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Outline

• NSym, Sym, QSym Combinatorial Hopf Algebras.

• Immaculate Basis Created from emptyness.

• Nice properties and posets is this basis interesting?

• Hall-Littlewood if time.
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NSym
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Sym, NSym, QSym

NSym

Sym QSym

�
�

�
�

Sym: Symmetric functions

Basis: eλ (Elementary); mλ (monomials); pλ (Power sums);

hλ = hλ1
· · ·hλ`

(Homogeneous)
∑
k≥0

hkt
k =

∏
i≥1

1

1− xit

sλ = det(hλi+j−i) (Schur)
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Sym, NSym, QSym

NSym

Sym QSym

�
�

�
�

Sym: Symmetric functions = Z[h1, h2, . . .]

NSym: noncommutative symmetric functions = Z〈H1, H2, . . .〉

Hk

hk
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Sym, NSym, QSym

NSym

Sym QSym

�
�

�
�

Sym: Symmetric functions = K0 (
⊕
Sn): Irreducible ↔ Schur

NSym: noncommutative symmetric functions = Z〈H1, H2, . . .〉

a quest for Schur function in NSym

NSym = K0 (
⊕
Hn(0))

[Grothendick group of representation of Hecke algebra at q=0]

Irreducible ↔ noncommutative Ribon

Rα

?

sλ
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Sym, NSym, QSym

NSym

Sym QSym

Sym: Symmetric functions

NSym: noncommutative symmetric functions = Z〈H1, H2, . . .〉

a quest for Schur function in NSym

Immaculate noncommutative symmetric functions [B-B-S-S-Z]

Sα :=
∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2 · · ·Hαm+σm−m

Sα

sα = det(hαi+j−i)
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Sym, NSym, QSym

NSym

Sym QSym

Sym: Symmetric functions

NSym: noncommutative symmetric functions = Z〈H1, H2, . . .〉

QSym: Quasisymmetric functions = NSym∗

S∗α
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Immaculate noncommutative symmetric functions

Sα :=
∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2 · · ·Hαm+σm−m

where we use the convention that H0 = 1 and H−m = 0 for m > 0.
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Immaculate noncommutative symmetric functions

Sα :=
∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2 · · ·Hαm+σm−m

We have Sα = Hα1
Hα2
· · ·Hα`

+ higher lex term

Hence

{Sα} is a basis of NSym
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Immaculate noncommutative symmetric functions

Sα :=
∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2 · · ·Hαm+σm−m

{Sα} is a basis of NSym

Creation operator Bm : NSymn → NSymm+n

Bm :=
∑
i≥0

(−1)iHm+iF
⊥
1i ,

Fα = R∗α ∈ QSym = NSym∗ and 〈F⊥1iϕ, Fα〉 = 〈ϕ, F1iFα〉

Sα = Bα1
Bα2
· · ·Bα`

1

immaculately concieved?
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Immaculate noncommutative symmetric functions

Sα :=
∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2 · · ·Hαm+σm−m

{Sα} is a basis of NSym

Sα = Bα1Bα2 · · ·Bα`
1

THEOREM Pieri Rule

SαHs =
∑
α⊂sβ

Sβ

α ⊂s β: |β| = |α|+ s, αj ≤ βj , `(β) ≤ `(α) + 1.
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Example of Pieri Rule

SαHs =
∑
α⊂sβ

Sβ

=

S23 ∗ H3 = S233 +S242 +S251

+S26 +S332 +S341 +S35

+S431 +S44 +S53
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Why Immaculate? Is it interesting?

THEOREM Pieri Rule

SαHs =
∑
α⊂sβ

Sβ

THEOREM Noncommutative Kotska

Hβ =
∑
α≥`β

Kα,βSα

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =
∑
β

cβα,λSβ

And much more...
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =
∑
β

cβα,λSβ

cβα,λ is the number of immaculate tableaux (row strict, only the

first column strict), of shape α/β and content λ and Yamanouchi.

For example C
(2,3,1)
(1,2),(2,1) = 2:

1
2

1

1
1

2
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =
∑
β

cβα,λSβ

cβα,λ is the number of immaculate tableaux (row strict, only the

first column strict), of shape α/β and content λ and Yamanouchi.

THEOREM for any ν such that `(ν) ≤ `(α)

cβα,λ = cβ+ν
α+ν,λ
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =
∑
β

cβα,λSβ

cβα,λ is the number of integral points in a certain polytope in(
N
2

)
-dimension where N = max{`(α), `(λ), `(β)}.

x00

x10 x11

x20 x21 x22
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Dual Immaculate and representation

THEOREM Noncommutative Kotska

Hβ =
∑
α≥`β

Kα,βSα

Dually:

S∗α =
∑
α≥`β

Kα,βMβ

Naturally grouping terms leads to

S∗α =
∑
T

FD(T )

T runs over Standard Immaculate of shape α and D(T ) is the

descent set of T .

April 2013 6/7 Immaculate basis



Dual Immaculate and representation

S∗α =
∑
T

FD(T )

5 6 7
3 4
21

5 6 7
2 4
31

4 6 7
3 5
21

5 6 7
2 3
41

4 6 7
2 5
31

4 5 7
3 6
21

4 6 7
2 3
51

3 6 7
2 5
41

4 5 7
2 6
31

4 5 6
3 7
21

3 6 7
2 4
51

3 5 7
2 6
41

4 5 6
2 7
31

4 5 6
2 3
71

3 5 7
2 4
61

3 4 7
2 6
51

3 5 6
2 7
41

3 5 6
2 4
71

3 4 7
2 5
61

3 4 6
2 7
51

3 4 6
2 5
71

3 4 5
2 7
61

3 4 5
2 6
71

4 5 7
2 3
61

⇡1

⇡2

⇡3

⇡4

⇡5

⇡6

⇡1⇡2
⇡5
⇡6

⇡1
⇡4
⇡6

⇡3

⇡4⇡3

⇡1⇡2
⇡5
⇡6

⇡3

⇡1 ⇡1⇡2

⇡1⇡2
⇡1

⇡1 ⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2
⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1

⇡1

⇡1

⇡3

⇡3

⇡2
⇡4
⇡6

⇡2
⇡4
⇡6

⇡4 ⇡3

⇡2 ⇡5

⇡5 ⇡2

⇡6
⇡3

⇡2
⇡4
⇡5

⇡4
⇡5

⇡6
⇡1

⇡2

⇡1
⇡4
⇡5

⇡6

⇡6⇡3⇡5⇡4
⇡3⇡5

⇡2
⇡4
⇡5

⇡5

⇡6
⇡3
⇡5

⇡4
⇡6 ⇡3

⇡5⇡4

⇡2
⇡4
⇡5

⇡3⇡6

⇡2
⇡4
⇡5

⇡6

⇡3 ⇡6

⇡6⇡4

⇡6

⇡5

⇡6⇡5

⇡3
⇡4
⇡6

⇡3
⇡5

⇡3
⇡4

⇡3
⇡5
⇡6

⇡4

⇡3
⇡4
⇡6

⇡3
⇡4
⇡5

⇡3
⇡5
⇡6

⇡3
⇡4
⇡5

⇡6

⇡3
⇡4
⇡6

⇡3
⇡4
⇡5

Action of Hn(0) à la Lauve

Find something with α: Mα

Find large indecomposible quotient

Should be related to

Immaculate Hall-Littlewood

April 2013 6/7 Immaculate basis



Immaculate Hall-Littlewood

Define B̃m : NSym[q]n → NSym[q]n+m by:

B̃m :=
∑
i≥0

qiBm+iH
⊥
i .

then let

Qα := B̃α1
· · · B̃αm

(1) .

These are lifting to NSym of Hall-Littlewood symmetric

THEOREM

Under NSym→→ Sym, we have Qα 7→ Q′α

This is the first lift of Hall-Littlewood to NSym. All many previous

lift where Hall-Littlewood like!
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Immaculate Hall-Littlewood

Q′1111 = S1111 + qS112 + (q + q2)S121 + q3S13 + (q + q2 + q3)S211

+ (q2 + q3 + q4)S22 + (q3 + q4 + q5)S31 + q6S4 .

Under NSym→→ Sym,

Q′1111 = s1111+(q+q2+q3)s211+(q2+q4)s22+(q3+q4+q5)s31+q6s4 .

For any partition λ, Sλ 7→ sλ.

S112 7→ 0, S121 7→ 0 and S13 7→ −s22.
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Immaculate Hall-Littlewood

CONJECTURE

Q′λ =
∑
T

qst(T )Sshape(T )

for some statistic st, over all immaculate tableau of content λ.
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