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Outline

e NSym, Sym, QSym Combinatorial Hopf Algebras.

e Immaculate Basis Created from emptyness.

e Nice properties and posets is this basis interesting?

e Hall-Littlewood if time.
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Sym: Symmetric functions

Basis: e, (Elementary); m, (monomials); p) (Power sums);

1
hyx = hy, ---hy, (Homogeneous) Z hpth = H

. 1 — .I‘z't
k>0 i>1
Sy = det(h%ﬂ_i) (SChU_I‘)
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hy S}\f,m c > QSym

Sym: Symmetric functions = Z[h, ho, . . .|

NSym: noncommutative symmetric functions = Z{Hy, Ho, .. .)
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Sym, NSym, QSym

?

SA Sif/m c > QSym

Sym: Symmetric functions = Ko (5 S,,): Irreducible <» Schur
NSym: noncommutative symmetric functions = Z(Hy, Ho, . . .)
a quest for Schur function in NSym

NSym = Ko (P Hx(0))

|Grothendick group of representation of Hecke algebra at q=0|

Irreducible < noncommutative Ribon
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SA(a) Sfm c

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z(Hy, Ho, .. .)
a quest for Schur function in NSym

Schur noncommutative symmetric functions

|[Haglund-Luoto-Mason-van Willigenburg|
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Sa Sym C

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z(Hy, Ho, .. .)
a quest for Schur function in NSym

Immaculate noncommutative symmetric functions

[B-B-S-S-Z]
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Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z(Hy, Ho, .. .)
QSym: Quasisymmetric functions = NSym*

polytopes and posets
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Immaculate noncommutative symmetric functions

Schur functions revisited: For a partition A = (A1, Ag,..., A\¢) where
A2 A= -2 A >0

hx, Axi+1 o R4t

hxy—1 B, v A ge—2

hxe—e+1 hx—p42 - hx,

where we use the convention that hg =1 and h_,, = 0 for m > 0.
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Immaculate noncommutative symmetric functions

Schur functions revisited: For a composition a = (aq, s, ..., ayp)
where o; > 0

hOél h()t1—|—1 e h()t1—|—£—1

hozg—l hozg T hozg—|—€—2

hag—€—|—1 hO{g—ﬁ—I—Q T hOég

where we use the convention that hg =1 and h_,, = 0 for m > 0.

513 = —S22; S12 = 0; s, = *£s,, for a unique p, or 0.

s13 = det = —det
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Immaculate noncommutative symmetric functions

Immaculate noncommutative symmetric functions: For a

composition a = (a1, as, . .

.,ap) where a; > 0

S,

E (_1)0 a1+01—1Ha2+02—2 ) "Ham+am—m

ceS,,

where we use the convention that Hyp =1 and H_,,, = 0 for m > 0.

Oct 2012

S13 = det

= H1H3 — HoH>
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Immaculate noncommutative symmetric functions

Immaculate noncommutative symmetric functions: For a

composition a = (a1, as, ..., ap) where a; > 0

S, = E (_1)0 ar+or—1Hastos—2 " Hap 4o, —m
ceS,,

where we use the convention that Hyp =1 and H_,,, = 0 for m > 0.

Goo = det = HoHy — HyHy # +613
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Immaculate noncommutative symmetric functions

Immaculate noncommutative symmetric functions: For a

composition a = (a1, as, ..., ap) where a; > 0

S, = § (_1)0 ar+or—1Hastos—2 " Hap 4o, —m
ceS,,

where we use the convention that Hyp =1 and H_,,, = 0 for m > 0.

S12 = det — HyHy — HyHy # 0
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Immaculate noncommutative symmetric functions

Immaculate noncommutative symmetric functions: For a

composition a = (a1, as, . .

We have &, = H,,

Hence

\-

.,ap) where a; > 0

<

H,,
HOég—l

HOél—I—l
H,,

HO(2—|—£—2

HO(g—E—Fl HOég—K—I—Q HO{@

He, -+ H,, + higher lex term

{&,} is a basis of NSym

Oct 2012
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Why Immaculate? Is it interesting?

Creation operator B,, : Sym,, — Sym

m-+n

Bm = Z(—l)ihm_weﬁ_,

i>0

e; f = Z(%Lfa SA)SX = Z<f7 €iS))SA

B, sq = S(m,a)

In particular
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Why Immaculate? Is it interesting?

Creation operator B,, : NSym, — NSym

m-+n

B, := Z(_l)iHeriFﬁa
i>0

@90 Z %907 Z<907 FliFoz>Roc

Here F,, € QSym = NSym* where (Rg, F,,) = 0g=q
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Why Immaculate? Is it interesting?

Creation operator B,, : NSym, — NSym

m-+n

B, := Z(_l)iHeriFﬁa
1>0

THEOREM

In particular

Oct 2012 3/6 Immaculate basis



Why Immaculate? Is it interesting?

Creation operator B,, : NSym, — NSym

m-+n

B, := Z(_l)iHeriFﬁa
1>0

THEOREM

In particular
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THEOREM Pieri Rule

Why Immaculate? Is it interesting?

where o Cg 3 if:

Oct 2012

L [6] = laf +s,

.- By, 1

> Gs

2. a; < Bjforalll <j</{(a),

3. 0(B) < f(a) + 1.
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Why Immaculate? Is it interesting?

SoH,= ) 6y

aCsB
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Why Immaculate? Is it interesting?

THEOREM Pieri Rule

SoH,= ) 6

aCsp

THEOREM Noncommutative Kotska

Hg= Y Ka.z36,

a3

Conjecture/ THEOREM Noncommutative Littlewood-Richardson
(car 2 0)

GG, = Z Cfé,AGB
B
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Hall-Littlewood

Define B,,, : Sym[ql, — Sym|qlnim by:

B, =) ¢'Bpyih.
1 >0

then let

~

Q. =B, - By (1).

The @, are the Hall-Littlewood symmetric functions dual to
“Px(q)” Hall-littlewood.
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Noncommutative Hall-Littlewood

Define B,, : NSym/[ql, — NSym|q|nim by:

B =Y ¢'BpyiH;
1>0

then let
Qa L= @al o Bam(l) .

These are lifting to NSym of Hall-Littlewood symmetric
THEOREM

Under NSym —» Sym, we have Q, — @,
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Are Noncommutative Hall-Littlewood interesting?

1111 = 61111 + ¢6112 + (¢ + ¢*)B121 + °G 13 + (g + ¢* + 7)oy
T (CI2 +q° + q4)622 + (q3 + CI4 + 95)631 +¢°6, .

Under NSym —» Sym,

Q1111 = s1111+(q+q°+¢°)sa11+(¢° +¢*)s22+ (¢ +q* +¢°) 531+ %54 .

For any partition A\, Gy > s).

6112 — 0, 6121 — 0 and 613 = —S99.
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Are Noncommutative Hall-Littlewood interesting?

THEOREM

Oct 2012

42;}75::

> (=g

aCspf
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Are Noncommutative Hall-Littlewood interesting?

THEOREM

Oct 2012

QLH, = Y (1-q)"""Q,

aCspf

61n _ Z (_q)n—f(a) Q;

al=n
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Are Noncommutative Hall-Littlewood interesting?

THEOREM

QH,= > (1—q"*"Qy

aCspf

CONJECTURE

Sin = Z (—q)" QL.

al=n

Q,)\ - Z qSt(T>63hape(T)
T

for some statistic st, over all immaculate tableau of content .
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Thank You

NSym
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