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Examples:

Hall-Littlewood
symmetric functions

Hq
µ =

∑
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λKλµ(q)s
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homogeneous
functions

sµ
Schur

functions

Macdonald
symmetric functions

Hqt
µ =

∑
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q = 0
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q = 0
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Why look at q-SF’s like this?

1. Derive algebraic relations and recurrences

2. Create general means for defining q-analog

Identify other natural q-analog families.

3. Identify when this is occuring.

Can we classify q-analog ‘types?’

4. Derive properties on abstract level.

When will coefficients be positive?



   

Examples:

q = 0

q = 1

q = 0
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q-Analogs in graded Hopf Algebras

generating function
for coefficients
with a parameter q

product within
Hopf algebra

expression that
is generally not a
product

n∑
k=0

[n
k

]
q
xk

(1 + x)n

1 + x+ · · ·+ xn



 

Hopf Algebra Notation/Definitions

Algebra
A - module over a ring R
µ - multiplication µ : A⊗A→ A
η - unit η : R→ A

satisfying:
µ ◦ (id⊗ µ) = µ ◦ (µ⊗ id) associativity
µ ◦ (η ⊗ id) = id = µ ◦ (id⊗ η)

Let τ : A⊗A→ A⊗A by τ(f ⊗ g) = g ⊗ f
A is commutative if µ ◦ τ = µ.

Co-algebra
C - module over a ring R
∆ - co-multiplication ∆ : C → C ⊗ C
ε - co-unit ε : C → R

satisfying:
(∆⊗ id) ◦∆ = (id⊗∆) ◦∆ associativity

(ε⊗ id) ◦∆ = id = (id⊗ ε) ◦∆

C is co-commutative if τ ◦∆ = ∆



 

Hopf Algebra
A bi-algebra is an algebra and a co-algebra at the
same time such that ∆ is a homomorphism with
respect to µ.

H is a Hopf algebra if it is a bi-algebra with a
S - antipode S : H → H

satisfying
µ ◦ id⊗ S ◦∆ = µ ◦ S ⊗ id ◦∆ = η ◦ ε

If H is commutative or co-commutative
then S is an involution.

product

unit

co-product

co-unit

antipode

µ : H ⊗H → H

η : R −→ H

∆ : H −→ H ⊗H

ε : H −→ R

S : H −→ H



 

Convolution

The

U, V ∈ Hom(H,H)

U ∗ V = µ ◦ U ⊗ V ◦∆

this operation is associative and satisfies
V ∗ (ηε) = (ηε) ∗ V = V

Bar operation
V ∈ Hom(H,H)

V = id ∗ (V S)

if H is co-commutative then
V = V

H is graded, then there exists an operator Rq ∈ Hom(H,H)
For f ∈ H and f of degree d Rq(f) = qdf Let F q = Rq

Ṽ q = V Rq = V F q

q

q

-Analog

-Analog for a graded Hopf algebra



  

Example 1:

Hopf algebra: polynomials ring in x Q[x]

product: µ(xi ⊗ xj) = xi+j

co-product: ∆(xn) =
n∑
k=0

(
n
k

)
xn−k ⊗ xk

antipode: S(xn) = (−1)nxn

Linear operators
B(1) = 1 + x
B(xn) = xn+1 for n > 0

B(B(· · ·B(1) · · · ))
= 1 + x+ · · ·+ xn

q = 0

B(1)B(1) · · ·B(1) = (1 + x)n

=
n∑
k=0

(
n
k

)
xk

q = 1

B̃q(B̃q(· · · B̃q(1) · · · )) =
n∑
k=0

[
n
k

]
q

xk

Binomial coefficients

grading: Rq(xn) = qnxn



   

Linear operators
B (1)= 1 +
B (xn)= xn for n > 0

q = 0 q = 1

Example 2: Partitions with distinct parts

xkk

k

B̃q
k

k

(· · · B̃q
2(B̃

q
1(1)) · · · )

=
∑
m≥0

∑
λ

λ

∑
m≥0

∑
λ

qn(λ)xm

B1(1)B2(1) · · ·Bk(1)

=
k∏
i=1

(1 xi) = xm
Bk(· · ·B2(B1(1)) · · · )

= 1 + x+ · · ·+ +xk

n(λ) =
∑

i≥1 λi(i− 1)

Hopf algebra: polynomials ring in x Q[x]

product: µ(xi ⊗ xj) = xi+j

co-product: ∆(xn) =
n∑
k=0

(
n
k

)
xn−k ⊗ xk

antipode: S(xn) = (−1)nxn

grading: Rq(xn) = qnxn

m

≤

the sum is
over all 
partitions
of      with 
distinct parts 
of size         .



   

Hopf algebra: polynomials ring in x Q[x]

product:

co-product:

antipode: S(xn) = (−1)nxn

Linear operators
B(1) = 1 + x
B(xn) = xn+1 for n > 0

B(B(· · ·B(1) · · · ))
= 1 + x+ · · ·+ xn

q = 0 q = 1

grading: Rq(xn) = qnxn

µ(xi ⊗ xj) =
(
i+ j

j

)
xi+j

∆(xn) =
n∑
i=0

xn−i ⊗ xi

B(1) •B(1) • · · · •B(1) =∑n
i=0

n(n− 1) · · · (n− i+ 1)xi

B̃q(B̃q(· · · B̃q(1) · · ·)) =∑
n

i=0[n]q[n− 1]q · · · [n− i+ 1]qxi

Example 3: Falling factorial



   

Hopf algebra: Q

product:

co-product:

antipode:

Linear operators

q = 0 q = 1

grading:

Example 4: q-Koskta coefficients

Symmetric functions [p1, p2, p3, ...]

µ(f ⊗ g) = fg µ(sλ ⊗ sµ) =
∑
ν c

ν
λµsν

∆(pk) = pk ⊗ 1 + 1⊗ pk
∆(sν) =

∑
λ,µ c

ν
λµsλ ⊗ sµ

S(pk) = (−1)kpk S(sλ) = (−1)|λ|sλ′

Rq(pk) = qkpk Rq(sλ) = q|λ|sλ

Bm(sλ) = s(m,λ)

Bµ1(Bµ2(· · ·Bµk(1) · · ·)) = sµ

B̃qµ1
(B̃qµ2

(· · · B̃qµk(1) · · ·)) =
∑
λ
Kλµ(q)sλ

Bµ1(1)Bµ2(1) · · ·Bµk(1) =

hµ1hµ2 · · ·hµk =
∑
λKλµsλ

Theorem: Jing



   

Application: Generalized Kostka polynomials
(q-Littlewood-Richardson coefficients)

Instead we take as our linear operators
Bµ = Bµ1Bµ2 · · ·Bµk
Bµ(sλ) = s(µ·λ)

then for a sequence of partitions
µ(1), µ(2), . . . , µ(k)

the q-analog is a family of symmetric
functions whose coefficients at q = 1 are
the Littlewood-Richardson coefficients

B̃q
µ(1)(B̃

q
µ(2)(· · · B̃qµ(k)(1) · · ·)) =

∑
λ

K ;(µ(1),µ(2),...,µ(k))λ
(q)sλ

q = 1

Shimozono-Weyman

q = 0

Bµ(1)(Bµ(2)(· · ·Bµ(k)(1) · · ·))
= s(µ(1)·µ(2)···µ(k))

Bµ(1)(1)Bµ(2)(1) · · ·Bµ(k)(1)
= sµ(1)sµ(1) · · · sµ(1)

Theorem: Shimozono-Z



   

Hopf algebra: Q

product:

co-product:

antipode:

Linear operators

q = 0 q = 1

grading:

Symmetric functions [p1, p2, p3, ...]

µ(f ⊗ g) = fg µ(sλ ⊗ sµ) =
∑
ν c

ν
λµsν

∆(pk) = pk ⊗ 1 + 1⊗ pk
∆(sν) =

∑
λ,µ c

ν
λµsλ ⊗ sµ

S(pk) = (−1)kpk S(sλ) = (−1)|λ|sλ′

Rq(pk) = qkpk Rq(sλ) = q|λ|sλ

Add a column to Hall-Littlewood SFs
Btm(Ht

µ) = Ht
µ+1m

B̃tµ1

q
(B̃tµ2

q
(· · · B̃tµk

q
(1) · · ·)) =

∑
λ

Kλµ′(q, t)sλ

Theorem: Noumi-Kirillov

Btµ1
(Btµ2

(· · ·Btµk(1) · · ·)) =
∑
λ

Kλµ′(t)sλ

Btµ1
(1)Btµ2

(1) · · ·Btµk(1) =

hµ

[
X

1− t

]
(t; t)µ

Example 5: q,t-Kostka polynomials



 

Applications to q, t-Kostka polynomials

1. Polynomiality of coefficients

Macdonald’s definition only immediately implied that
coefficients were rational functions in q and t

t-Kostka are polynomials =⇒ q, t-Kostka are polynomials

2. Recurrences

Recursively calculate coefficients from smaller partitions

Action of Btm on the Schur functions known
‘‘ribbon rule”for t-Kostka

Derive generalized ribbon rule for q, t-Kostka

Theorem: a ‘‘Macdonald-Morris”recurrence

positivity?



   

Non-commutative symmetric functions

〈
h

1
,h

2
,h

3
, ...

〉
Q

linear basis h
α

:= h
α1

h
α2
· · ·h

αk

where α

α

is a composition with non-zero parts

Example
(4, 4,1, 5,2 7, 3)

D(α) = descent set of α

=

=

(4, 3, 3)=

{

{

α1, α1 + α2, . . . , α1 + α2 + · · ·α�(α)−1}

}

α ≥ β

α ≥ββ β

if D(α) ⊆ D(β)

Analog of Schur functions

s
α

=
∑

(−1)�(α)+�(β)h
β

D(α)

D( )

=

4,7{ }=

β≥α



   

Hopf algebra:
product:

co-product:

antipode:

Linear operators

q = 0 q = 1

grading:

Theorem: Bergeron-Z

µ(f ⊗ g) = fg

∆(h
k
) =

k∑
i=0

h
i
⊗ h

k−i

S(h
k
) =

∑
α|=k

(−1)�(α)h
α

Rq(h
k
) = qkh

k

Example 6: NC-Hall-Littlewood functions

Bm(s
α
) = s

(α,m)

B̃qαk(· · · B̃
q
α2

(B̃qα1
(1)) · · ·) =

∑
β≥α

qc(α,β)s
β

c(α, β) =
∑

i∈D(α)∩D(β)

i

Bα1(1)Bα2(1) · · ·Bαk(1)

= h
α

=
∑
β≥α

s
β

Bαk(· · ·Bα2(Bα1(1)) · · ·) = s
α

NC-symmetric functions
〈
h

1
,h

2
,h

3
, ...

〉
Q


