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e Warm up with classical case.
hook product.

Murnaghan-Nakayama in H*(F¥,).

e (Quantum case.

quantum hook product.

Murnaghan-Nakayama in ¢H*(F'4,,).
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Schubert polynomials G,
The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

For w € §,,:

n—1_n—2
wo=1[n,...,2,1] ~ G, =x] Ty " Tp_1

w#Ewy ~ Gy =06, for w(i) < w(i+1)

9; po 2l [well defined|

Ti—Tit1

Example

4 3 2
654321 = L1LoX3X4

624531 — a1642531 — 8162645231 — a18263645321 — 61826361654321

2 2 2 2 2 2
= L1534 + T{TFT3T4 + T]T2X3X4
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Schubert polynomials G,
The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

For w € §,,:

n—1_n—2
wo = [Ny...,2,1] ~ G, =x] Ty T Ty

w#Ewy ~ Gy =06, for w(i) < w(i+1)
Stable (independent of n)

S%Z — S%+1

w = w=w)...wn)(n+1)

Sy = Gy
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Schubert polynomials G,

The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

Algebraic Geometry < Algebraic Combinatorics
H*(F¢,) Z|x1, ..., xn]/{e1, ... en)
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Schubert polynomials G,

The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

Algebraic Geometry < Algebraic Combinatorics
H*(F¢,) Z|x1, ..., xn]/{e1, ... en)
[Xw] Schubert classes Gw
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Schubert polynomials G,

The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

Algebraic Geometry < Algebraic Combinatorics
H*(F¢,) Z|x1, ..., xn]/{e1, ... en)
[Xw] Schubert classes Gw

Intersection Multiplication
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Schubert polynomials G,

The ring Z[x1, z2,...] has a linear basis given by {&,, |w € S }.

Algebraic Geometry < Algebraic Combinatorics
H*(F¢,) Z|x1, ..., xn]/{e1, ... en)
[X’LU] Schubert classes Gw

Intersection Multiplication

Open Problem [Combinatoriall

&,y =) d¥, &,
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Monk’s rule

Sk k+1)6u = Z Suig)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS

Sk k1) = T1 +To+ ...+ xp = hi(21,22,...,T)
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Monk’s rule

Sk k+1)6u = Z Suig)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS

Sk k1) = T1 +To+ ...+ xp = hi(21,22,...,T)

k-Bruhat order on Sao:

u<pu(i,j) <= 1 <k <jand f(u)+1
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Monk’s rule

Sk k+1)6u = Z Suig)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS

Sk k1) = T1 +To+ ...+ xp = hi(21,22,...,T)

k-Bruhat order on Sao:

u<ku<i7 ]) — (047 B)U’

1246(357 <4 1247356~ 1246357—%%%%1247356

1246357 - (4,7) = (6,7) - 1246357
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Monk’s rule

Sk k+1)6u = Z Suig)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS
Sk k1) = T1 +To+ ...+ xp = hi(21,22,...,T)

k-Bruhat order on Sso: 45312

u<pu(i,j) = (o, B)u 3% ¥5

351412 43512

2/45\ /13&3
See weak reflection order 25113 34512 41532 42513

=Grassmannian order: [Bergeron, Sottile] 45\ 23/ \14 /34 /12

24513 31542 41523
Reflection Order:

[Bagno, Biagioli, Novick, Woo, Tenner, Petersen...] NS %L

21543
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Monk’s rule

Sk k+1)6u = Z Suig)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS

Sk k1) = T1 +To+ ...+ xp = hi(21,22,...,T)

(G(k,ki—i—l))nGU — Z |Oh5[u7 w]k| -6 45312

VAN

35412 435512

LS

25413 34512 41532 425513

N/ N

24513 31542 41523

(6(2,3))4621543 = 5645312 + - N:& %1

21543
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Monk’s rule
Sk k+1)6u = Z SHITR)

i<k<j
L(u)+1=£L(u(i,5))

OBSERVATIONS

'7xk)

S\(T1,...,2) = G,z k) Where v(A, k) €

Open Problem
[combinatorial]
[Bergeron-Sottile]

SHIPWSLSI Zd w(k) Sw

Jun 2017 2/101 Quantum Flag Manifold.



Sypra—1k) = Sl

Hook case: &, 01,6,

(5171,5132, “ e ,{Ek)

b

THEOREM
[Sottile 1996]

(x17x27"°7xk)6u — Z

~
u%kw('y)

shape(’y):bl(a_l)

S

w(7y)

Jun 2017
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Hook case: &, 01,6,

> Suw(y)

~
u_>kw('y)

shape('y):bl(a_l)

45312

Sf/// \\\55
S&D($1,$2)6521543 — 16545312 + .-

35412 435512

sm(xl,x2)621543 = 0645312 + - 2%45\ /13&3

25413 34512 41532 425513

s\ 23/ \ut Sa S1

24513 31542 41523

;E\\\?3 ////§;

21543

3&(x17$2)6521543 = 0645312 + -

Jun 2017 3/101 Quantum Flag Manifold.



Hook case: &, 01,6,

2.

~
u_>kw('y)

shape('y):bl(a_l)

S&D($1,$2,$3)G5124356 = 16236145 + -

s (x1,x2,x3)S 124356 = 08236145 + -
oD

8&($1,$2,$3)G5124356 = 18236145 + -

Jun 2017

S

w(7y)

236/145

s/ \o

235146 1361245

o/ 1N o\

234156 135[246 126/345

L\ 1/ \gs /50

1341256 1257346

N

124356

3/101 Quantum Flag Manifold.



Hook case: &, 01,6,

> Suw(y)

~
u_>kw('y)

shape('y):bl(a_l)

246[135

[N
8&($1,$2,$3)G5135246 = 286246135 + -

245[136 236[145 1461235

s _(21,22,23)6135246 = 16246135 + - 34 5é:>x<:}2 5€:>x<:?2 4

235146 145[236 136[245

|

135[246

Sﬁ($1,$2,$3)55135246 = 186246135 + -

Jun 2017 3/101 Quantum Flag Manifold.



Murnaghan-Nakayama rule: p.(zq,...,2,)6,

Pr =8y = S(r—1)1 T S(r—2)12 — " T (—1)" " tsqr

THEOREM
[Morrison-Sottile 2016]

pr(x17x27"'7xk)6u — Z (_1)(a_1)6w

¥
w u%kw

shape(’y):bl(a_l)
connected

Jun 2017 4/101 Quantum Flag Manifold.



Murnaghan-Nakayama rule: p.(zq,...,2,)6,

Pr = Sr — S(r—1)1 T S(r—2)12 — o (1) sy

p?”(x17x27"‘7$]€)6u — Z (_1)(a_1)6w
w @ u’yﬁkw

shape('y):bl(a_l)
connected
45312

CONNECTED? 3% \35

s (x1,x2)621543 = 0645312 + -+
oo 35412 43512

853(331,5132)621543 = 1645312 + - 2%45\ /13&3

25413 34512 41532 425513

ng(901>332)621543 = 0645312 + -
45\ 23/ \14 /34 /12

pa(r1,22)S21543 = (0—14+0—-0)S4y5312 + - 24513 31542 41523

NS /24

21543

—s
v c—o
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Murnaghan-Nakayama rule: p.(zq,...

Pr =8y = S(r—1)1 T S(r—2)12 — " T (—1)" " tsqr

p?”(x17x27"‘7$]€)6u — Z (_1)(a_1)6w

Y
w: u_>kw
shape('y):bl(a_l)

connected
246135

CONNECTED?
= 16246135 + 56/ ‘ 34&

s (x1,72,73)G 135246 =
. 245136 236145 146235

s, (€1,22,03)G 135246 = 26246135 + - 34 56><12 56><12‘

_ 235146 145236 136245

85(331,5132,%3)6135246 = 16246135 + -
12\ ‘BV

pa(x1,22)S 135246 = (1—241)G246135 + -+ 135[246

Jun 2017 4/101 Quantum Flag Manifold.



Quantum World

Algebraic Geometry <> Algebraic Combinatorics
qH*(an) Z[ajla st 7an][Q17 st 7Qn—1]/<E17 T En>

What are those E’s?

Jun 2017 5/101 Quantum Flag Manifold.
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Algebraic Geometry
qH*(F{,)
[Xw] Schubert classes

Intersection

Our Result

Quantum World

> Algebraic Combinatorics

Z[xla s 7£Un][Q17 s 7Qn—1]/<E17 . aEn>
Ga

w

Multiplication

> e

Y. 4
g®w: F~: u_>kq0‘w

3i: ¢ (~) pure classic, connected

Ja,b: a+b=mr, Shape(cmin(’v)):c@u
NN

5/101 Quantum Flag Manifold.
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q-Monk’s rule

THEOREM
[Fomin-Gelfand-Postnikov 1997]

q (=4
S T Z 95O (i)

i<k<j
(u(i,j))=£€(u)+1 L(u(i,j))=£L(u)—2(j—1i)+1

6/101 Quantum Flag Manifold.




q-Monk’s rule

THEOREM
[Fomin-Gelfand-Postnikov 1997]

q o q
Slint DL 4Suu

i<k<j
(u(i,j))=£€(u)+1 L(u(i,j))=£L(u)—2(j—1i)+1

dij = 4iqi+1 """ q5-1

Quantum k-bruhat order on S,|q|:

Spld) :={q®u : weS,, q*=q¢" ")

q®u <} q“u(i, j) if i<k<jand e(u(i,j))=¢(u)+1

q*u <} ¢;;q%u(i, 7) if i<k<j and e(u(i,j))=€(u)—2(j—i)+1

Jun 2017 6/101 Quantum Flag Manifold.



Quantum k-bruhat order on S,[q]

Snlg) :=={q"u : weS,, q*=q¢" g "7
u <t u(i,j) if i<k<j and ¢(u(i,j))=L(u)+1

u <} qiu(i,g) if i<k<j and £(u(i,j)=f(u)—2(j—i)+1

w = 3256|1748 <1 3456|1728 = u(2,7) = (2,4)u

q
3256(1748 =25, 3456|1728

we can swap 2 and 4 if

e 2 is to the left of k Classic cover

e 4 is to the right of k

e Nothing in-between is in-between

Jun 2017 7/101 Quantum Flag Manifold.



Quantum k-bruhat order on S,[q]

Snlq] == {qo‘u cu €S, q*=q g7
u <t u(i,j) if i<k<jand £(u(i,j))=f(u)+1

u <} qiu(i,j) if i<k<j and ¢(u(i,j))=L(u)—2(j—i)+1

w=674/5312 < 42¢3¢.634/5712 = u(2,5) = (7, 3)u

q
674]5312 255 4205¢4634|5712

we can swap 7 and 3 if

e 7 is to the left of & Quantum cover

e J is to the right of k

e Everything in-between is in-between

Jun 2017 7/101 Quantum Flag Manifold.



Quantum k-bruhat order on S, |q]
Snlg) :=={q"u : weS,, q*=q¢" g "7
u<iu(i,j) if i<k<jand £(u(i,j))=f(u)+1

u<}qiju(i, ) if i<k<j and £(u(i,j)=f(u)—2(j—i)+1

q1QQq3qZ231H5

0/ N\

o——o
"% q1423541 q1523415
%

45 ‘ 12
q1423451 q1513425

LS

53421 q1512435

DL

52431

Jun 2017 7/101 Quantum Flag Manifold.



Cyclic symmetry of Quantum k-bruhat order

LEMMA
[B-B-C-S-S 2017]

q’Y
u<;q" (o) u cu<<} c
#q (09) ¥ q(u,(a,B)u)

(a.8)c teu

c=1[2,3,....n,1] €8S,

q
k

674|5312 g2q3qs 634|5712

7156423 7456123

126|7534 1567234

237(1645 2671345

73,
i>
ﬁ)
&
i)

341|2756 3712456

ot
=

!

>0 @0 = 0 > 0 O 0

452(3167 q2q3qs 412[3567

Jun 2017 8/101 Quantum Flag Manifold.



Cyclic symmetry of Quantum k-bruhat order

9192493 q2231|45

s,/ O\t

q1423541 q15234]15

45‘ ‘12

q1423451 q1513425

DL

45312
23/// \\\i3
45213 45132
12 34

45123 35142

ENDZA:

534121 q1512435 25143 34152

N ENDZ

52431 24153

*—0
*—0
H
*—0

QUESTION: What intervals can be cycled to a pure classic?

Jun 2017 8/101 Quantum Flag Manifold.



Quantum Hook case...

THEOREM

[Mészaros-Panova-Postnikov 2014]

L s(D)—1
0 St = ) (U3 D Sy,
— D forest Dy, G,C(D(a$u:|))
N

Jun 2017 9/101 Quantum Flag Manifold.



Quantum Hook case...

THEOREM

[Mészaros-Panova-Postnikov 2014]

s (z1,...,x,)63 = (;t((%))__la) G

| - — P
& B Dpel(D(q[L)
NN

THEOREM
[B-B-C-S-S 2017]

a(v) x4
Z a6

q
v u;l*kqa(V)w(v)

3i: ¢¥(v) pure classic

shape(c™im (v) =],
NN

Jun 2017 9/101 Quantum Flag Manifold.



Quantum Hook case...

a(v) x4a
Z a6 0

q
v ul>kqa(’y)w('y)

q1q2q3q2231|45 3i: ¢*(v) pure classic

51/ \11 Shape(cmin(w))zaiubs

q1423541 q1523415
45 ‘ ‘ 12

q1423451 q1513425

DL

534121 q1512435

N4

52431

Jun 2017 9/101 Quantum Flag Manifold.



Quantum Hook case...

a(v) x4a
Z a6 0

q
v ul>kqa(7)w('y)

q1q2q3q2231|45 3i: ¢*(v) pure classic

51/ \11 Shape(cmin(w))zaiubs

q1423541 q1523415
45 ‘ ‘ 12

q1423451 q1513425

DL

534121 q1512435

N4

52431
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Quantum Hook case...

a(v) x4a
Z a6 0

q
v ul>kqa(7)w('y)

q1q2q3q2231|45 3i: ¢*(v) pure classic

51/ \11 Shape(cmin(w))zaiubs

q1423541 q1523415
45 ‘ ‘ 12

q1423451 q1513425

DL

534121 q1512435

N4

52431
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Quantum Hook case...

s (x1,...,x,)6

T
o

4192939523145
1/\11

q14235041 q1523415
45 ‘ ‘ 12

q1423451 q1513425

N\

534121 q1512435

N4

52431

a(v) x4a
a6 0

q
v u;1>kqa(7)w(7)

Ji: c¢t(~) pure classic

shape (™™ (v) =
T

q _ 2
5211($17 332,5133)652431 =1 6]1Q2Q3Q4(‘523145

Jun 2017

9/101 Quantum Flag Manifold.



Quantum Murnaghan-Nakayama

THEOREM
[B-B-C-S-S 2017]

a—1_,oe>=q
E : (_1) q 6w
v, 4
qg®w: F~: u%kqaw
Ji: c? (7v) pure classic, connected

Ja,b: a+b=mr, shape(cmin('y)):a$
b

Jun 2017 10/101 Quantum Flag Manifold.



Quantum Murnaghan-Nakayama

pH(w1, .., 1) = > (—1)* " 1q* &4

Y. 4
g®w: J~: u%kqaw

q1q2q3q2231|45 3i: c®(~) pure classic, connected

da,b: a+b=r, shape(cwnn(’y)):c@u:I
51/ \11 =

q1423541 q1523415
45 ‘ ‘ 12

q1423451 q1513425

DL

534121 q1512435

N4

52431

pi(w1, T2, 723)652431 = (—1)? (102030723145 +

Jun 2017 10/101 Quantum Flag Manifold.



Quantum Murnaghan-Nakayama

pA(xy, ..., x)69 = > (-1 1q@ee

v, 4
g®w: J~: u%kqaw
3i: c®(~) pure classic, connected

Ja,b: a+b=mr, shape(cmin(’y)):c@
%

REMARKS:
This sum is over ¢“w not the ~.

In each interval there is at MOST one chain « that is connected,

can be cycled to a pure classic and of shape 4 _
T

[From Bergeron-Sottile 1998]

Jun 2017 10/101 Quantum Flag Manifold.



*—0

[ r——r——— ]

Ol
*—0

Q1q2q3q223ﬂ45

0/ N\

91423541 91523415

45 ‘ 12
91423451 q1513425

5& %1 VS

53421

2& %1

52431

Jun 2017

q1512435

45312

o e

THANKS
351412 43512

LD

25413 34512 41532 425513

N/ N o

24513 31542 41523

IZ\\\33 ////ﬁé

21543

GRACIAS

561/101 Quantum Flag Manifold.



