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Outline

(part I) QSym
— definition

— basis

— P-partitions

— structure (Hopf)

— Relation to others Hopf algebras
— ABS Theory
— Representation Theory of H,(0)

— much much more...
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Outline

(part II) Positivity
— F-positivity

— Schur positivity
— A Question of Billera

Antipode

— formula

— Multiplicity free formula?

— A proof of Stanley’s acyclic theorem
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Quasisymmetric functions

Q) Sym vector space of bounded degree series such that

for any a = (aq,s,...,ap), where a; >0 and oy +--+ay=n
for any 71 <19 <--- <1y we have a = b.

T e e e al a2... aﬁ L) al az...
p(T1,T2,...) =+ ax{ 2y xyt + e+ byt

EXAMPLESs

M(l) =1 +To+xr3+--+x; + -

M1y = Tixo + T2T3 + TET3 + e+ :c?lazi2 +

M1,2) = T1T5 + DT + Toxs + oo + :Cilazfg + e
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Quasisymmetric functions (Basis M)

() Sym vector space ... Bases?

Fix a composition a = (a1, as9,...,qy)

where a; >0 and oy +-+apy=n>0

We denote this | aEn
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Quasisymmetric functions (Basis M)

() Sym vector space ... Bases?

Fix a composition a = (a1, as9,...,qy)

aq G2 Oy
M, E Ty X Ty
11<19<-<1y

U {Ma Fol= n} is a graded basis of QSym

n>0

n>0
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Quasisymmetric functions (Basis F)

For a = (a1,2,...,ap) En we have D(a) € [n—-1]={1,2,...n-1}:

D:{a:aen} < {S:5c[n-1]}

a +— {aj,a1+ag,...,q1+ -+ 1}

EXAMPLE

(2,1,2) » {2,3}
(5)~» @

(1,1,2,1) = {1,2,4}
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Quasisymmetric functions (Basis F)

For o = (a1, a,...,ap) En we have D(«) € [n—1]:

Fa = Z ZIZilélfiQ"'ZUin

11 <19%- <1y
k}ED(Cx) > ik<ik+1
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Quasisymmetric functions (Basis F)

For o = (a1, a,...,ap) En we have D(«) € [n—1]:

Fa = Z $i1$i2°'°$in

'L']_S'Z:QS'“S’in
kED(Oé) > ik<ik+1

). M;g

BLa

So | J{F.:aEn} is a graded basis of QSym

n>0
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Quasisymmetric functions (Basis F)

For o = (a1, a,...,ap) En we have D(«) € [n—1]:

Fo D Tiy Tiy - Ti,

11 <19%- <1y
kED(Oé) > ik<ik+1

). M;g

BLa

So | J{F.:aEn} is a graded basis of QSym

n>0

. many other interesting basis... QuasiSchur, Immaculate, etc
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N ={1,2,...}.

fP,fy:{f:P—>N17:<Pj — (f(i)sf(j) and )}

v ()>v(G) = F()<f(5))
We then define

FP,’Y: Z fo(i)

fefp,fy 1eP

EXAMPLE

(P,y) = z an:{?}

1
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N = {1,2,...}.

]:P,fy={f:P—>N:i<Pj — (f(i)sf(j) and )}

v ()5 (G) = F(i)<F(5))
We then define

FP,’Y: Z fo(i)

fefp,fy 1eP

EXAMPLE

2

(P,’Y)::%< ~7:P,7:{

<
1
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N = {1,2,...}.

]:P,fy={f:P—>N:i<Pj — (f(i)sf(j) and )}

v ()5 (G) = F(i)<F(5))
We then define

FP,’Y: Z fo(i)

fefp,fy 1eP

EXAMPLE

2

(Pvf}/): :%<

<
1
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N ={1,2,...}.

fP,fy:{f:P—>N27:<Pj — (f(i)sf(j) and )}

Y()>v(F) = F(2)<f(5))

We then define

FP,’Y: Z fo(i)

fej:p,»y 1eP

EXAMPLE

2 2 3 3 3 4

(P7f}/):3< fp,’y:{lyljgjg,lj...

<
1 1 1 1 2 1

Fp~y=212122 + 212123 + T1T2X3 + T2XoX3 + T1XL 1T +

= Z $i1$¢2$i3=F(2,1)

11<129<13
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N = {1,2,...}.

fP,fy = {fIP—>N:i<Pj — (f(i)sf(j) and )}

v ()>v(G) = F()<f(5))
We then define

FP,’Y: Z fo(i)

fefp,fy 1eP

EXAMPLE

(Paf}/) - 1S:

>
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Quasisymmetric functions (P-partition excurtion)

For P finite poset and v: P - N = {1,2,...}.

]:pﬁ:{f:P—>N:i<pj — (

Stanley

EXAMPLE

(Paf}/): 1:

L£(P,7) ={

June 2016

F(i)<f(j) and )}
v(1)>7(§) = f(D)<F(H))

fPﬁ

v

(L,y)eL(P,y)

}_Lﬁ
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Quasisymmetric functions (POSITIVITY)

From last example we see:

EXAMPLE

(Paf}/): 1: :4

3

Sy = > Fr,
(L,y)eL(P,y)

Sym = QSym

June 2016

Ly ={1,

S2,2) = F12,1) + Fla,2)

Useful to show positivity...
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Quasisymmetric functions (multiplication)

Multiplication rule: F, - F
— Find (P,v) and (Q,v) such that F,, = Fp,fy and Fp = fQ,V

Fo - Fs=Fpy-Fq.,=Fpugquw = D Fr o
(Lyur)eL(PUQ,yUv)

EXAMPLE

2 3
Fay - F(1,1y: (P,y) = ) (Q,v) = A

o} )=1 |

Foy-Fay=Fa+ e+ e+t Fasz +Fazn+Fai
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Quasisymmetric functions (Graded Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Graded associative multiplication: m: Q) Sym ® QSym — QSym

me® 1
QSym & QSym & QSym QSym ® QSym

1®m m

QSym @ QSym QSym
Graded unity: uw:Q — QSym

u(l) =1

QSym is a graded algebra
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Quasisymmetric functions (Graded Co-Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Graded associative comultiplication: A:QSym — QSym ® (QSym

o(x1,T2,...) € QSym

June 2016 9/11 Quasisymmetric functions I



Quasisymmetric functions (Graded Co-Algebra)
Graded vector space: QQSym = @ QSym,,

n>0

Graded associative comultiplication: A:QSym — QSym ® (QSym

p(X) e QSym

substitute Y + Z =y1,v2,...,21,22,... In © and rewrite:

p(Y+2)=> o) (2)

This defines for us A = 3 oM gp(?)
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Quasisymmetric functions (Graded Co-Algebra)
Graded vector space: QQSym = @ QSym,,

n>0
Graded associative comultiplication: A:QSym — QSym ® (QSym

2

EXAMPLE: F(g 1) = Fp, where (P,7) = ;-

<
1

F(Y+2)=F(Y) + F(Y)F(Z) + F(Y)F,(Z) + F,(Z)

1 1 1

A(F(g)l)):F(g,l)@)l + F(2)®F(1) + F(1)®F(1,1) + 1®F(271)
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Quasisymmetric functions (Graded Co-Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Graded associative comultiplication: A:QSym — QSym ® (QSym
e((X+Y)+Z)=p(X +(Y +Z2)), hence A is coassociative:

A
QSym QSym ® QSym

A 1®A

A®1
QSym ® QSym > QSym ® QSym ® QSym
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Quasisymmetric functions (Graded Co-Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Graded associative comultiplication: A:QSym — QSym ® (QSym

A
QSym QSym ® QSym

A 19 A

A®1
QSym ® QSym . QSym ® QSym ® QSym

Graded counity: e (Q)Sym — Q
e(¢) = ¢(0,0,...)

QSym is a graded coalgebra
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Quasisymmetric functions (Graded Hopf Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Associative multiplication: m:QSym ® QSym — QSym
Unity: w:Q — QSym

Associative comultiplication: A:QSym — QSym ® QSym
Counity: e:(QQSym — Q

Compatibility: A and e are algebra morphism

(f-9) Y +2)=f(V +2)-9(Y + 2)
(f-9)(0,0,...) = £(0,0,...)- g(0,0,...)
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Quasisymmetric functions (Graded Hopf Algebra)

Graded vector space: QQSym = @ QSym,,

n>0

Associative multiplication: m:QSym ® QSym — QSym
Unity: w:Q — QSym

Associative comultiplication: A:QSym — QSym ® QSym
Counity: e:(QQSym — Q

Compatibility: A and e are algebra morphism
ANTIPODE: S:QSym — QSym
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Combinatorial Hopf Algebra
[Aguiar-Bergeron-Sottile]

H =, H, graded Hopf algebra with character (: H — Q

~ QSym

W
H
Q\ ﬁl
Q

where Spl(f) = f(laoaoa )

MORE to come... part II
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