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NCSym = Hopf algebra of set partitions

Al [n] set partition of n|={1,2,...,n}

A={A, Ay, ... Ay}
A; nonempty subset of [n]
Ai WA W - WA, =[n

e {{1,3.4}.{2.8}.{5,6}.{T}} - [8
NCSym = @E{mA : A+ |nl}

n >0

~

\_ J
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Comparison Sym to NCSym

Sym' NCSym'

S, -invariants of S, -invariants of
S(V*) = QX,] T(V®) =~ Q(Xp)

algebra of partitions algebra of set partitions

‘ {{1,4,9},{2,3,7,8},{5,6}}

Linear span of sum of &,, orbits of monomials

&1 ,.,02 8 : © e e :
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Comparison Sym to NCSym

Sym' has graded dimensions given by

1
i

1=1

NCSym' has graded dimensions given by




Harmonics of S,

(o = {P(Xa) € QIX,] : f(9,)P(X,) = 0,Vf(X,) € Sym™})

the space of polynomials which are killed by all
symmetric differential operators

f(0,,) means replace variables in
polynomial by differential operators

f(Ozy5 02,5, 0s,)
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Properties of the harmonics of S,

[dimq H, = [n]q!J
Vandermonde determinant
An — H(ZEZ — Z‘j) c H,

i<j

H, = L{O% -0 A, )}

[ Hn® Sym™ ~Q[X,] |

Frob(char Hy) = hy % 1—q)(1—¢*)---(1—q")
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Coinvariants of S,

e

QIXq]/ (f(Xy) € Sym™ - f(0) = 0)

|

Define a scalar product on Q[ X,,

r1=xr9=---=x,,=0

with respect to this scalar product
n 1 n
Hn = <(Sym )+> = @[Xn]/<(5ym )+>
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Non-commutative setting

Choices!

What is meant by non-commutative derivative”

|_eft ideal or two-sided ideal”?




A non-commutative derivative

4 )

LigLijg =" Liy if r = il
A, Ty Tiy * * Ty, =

; 0 lfT#Zl
J

\_

<$7°aj’i1xi2 Crr gy L LGyt ajjk> — <33,,;1£E?;2 "o xiwdxrlewh T ajjk>

where 1

7=
<.277;1.CEZ'2 Crr gy LgyLgy 'xjk> —

0 otherwise

Note in the commutative setting :

<xix?1$32 " ,wgn,xflx% . x§n> - <CE(1X1$S£2 ' ”xoovfnvawixllx? T




Another non-commutative derivative

it

then X (a:cr




Two types of non-commutative harmonics

MHar, ={P(X,) € Q(X,) : f(0x,)P(X,) =0,Vf(X,) e N CSym"}\

NCHar, = {P(X,) € Q(X,) : f(dx,)P(X,) =0,Yf(X,) € NCSym"}

the space of non-commutative polynomials which are
Killed by all symmetric differential operators




Non-commutative coinvariants

Because of the duality between product
and differentiation

<x'rx’i1$i2 B SRR S i PR xjk> — <x’i1$i2 "o aj’iwdfrwjlxh S ajjk:>

we have that
NCHar, ={P(X,) € Q(X,): f(dx, )P(X,) =0,Vf(X,) € NCSym"}

[NCHCLTTLSQ n) /[ {((NCSym™)™) j

where ((NCSym™)™) is the left ideal generated by
elements of NCSym with no constant term




More non-commutative coinvariants

But what about
MHar, ={P(X,) € Q(X,): f(Ox,)P(X,) =0,Vf(X,) € NCSym"}

shuffle UJ is a commutative product on Q (X, )

<8$rxi1$i2 Crr gy Lg LGy xjk—1> — <$i1$i2 S xiwm’”wlexjé S xjk:—1>




Properties of non-commutative harmonics

as &,, modules NC-Chevalley like theorem

i MHar, ® Sym™ ~ Q (X,,) \

NCHar, @ NCSym" ~ Q (X,,)

J

Proof idea:
Exhibit explicit isomorphisms of LHS into Q (X, )

Sym” is realized by using the shuffle product




Conseqguences of these isomorphisms
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1
(¢ 9)n

Frob(MHar,) = Frob(Q (X,))




Conseqguences of these isomorphisms

Frob(MHary) = (q;q)nFrob(Q (Xp))




Properties of non-commutative harmonics

4 . 1\

dimg M Har, = Z 7" nq)
— (G

\_

() =01-q)1—¢*)---(1—q")

-

dimg, NCHar, = (

{g:qtn = (1 —q)(




Non-commutative polynomials

Q (X,,) = universal enveloping algebra
of free Lie algebra L,,

free Lie algebra L,= X, & [Ln, L,)]

A! = universal enveloping algebra
of [£n7 Ln]

\

by PBW theorem [Q (X,) =~ A @ Q[X,]

J

can also show that this holds as Gl,,(C) moc



Some interesting isomorphisms

Q (X)) ~ A, ® Q[X,]




Some interesting isomorphisms

Q(X,) ~ A, ® QX,,]
by Chevalley’s theorem
Q(X,) ~A @H,® Sym"




Some interesting isomorphisms

Q(X,) ~ A, ® QX,,]
by Chevalley’s theorem
Q(X,) ~A @H,® Sym"

but remember we showed already that
Q(X,) ~ MHar, ® Sym"




Some interesting isomorphisms

Q(X,) ~ A, ® QX,,]
by Chevalley’s theorem
Q(X,) ~A @H,® Sym"

but remember we showed already that
Q(X,) ~ MHar, ® Sym"

A @ H, ® Sym"™ ~ MHar, ® Sym"




Some interesting isomorphisms

Q(X,) ~ A, ® QX,,]
by Chevalley’s theorem
Q(X,) ~A @H,® Sym"

but remember we showed already that
Q(X,) ~ MHar, ® Sym"

Ar, ® My © Sy ~ M Hary,  Sy”




Some interesting isomorphisms

Q(X,) ~ A, ® QX,,]
by Chevalley’s theorem
Q(X,) ~A @H,® Sym"

but remember we showed already that
Q(X,) ~ MHar, ® Sym"




Some open problems




Some open problems

eDetermine the coinvariants with respect the
two sided ideal  ((NCSym™)™)
s it even finite?




Some open problems

eDetermine the coinvariants with respect the
two sided ideal  ((NCSym™)™)
s it even finite?

* [he analogous quotient of quaS| symmetric

functions  Q[X,]/ ((QSym™)™)
has Catalan dlmensmn What happens in the

non-commutative case? Q(X,,) / (NCQSym™)™)




Some open problems

eDetermine the coinvariants with respect the
two sided ideal  ((NCSym™)™)
s it even finite?

* [he analogous quotient of quaS| symmetric

functions  Q[X,]/ ((QSym™)™)
has Catalan dlmensmn What happens in the

non-commutative case? Q(X,,) / (NCQSym™)™)

e(General theory with other finite subgroups of
Gl (C)




