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Outline

e Antipode and Generalized Chromatic Polynomials

e Hopf Algebra proof of Stanley’s acyclic theorem

e Hopf monoid framework

e Toward cancelation free formula for antipode.
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Combinatorial Hopt Algebra
H =, H, graded Hopf algebra with character (: H — Q
H, = @[G : (7 iso class of graphs on [n]]

G1-G2=G1UGs A(G) = Yscn] Gls ® Glse

1 if G has no edges
o]

o otherwise
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Combinatorial Hopf Algebra
[Aguiar-Bergeron-Sottile]

H =, H, graded Hopf algebra with character (: H — Q

~ QSym

U
H
Q\ ﬁl
Q

where Spl(f) = f(laoaoa )
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Combinatorial Hopf Algebra (ABS)

H =, H, graded Hopf algebra with character (: H — Q

Pt

- QSym

v
H
C\\ ﬁl
Q

where Sol(f) = f(laoa()a)
o (M) = (E(ta)) is a Hopf morphism
sot(f(xl,xz,--.))‘t:n = f(1,...,1,0,0,...).

—
n
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Generalized Chromatic Polynomial
|Gringberg-Reiner]

H =, H, graded Hopf algebra with character (: H — Q

Pt

~ QSym

U
H
Q\ ﬁl
Q

Generalized Chromatic Polynomial

Xz (t) = ¢ 0 V()
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Generalized Chromatic Polynomial
|Grinberg-Reiner]

H =, H, graded Hopf algebra with character (: H — Q

v Pt
H - QSym

When H,, = Q|G : G iso class of graphs on [n]]

xa(t) = @i o W(G)

is the usual Chromatic polynomial.
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Theorem [Stanley]

xa(-1) = +a(G)

For a graph G; a(G) is number of acyclic orientation.
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Theorem [Stanley]

xa(-1) = +a(G)

For a graph G; a(G) is number of acyclic orientation.
Antipode: S:Q[t] — Q[t]
f(t) = f(=t)

xG(-1)=Sep o W(G)| =pioWoS(G)| =¢oS(G)

xa(-1) =¢(S(G))
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Theorem [Humpert-Martin]

Jeremy: What can I do with a Hopf algebra I have just rediscovered
Nantel: Compute its antipode

THEOREM

S(G) = ;<—1>'F'a<G/F>G|F

Corollary xg(-1) = ¢(S(GQ)) = (-1)“Da(G)
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So now I want better formulas for antipode

For H = ®,,9 H,, and z € H,, [Takeuchi]

S(@) = 3 (-1 @ ma A ()

aFEn

where

Me:Hy, ® - ® Hy, — Hy, and AyH,—-H, ® - ®H,,

Dec 2015 5/12 Antipode in Hopf Monoid.



So now I want better formulas for antipode

For H = ®,,59 H,, and = € H,, (Takeuchi)

S(@) = 3 (-1 @ ma A ()
aEN
MANY CANCELATIONS
ANSWER is FINER THAN GRADING

look at Humpert-Martin formula

S(G)= 3 (-1)la(G/r)CF

Fe[n]
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Hopf Monoids
|[Aguiar-Mahajan]

H = H[I

IcN
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Hopf Monoids
|[Aguiar-Mahajan]

==t gl
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Hopf Monoids
|[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H : (Sets, Bijs) - (Vects, Transfs)

H[I] = Vector space
mr i H[I|@ H[J] > H[IwJ] ArpH[TwJ]| - H[I|® H|J]

TAKEUCHI For z € H[I].
S(@) = 3 (~1) Wmana(a)

AT
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Hopf Monoids
|[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H : (Sets, Bijs) - (Vects, Transfs)

H[I] = Vector space
mr i H[I|@ H[J] > H[IwJ] ArpH[TwJ]| - H[I|® H|J]

TAKEUCHI For z € H[I].
S(@) = 3 (~1) Wmana(a)

AT

STILL MANY CANCELATIONS
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Example of Hopf Monoids

e G[I]=Span{G:G is a simple graph on I}
mr.GI)@G[J] - G[IwJ] ArrGlIwJ] - G[I]eG|J]

g®g »gug’ g~ glregls

e [[I]=Span{a: « is a total order on I}

m[,J(Oz@B):oz-ﬁ A[,J(OJ)ZOA]@O(L]

e [I[/]=Span{A: A is a set partition on I}
m[,J(A(X)B):AUB AI’J(A):A|]®A|J
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Example of Hopf Monoids

e G[I]=Span{G:G is a simple graph on I}
mr.GI)@G[J] - G[IwJ] ArrGlIwJ] - G[I]eG|J]

g®g »gug’ g~ glregls

e [[I]=Span{a: « is a total order on I}

m[,J(Oz@B):oz-ﬁ A[)J(OZ):O(|]®OK|J

e [I[/]=Span{A: A is a set partition on I}
m[,J(A(X)B):AUB AI’J(A):A|]®A|J

We can resolve Takeuchi formula with ad hoc sign reversing

involution and get cancelation free formula
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Linearizable Hopf Monoids
[Marberg]

e a (Set) species h : (Sets, Bijs) - Sets, is a basis for H if
H[I]=Span{x:xeh|[I]}

e A hoptf monoid H is linearizable if m; ; and Ay ; are linear

extension of

mr s h[I]@h[J] > h[lw J]
A7 yh[TwJ] > h[I]®h[J]u{0}

MANY HOPF MONOIDS ARE LINEARIZABLE

All our examples are... but not for all basis!!!
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Functors from Hopf Monoids
|[Aguiar-Mahajan]

. K
Species Gr-Vect

H @ H(n]

n>0

Species Gr-Vect
H D H[n]/(z-0(a))

n>0

BOTH FUNCTORS SEND HOPF MONOIDS TO GRADED HOPF
ALGEBRAS, BUT ONLY K PRESERVES ANTIPODE
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|[Aguiar-Mahajan]

Study antipode for L x H and H linearizable Hopf monoid.
For (a,x) € (L x h)[I], using Takeuchi

(B,y)e(Ixh)[I] \ AecY

Sr(a,z) = > ( >, (1)€(A))(5>y)-

CEY={ArT:(aa,z4)=(8y)}

Y
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Cor

(: Hopf monoid of graph
I ={a,b,c,d,e, f,g,h}; a=abcdefgh; = abdefghc

h
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123,45,6

7 T

123,4,5,6 12,34,5,6 12,3,45,6 1,23,45,6 1,234,5,6 1,2,345,6

N e —— —

12,3,4,5,6 1,23,4,5,6 1,2,34,5,6 1,2,3,45,6 1,2,3,4,56

T~

1,2,3,4,5,6

— this coeflicient is O

Dec 2015 11/12 Antipode in Hopf Monoid.



THEOREM C}*

H: Any linearizable Hopf monoid with basis h
(o, ) and (5,y) in (L xh)[]]
o Cg:;{ has a unique minimal refinement A

e C’Y is a lower ideal in [A, I]

o,T

e [A,I]~CEY has minimums of the form

(A17° . 'aAi—laAi UAi—i—l U UAjaAj+17°' . 7Am)

e This define a graph Gg”g with no NESTING
no (a,d), (b,c) with a <b<c<d]

e We have ¢:C?Y — CPY sign-reversing involution.
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MERCI

GRACIAS

Dec 2015 100/12 Antipode in Hopf Monoid.



