
Base Immaculée
et les coefficients de LR

YORK

U N I V E R S I T É
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Aperçu

● NSym, Sym, QSym Algèbres de Hopf Combinatoire.

● Base Immaculée I

● Retour vers Sym

● Base Immaculée II: créée à partir du vide

● Les coefficient de Littlewood-Richardson.

● Polytope de ruches.
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Sym, NSym, QSym

NSym

Sym QSym

�
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Sym: Symmetric functions

Basis: eλ (Elementary); mλ (monomials); pλ (Power sums);

hλ = hλ1⋯hλ` (Homogeneous) ∑
k≥0

hkt
k
=∏
i≥1

1

1 − xit

sλ = det(hλi+j−i) (Schur)
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Sym, NSym, QSym

NSym

Sym QSym

�
�

�
�

Sym: Symmetric functions = Z[h1, h2, . . .]

NSym: noncommutative symmetric functions = Z⟨H1,H2, . . .⟩

Hk

hk
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Sym, NSym, QSym

NSym

Sym QSym

Sym: Symmetric functions

NSym: noncommutative symmetric functions = Z⟨H1,H2, . . .⟩

a quest for Schur function in NSym

Immaculate noncommutative symmetric functions [B-B-S-S-Z]

Sα ∶= ∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2⋯Hαm+σm−m

Sα

sα = det(hαi+j−i)
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Sym, NSym, QSym

NSym

Sym QSym

Sym: Symmetric functions

NSym: noncommutative symmetric functions = Z⟨H1,H2, . . .⟩

QSym: Quasisymmetric functions = NSym∗

S∗
α
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Littlewood-Richardson in Sym

THEOREM Littlewood-Richardson (cνµ,λ ≥ 0)

sµsλ =∑
β

cνµ,λsν

cνµ,λ is the number of column strict tableaux of shape ν/µ, content

λ and Yamanouchi.
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Littlewood-Richardson in Sym

THEOREM Littlewood-Richardson (cνµ,λ ≥ 0)

sµsλ =∑
β

cνµ,λsν

cνµ,λ is the number of column strict tableaux of shape ν/µ, content

λ and Yamanouchi.

cνµ,λ is the number of integral points in a certain polytope in

(
m
2
)-dimension where m = max{`(α), `(λ), `(β)}.

x00

x01 x11

x02 x12 x22
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Littlewood-Richardson in Sym

cνµ,λ is the number of integral points in a certain polytope with (
m
2
)

variables xij :

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

µ1

µ2

⋰

µm
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj
xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

ν1

ν2

⋱

νm
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

λ1 ⋯ λm
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

≤
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1
xij − xi−1 j ≥ xi+1 j+1 − xi j+1

xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22
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Littlewood-Richardson in Sym

x0j − x0 j−1 = µj xjj − xj−1 j−1 = νj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
xi−1 j − xi−1 j−1 ≥ xi j+1 − xij

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

≥
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Immaculate noncommutative symmetric functions

Sα ∶= ∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2⋯Hαm+σm−m

where we use the convention that H0 = 1 and H−m = 0 for m > 0.
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Immaculate noncommutative symmetric functions

Sα ∶= ∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2⋯Hαm+σm−m

We have Sα =Hα1Hα2⋯Hα` + higher lex term

Hence

{Sα} is a basis of NSym
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Immaculate noncommutative symmetric functions

Sα ∶= ∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2⋯Hαm+σm−m

{Sα} is a basis of NSym

Creation operator Bm ∶ NSymn → NSymm+n

Bm ∶=∑
i≥0

(−1)iHm+iF ⊥1i ,

Fα = R∗
α ∈ QSym = NSym∗ and ⟨F ⊥1iϕ,Fα⟩ = ⟨ϕ,F1iFα⟩

Sα = Bα1Bα2⋯Bα`1

immaculately concieved?
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Immaculate noncommutative symmetric functions

Sα ∶= ∑
σ∈Sm

(−1)σHα1+σ1−1Hα2+σ2−2⋯Hαm+σm−m

{Sα} is a basis of NSym

Sα = Bα1Bα2⋯Bα`1

THEOREM Pieri Rule

SαHs = ∑
α⊂sβ

Sβ

α ⊂s β: ∣β∣ = ∣α∣ + s, αj ≤ βj , `(β) ≤ `(α) + 1.
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Example of Pieri Rule

SαHs = ∑
α⊂sβ

Sβ

=

S23 ∗ H3 = S233 +S242 +S251

+S26 +S332 +S341 +S35

+S431 +S44 +S53
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Noncommutative Littlewood-Richardson

THEOREM Pieri Rule

SαHs = ∑
α⊂sβ

Sβ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =∑
β

cβα,λSβ
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Noncommutative Littlewood-Richardson

THEOREM Pieri Rule

SαHs = ∑
α⊂sβ

Sβ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =∑
β

cβα,λSβ

In general cβα,δ /≥ 0

left Pieri Rule cβ(s),δ is ±1 or 0. [B-Sánchez-Zabrocki]
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =∑
β

cβα,λSβ

cβα,λ is the number of immaculate tableaux (row strict, only the

first column strict), of shape α/β and content λ and Yamanouchi.

For example C
(2,3,1)
(1,2),(2,1) = 2:

1
2

1

1
1

2
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =∑
β

cβα,λSβ

cβα,λ is the number of immaculate tableaux (row strict, only the

first column strict), of shape α/β and content λ and Yamanouchi.

THEOREM for any ν such that `(ν) ≤ `(α)

cβα,λ = c
β+ν
α+ν,λ
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Noncommutative Littlewood-Richardson cβα,λ

THEOREM Noncommutative Littlewood-Richardson (cβα,λ ≥ 0)

SαSλ =∑
β

cβα,λSβ

cβα,λ is the number of integral points in a certain polytope in

(
m
2
)-dimension where m = max{`(α), `(λ), `(β)}.

x00

x10 x11

x20 x21 x22

April 2014 5/7 Base Immaculée et les coefficients de LR.



Noncommutative Littlewood-Richardson cβα,λ

x0j − x0 j−1 = αj xjj − xj−1 j−1 = βj xim − xi−1m = λi

xij − xi j−1 ≥ xi−1 j − xi−1 j−1 xij − xi−1 j ≥ xi+1 j+1 − xi j+1
N(xi−1 j − xi−1 j−1) ≥ xi j+1 − xij where N =m2.

x00

x01 x11

x02 x12 x22

x0m x1m xm−1,m xmm

⋰ ⋱ ⋱⋰

≥
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Noncommutative LR cβα,λ (idea of proof)

SαSλ = ∑
σ∈Sm

(−1)σSαH[λ1+σ1−1,λ2+σ2−2,...,λm+σm−m],

= ∑
σ∈Sm

∑
sh(T )=γ/α
c(T )=λ+σ−Id

(−1)σSγ .

SαSλ = ∑
T ∈Tλα

(−1)σ(T )Ssh(T ).

where

Tλα =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

T ∶

T is a skew immaculate tableau

of inner skew shape α for which

c(T ) − λ + Id is a permutation

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭
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Dual Immaculate and representation

THEOREM Noncommutative Kotska

Hβ = ∑
α≥`β

Kα,βSα

Dually:

S∗
α = ∑

α≥`β
Kα,βMβ

Naturally grouping terms leads to

S∗
α =∑

T

FD(T )

T runs over Standard Immaculate of shape α and D(T ) is the

descent set of T .
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Dual Immaculate and representation

S∗
α =∑

T

FD(T )
5 6 7
3 4
21

5 6 7
2 4
31

4 6 7
3 5
21

5 6 7
2 3
41

4 6 7
2 5
31

4 5 7
3 6
21

4 6 7
2 3
51

3 6 7
2 5
41

4 5 7
2 6
31

4 5 6
3 7
21

3 6 7
2 4
51

3 5 7
2 6
41

4 5 6
2 7
31

4 5 6
2 3
71

3 5 7
2 4
61

3 4 7
2 6
51

3 5 6
2 7
41

3 5 6
2 4
71

3 4 7
2 5
61

3 4 6
2 7
51

3 4 6
2 5
71

3 4 5
2 7
61

3 4 5
2 6
71

4 5 7
2 3
61

⇡1

⇡2

⇡3

⇡4

⇡5

⇡6

⇡1⇡2
⇡5
⇡6

⇡1
⇡4
⇡6

⇡3

⇡4⇡3

⇡1⇡2
⇡5
⇡6

⇡3

⇡1 ⇡1⇡2

⇡1⇡2
⇡1

⇡1 ⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1⇡2
⇡1⇡2

⇡1⇡2

⇡1⇡2

⇡1

⇡1

⇡1

⇡3

⇡3

⇡2
⇡4
⇡6

⇡2
⇡4
⇡6

⇡4 ⇡3

⇡2 ⇡5

⇡5 ⇡2

⇡6
⇡3

⇡2
⇡4
⇡5

⇡4
⇡5

⇡6
⇡1

⇡2

⇡1
⇡4
⇡5

⇡6

⇡6⇡3⇡5⇡4
⇡3⇡5

⇡2
⇡4
⇡5

⇡5

⇡6
⇡3
⇡5

⇡4
⇡6 ⇡3

⇡5⇡4

⇡2
⇡4
⇡5

⇡3⇡6

⇡2
⇡4
⇡5

⇡6

⇡3 ⇡6

⇡6⇡4

⇡6

⇡5

⇡6⇡5

⇡3
⇡4
⇡6

⇡3
⇡5

⇡3
⇡4

⇡3
⇡5
⇡6

⇡4

⇡3
⇡4
⇡6

⇡3
⇡4
⇡5

⇡3
⇡5
⇡6

⇡3
⇡4
⇡5

⇡6

⇡3
⇡4
⇡6

⇡3
⇡4
⇡5

Action of Hn(0)
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