
Why a supercharacter theoretic
Hopf Monoid of set partitions?

YORK

U N I V E R S I T É
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Outline

• Hopf monoid of supercharacters SC(q) (recall)

What can we do with this? conceptual and computational

(primitive and antipode formulas).

• The functor K : Sp→ gr-Vec .

• Antipode formulas (in Power-sum basis).

• Antipode results (in supercharacter basis).

• Construction of primitives.
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Hopf Monoid

A nice Combinatorial Hopf Algebra is indexed by combinatorial

objects with a lot of structure. It should have a lift at the level of

species (Hopf monoid).

This explains much of the structures of Combinatorial Hopf

algebras with more elegant and simplified formulas.

Also we have many Combinatorial Hopf algebras associated to one

Hopf monoid.

Aguiar-Mahajan
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Hopf Monoid of Supercharacters

• SC is the species of Set of arcs with Total order: (φ, λ)

(φ, λ) = • • • • • • • • •
φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9

a
b

cd

There are several bases:

SC[K] = C[χ(φ,λ)] = C[κ(φ,λ)] = C[P(φ,λ)]

• Supercharacter basis: χ(φ,λ)

• Superclass function basis: κ(φ,λ)

• Power sum basis: P(φ,λ) =
∑
µ⊂λ

κ(φ,µ)
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Hopf Monoid of Supercharacters

• SC is the species of Set of arcs with Total order: (φ, λ)

Given I t J = K

(1) P(φ,λ) · P(τ,ν) = Inf
UφτK (q)

UφI (q)×UτJ (q)
(P(φ,λ) ⊗ P(τ,ν)) = P(φτ,λ∪ν)

This is the same as for supercharacter theory but with a twist:

P
• • •
3 1 6

a ·P
• • •
7 5 2

b = P
• • • • • •
3 1 6 7 5 2

a b�� ���� ��
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Hopf Monoid of Supercharacters

• SC is the species of Set of arcs with Total order: (φ, λ)

Given I t J = K

(1) P(φ,λ) · P(τ,ν) = Inf
UφτK (q)

UφI (q)×UτJ (q)
(P(φ,λ) ⊗ P(τ,ν)) = P(φτ,λ∪ν)

(2) ∆I,J(P(φ,λ)) = Res
UφK(q)

U
φ|I
I (q)×Uφ|JJ (q)

(P(φ,µ))

=

 P(φ|I ,µI) ⊗ P(φ|J ,µJ ) if µ = µI ∪ µJ ,

0 otherwise.

This is much simpler than a usual comultiplication:

∆{1,4},{2,3}
(
P
• • • •
1 2 3 4

a
)

= P
• •
1 4

a ⊗ P • •
2 3
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Hopf Monoid of Supercharacters

• SC is the species of Set of arcs with Total order: (φ, λ)

Given I t J = K

(1) P(φ,λ) · P(τ,ν) = Inf
UφτK (q)

UφI (q)×UτJ (q)
(P(φ,λ) ⊗ P(τ,ν)) = P(φτ,λ∪ν)

(2) ∆I,J(P(φ,λ)) = Res
UφK(q)

U
φ|I
I (q)×Uφ|JJ (q)

(P(φ,µ))

=

 P(φ|I ,µI) ⊗ κ(φ|J ,µJ ) if µ = µI ∪ µJ ,

0 otherwise.

(3) “Check” that all axioms are fulfilled.
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The functor K : Sp→ gr-Vec .

Given a species G, The functor K : Sp→ gr-Vec . is defined to be

K[G] =
⊕
n≥0

G[n]
/
〈φ− σ[φ] : σ ∈ Sn, φ ∈ G[n]〉

This functor send Hopf Monoids to graded Hopf algebras and

preserve all structures (including antipode).
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The functor K : Sp→ gr-Vec .

Given a species G, The functor K : Sp→ gr-Vec . is defined to be

K[G] =
⊕
n≥0

G[n]
/
〈φ− σ[φ] : σ ∈ Sn, φ ∈ G[n]〉

This functor send Hopf Monoids to graded Hopf algebras and

preserve all structures (including antipode).

SC 7→ SC

P(φ,λ) 7→ Pφ−1◦λ

Here

φ−1 ◦ • • • • • • • • •
φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9

a
b

cd

= • • • • • • • • •
1 2 3 4 5 6 7 8 9

a
b

cd
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The antipode formula .

Some definitions: Atomic

We say that (φ, λ) is atomic if

(φ, λ) = (πτ, µ ∪ ν) =⇒ π = ∅ or τ = ∅

Atomics:

• • • • •
5 1 7 2 6

a
b

c

; • • •
5 1 7

a

NON Atomic:

• • • • • • • •
5 1 7 2 6 3 4 8

a
b

c
�


�
	
'
&
$
%
'
&
$
%
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The antipode formula .

Some definitions: Atomic; Increasing with respect to φ

We say that (τ, λ) is increasing with respect to φ if

i
a
_j ∈ λ where i <τ j =⇒ i <φ j

Increasing with respect to φ = (1, 2, 6, 5, 7):

• • • • •
5 1 7 2 6

a
b

c

; • • •
5 1 7

a

NON increasing with respect to φ = (1, 6, 2, 7):

• • • •
1 7 2 6

a
b
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The antipode formula .

Some definitions: Atomic; Increasing with respect to φ; Increasing

Atomic with respect to φ

We say that (τ, λ) is increasing atomic with respect to φ if (τ, λ) is

increasing and for the unique factorization into atomics

(τ, λ) = (τ1τ2 · · · τk, λ(1) ∪ λ(2) ∪ · · · ∪ λ(k))

we have that τ = τ1τ2 · · · τk is also the unique factorization into

maximal rising subsequences with respect to φ

Increasing atomic with respect to φ = (1, 5, 7, 3, 4, 2, 6, 8)

• • • • • • • •
5 1 7 2 6 3 4 8

a
b

c
�


�
	
'
&
$
%
'
&
$
%

But NOT increasing atomic with respect to φ = (1, 5, 3, 4, 2, 6, 7, 8)
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The antipode formula .

Some definitions: Atomic; Increasing with respect to φ; Increasing

Atomic with respect to φ

THEOREM S(P(φ,λ)) =
∑

(τ,λ) increasing atomic

(−1)kP(τ,λ)

where τ = τ1τ2 · · · τk is the unique factorization into maximal

increasing subsequences with respect to φ.

REMARK This formula is multiplicity and cancellation free.

REMARK Under the functor K we get a cancellation free formula:

S(Pλ) =
∑
µ

(−1)kcλ,µPµ

where

cλ,µ = {τ ∈ Sn : (τ, λ) increasing atomic wrt Id, µ = τ−1 ◦ λ}
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The antipode for supercharacter .

Given (φ, λ) = (φ1φ2 · · ·φk, λ(1) ∪ λ(2) ∪ · · · ∪ λ(k)) maximal atomic

decomposition

THEOREM

S(χ(φ,λ)) = (−1)kS(χ(φk···φ2φ1,λ)) + lower term in some order

This answers a question from our AIM workshop

THEOREM For τ = (1, 2, ..., n)

S(χ(τ,1
a
_n)) =

∑
φ∈L[n]

∑
µ∈Sφq [n]∩Sτq [n]

zµφ,τ (q − 1)χ(φ,µ),
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The antipode for supercharacter .

Given (φ, λ) = (φ1φ2 · · ·φk, λ(1) ∪ λ(2) ∪ · · · ∪ λ(k)) maximal atomic

decomposition

THEOREM

S(χ(φ,λ)) = (−1)kS(χ(φk···φ2φ1,λ)) + lower term in some order

This answers a question from our AIM workshop

THEOREM For τ = (1, 2, ..., n)

S(χ(τ,1
a
_n)) =

∑
φ∈L[n]

∑
µ∈Sφq [n]∩Sτq [n]

zµφ,τ (q − 1)χ(φ,µ),

�
�
�
�

�
��

We have an exact expression for this... but it is a nice mess
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Primitive (if time left)

Given Any Hopf Monoid H and for k ∈ K, we define

Ψ(k,K) =
∑

J=(J1|...|J`)|=K
k∈J1

(−1)`−1mJ ◦∆J

THEOREM We have a projection

Ψ(k,K) : H[K]→ P(H)[K]
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Primitive (if time left)

Given Any Hopf Monoid H and for k ∈ K, we define

Ψ(k,K) =
∑

J=(J1|...|J`)|=K
k∈J1

(−1)`−1mJ ◦∆J

THEOREM We have a projection

Ψ(k,K) : H[K]→ P(H)[K]

THEOREM The Ψ(k,K)

(
P(φ,λ)

)
for atomic (φ, λ) are algebraically

independent generators of P(SC).

COROLLARY [Lauve-Mastnak] atomic K
[
Ψ(k,K)

(
P(φ,λ)

)]
are

algebraically independent generators of the primitives of SC.
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