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Outline

e NSym, Sym, QSym Combinatorial Hopf Algebras.

e Immaculate Basis Created from emptyness.

e Nice properties and posets is this basis interesting?

e Hall-Littlewood if time.
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Sym: Symmetric functions

Basis: e, (Elementary); m, (monomials); p) (Power sums);

1
hyx = hy, ---hy, (Homogeneous) Z hpth = H

. 1 — .I‘z't
k>0 i>1
Sy = det(h%ﬂ_i) (SChU_I‘)

April 2013 1/7 Immaculate basis



hy S}\f,m c > QSym

Sym: Symmetric functions = Z[h, ho, . . .|

NSym: noncommutative symmetric functions = Z{Hy, Ho, .. .)
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Sym, NSym, QSym

?

SA Sif/m c > QSym

Sym: Symmetric functions = Ko (5 S,,): Irreducible <» Schur
NSym: noncommutative symmetric functions = Z(Hy, Ho, . . .)
a quest for Schur function in NSym

NSym = Ko (P Hx(0))

|Grothendick group of representation of Hecke algebra at q=0|

Irreducible < noncommutative Ribon
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Sa ::det(h@i+j—4) S&&H ‘

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z(Hy, Ho, . . .)
a quest for Schur function in NSym

Immaculate noncommutative symmetric functions [B-B-S-S-Z]

j{: (_1>0 @r+01—1}{a2+02—2"'Eﬂhn+0m—4n

ocESm
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Sif/m c » QSym 6,

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z{H;, Ho, . ..

QSym: Quasisymmetric functions = NSym*
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Immaculate noncommutative symmetric functions

S,

Z (_1)0- 051+O'1—1H042—|—0'2—2 te

ocESm

) Ham+0m—m

where we use the convention that Hyp =1 and H_,,, = 0 for m > 0.
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Immaculate noncommutative symmetric functions

S,

Z (_1)O-H051+0'1—1H042—|—0'2—2 te

ocESm

) Ham+0m—m

We have &,

Hence

April 2013

= H, H,, - H,, + higher lex term

{&,} is a basis of NSym
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Immaculate noncommutative symmetric functions

§ (_1>U a1+01—1Ha2+02—2 ’ "Ham+am—m

cESm

{&,} is a basis of NSym

Creation operator B,, : NSym, — NSym

m-+n

B =Y (—1)'Hppi Fir,
1>0

F, =R} € QSym = NSym* and (Fi iy, Fo) = (p, F1: F,)
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Immaculate noncommutative symmetric functions

April 2013

(e
E (_1) Oé1-|—01—1H062—|—02—2'”
ceS,,

Ham+am—m

{&,} is a basis of NSym
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Example of Pieri Rule

SoH,= ) 6y

aCsB
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Why Immaculate? Is it interesting?
THEOREM Pieri Rule

SoH,= ) 6

aCsp

THEOREM Noncommutative Kotska

Hg= Y Ka.p6,
o>

THEOREM Noncommutative Littlewood-Richardson (¢

S5y = ZCQ,@B
B

And much more...
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Noncommutative Littlewood-Richardson cﬁ N

THEOREM Noncommutative Littlewood-Richardson (cg N = 0)

GaBr =) s
p

cfé , is the number of immaculate tableaux (row strict, only the

first column strict), of shape a/8 and content A and Yamanouchi.

(2,3,1)

For example 0(1,2),(2,1

):2:
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Noncommutative Littlewood-Richardson ci) N

THEOREM Noncommutative Littlewood-Richardson (cg y > 0)

GaBGr =) b 64
B

cg ,, is the number of immaculate tableaux (row strict, only the

first column strict), of shape a/8 and content A and Yamanouchi.

THEOREM for any v such that ¢(v) < /(«)

B _ Bty
Coz,A T Ca—|—u,>\
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Noncommutative Littlewood-Richardson cﬁ N

THEOREM Noncommutative Littlewood-Richardson (cg N = 0)

GaBr =) s
p

cfé \ 1s the number of integral points in a certain polytope in

(g)-dimension where N = max{/{(«),4(\),4(3)}.
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Dual Immaculate and representation

THEOREM Noncommutative Kotska

Hg = Z K, 36,

a8

Si = ) KapMg

a3

Naturally grouping terms leads to

6; — ZFD(T)
T

T runs over Standard Immaculate of shape o and D(T') is the
descent set of T
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Dual Immaculate representation

62 — ZFD(T)
T
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Immaculate Hall-Littlewood

Define B,, : NSym/[ql, — NSym|q|nim by:

B =Y ¢'BpyiH;
1>0

then let
Qa L= @al o Bam(l) .

These are lifting to NSym of Hall-Littlewood symmetric
THEOREM

Under NSym —» Sym, we have Q, — @,
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Immaculate Hall-Littlewood

1111 = 61111 + ¢6112 + (¢ + ¢*)B121 + °G 13 + (g + ¢* + 7)oy
T (CI2 +q° + q4)622 + (C]3 + CI4 + q5)631 +¢°6, .

Under NSym —» Sym,

Q1111 = 1111+ (q+q°+¢°)s211+(* +q" ) s22+(¢° +a* +¢°) 531 +¢°s4 .

For any partition A\, Gy > s).

6112 — 0, 6121 — 0 and 613 = —S99.
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Immaculate Hall-Littlewood

CONJECTURE

Q/A - Z QSt(T)Gshape(T)
T

for some statistic st, over all immaculate tableau of content .
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