulkes coefficients

K)\M(O) —1if \= v and
0 otherwise

Kku(l) — hu

S

Example:
Hiy oo =%6+¢" (a+ 1) 551+ 0% (® +q+1) saz

+q°s41,1 + G833+ q(q+1)s321 + 5222



Young diagram of a partition with entries
that increase weakly in the rows and strictly

in the columns

Example:

L[1]1]1

A(T) = the shape of a tableau T
p(T) = the content of a tableau T




Poset structure of the column strict
tableaux of content (3,2,1)
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H(q3,2,1) =q*se +¢° (g +1) S50+ q(q+1)s49
+ qS4,1,1 + 9833 + 5321



Covering relation - cyclage

1. Pick a corner
2. column evacuate
3. row 1nsert
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If 1 > v, then there is an injection from
CSTH to C'ST" which preserves the statistic

This implies

q”(“)Hg _ qn(y)HZ

is Schur positive

where n(p) = Zz(z — 1) p;




Schur’s Q-functions

F:Q[plap37p57“'] C A
0. N—T

O(pr) = (1 — (=1)*)py

Basis indexed by strict partitions
(7,5,4,2,1)




Pieri rule for the product q,,Qx

4@ = Z e U O e

A wEH m

a(A/p) = 1+ the number of 1 < j < /()
such that A; > p; and p;—1 > A

=92 _l.+21 1




g — Schur’s (-functions

q44342

q4 = [T
= Q4

q3q4:ﬁ1 22[2 +QTH_Il 2[2] +21+2 [ FEE

=2Q7+2Q61+2Q52+ Qa3

_[3]3]
B 21212 2122
4293q4 = 2§§+21??§ +21111I+21111
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+4 [2]2 +4 [2]2 +4 22m

1[1]1]1 1]1]1]1]2*[3% 1]1]1]1]2*
48 |2]2 41212 +2 |2

1[1]1]1]or L[ 2*38] [1]1]1]1]2*]2
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2 4 4 :
* 11112*22+11112*22.+1111222-

=4Q9+8Qs1+14Q72+14Q63 +6Q621 +6Q54+6Q531+ Qa32




Shifted Young diagram with entries weakly
increasing in the rows and columns in the alphabet

'<1<2<2<3 <3<---

with the configurations b and |k'|k’| excluded

k

and diagonal entries are not marked (MST')

Example:

1(1]1]1

A(T) = the shape of a tableau T
p(T) = the content of a tableau T




Jing
Qm: H(Hr,qn:_l)
Qm(QA) — Q(m,)\) for m > M\

q
Gu
q=0 qg=1
A <
% qu

Example :
Glyisny =40°Qs+(2¢° +4¢") Qra+(4¢® + 46%) Qo2

+(4¢° +2q) Q53+29Q52,1+Q43.1



Some Results

Theorem (Tudose & Zabrocki)

t:ar>n

s—1 _as—n a(\/a®)
La,(n,u)( ): Z (_1) lq Z 2 (*/ )L)\/J(Q)

s=1 XA/ eH (o, —n)

where n > pq and o® is a with part a, removed.




Conjectures

Conjecture

Gl = Z ¢ Qr)

TeMSTH

In particular,
Ly, (q) is a polynomial in ¢ with
non-negative integer coefficients

Conjecture
If © > X\ are strict partitions then

QE(M)qn(M)G‘i _ QK(A)qn(A)GZ

is (Q-Schur positive



