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Apercu

e NSym, Sym, QSym Algebres de Hopf Combinatoire.
e Base Immaculée I

e Retour vers Sym

e Base Immaculée II: créée a partir du vide

e Les coefficient de Littlewood-Richardson.

e Polytope de ruches.
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Sym: Symmetric functions

Basis: e, (Elementary); m, (monomials); p) (Power sums);

1
hy = hy,---hy, (Homogeneous) Z hith = H
k>0 is1 L —xit

sx =det(hx,+;-;) (Schur)
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hy S}\f,m c > QSym

Sym: Symmetric functions = Z[h1, ho, .. .]

NSym: noncommutative symmetric functions = Z(Hy, Ho, . ..)
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Sa = det(haiﬂ-_z-)

Sym ¢

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z(H1, Ho, . . .)
a quest for Schur function in NSym

Immaculate noncommutative symmetric functions [B-B-S-S-Z]

Z (_1)0Ha1+01—1H042+02—2"'Ham+am—m

oeS,
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Sif/m c » QSym &,

Sym: Symmetric functions
NSym: noncommutative symmetric functions = Z{H1, Ho, . ..

QSym: Quasisymmetric functions = NSym*
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Littlewood-Richardson in Sym

THEOREM Littlewood-Richardson (c}, 5 > 0)

v

s A
A and Yamanouchi.

C
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is the number of column strict tableaux of shape v/u, content
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Littlewood-Richardson in Sym

THEOREM Littlewood-Richardson (¢, , > 0)

_ 1%
p

v

oy A
A and Yamanouchi.

¢’ | is the number of column strict tableaux of shape v/u, content

Z, \ 1s the number of integral points in a certain polytope in

(gl)—dimension where m = max{f(«),l(\),£(B)}.

C
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Littlewood-Richardson in Sym

1%
s A

variables x;;:

C

is the number of integral points in a certain polytope with (gb)
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Littlewood-Richardson in Sym

Toj —TXoj-1 = U4
0 0j-1 = Hy Ljj —TLj-14-1 =Vj Lim — Li-1m = )\2

Tij —Tij-12Ti-15 — Li—145-1 Tij —Ti-15 2 Ti+1j+1 — Tij+1

Ti-15 — Ti-1j-1 2 Tij+1 — Tij

April 2014 2/7 Base Immaculée et les coefficients de LR.



Littlewood-Richardson in Sym

Toj = Toj-1 = Hy

Tij —Tij-12Ti-15 — LTi-15-1

Tjj —Tj-1j-1 =Vj

Ti-1j — Ti-1j-1 2 Tij+l — Tij

April 2014

Tim — Ti-1m = A

Tij —Ti-1j5 2 Ti+lj+l — Tij+1
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Littlewood-Richardson in Sym

Tim — Ti-1m = A

Toj = T0j-1 = [ Tjj = Tj-1j-1 = Vj

Tij = Tij-12Ti-15 — Ti-15-1 Tij —Ti-1j5 2 Ti+lj+l — Tij+1

Ti-1j — Ti-1j-1 2 Tij+l — Tij
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Littlewood-Richardson in Sym

Toj — T0j-1 = [bj Tjj — Tj-1j-1 = Vj Tim = Ti-1m = i

Tij —Tij-12Ti-15 — Li-15-1

Tij —Ti-1j 2 Ti+lj+1 — Tij+1l

Ti-1j — Ti-1j-1 2 Tij+1l — Lij
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Littlewood-Richardson in Sym

Toj — T0j-1 = [bj Tjj — Tj-1j-1 = Vj Tim = Ti-1m = i

LTij — XTi-15 2 Ti+lj+1 — Tij+1

Tij = Tij-1 2 Ti-15 — Ti-1j-1

Ti-1j — Li-1j-1 2 Tij+1l — Lij
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Littlewood-Richardson in Sym

Toj — T0j-1 = [bj Tjj — Tj-1j-1 = Vj Tim = Ti-1m = i

Tij = Lij-1 2 Ti-15 — Ti-1j-1 Tij —Xi-15 2 Ti+lj+1 — Tij+l

Ti-15 — Ti-1j-1 2 Tij+1 — Lij
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Immaculate noncommutative symmetric functions

S,

Z (_1)O-H041+0'1—1H042+O'2—2“.H(J{m-i-O'm—m

oS,

where we use the convention that Hy =1 and H_,,, =0 for m > 0.
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Immaculate noncommutative symmetric functions

G, :

Z (_1)O-H041+0'1—1H042+0'2—2“.H(J{m-i-O'm—m

oS,

We have &, = H,, H,,---H,, + higher lex term

Hence

April 2014

{&,} is a basis of NSym

3/7 Base Immaculée et les coefficients de LR.



Immaculate noncommutative symmetric functions

Z (_1)0H041+01—1H042+02—2"'Ham+am—m

oS,

{&,} is a basis of NSym

Creation operator B,, : NSym, — NSym

m+n

B, = Z(_l)sz+zF1lm

1>0

Fo, =R}, € QSym = NSym* and ([}, Fy) = (@, [} F,)

Sy =Ba,Ba,Ba,1
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Immaculate noncommutative symmetric functions

Z (_1)O-H041+0'1—1H042+0'2—2“.H(J{m-i-O'm—m

oS,

{&,} is a basis of NSym

S, =By, B,,Bag,1

THEOREM Pieri Rule

SouHs= 3 &

acs3

a Cg B Bl=laf+s, a5 <B;, ((B) < t(a) + 1.
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Example of Pieri Rule

SouHs= 3 &

acs 3
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Noncommutative Littlewood-Richardson

THEOREM Pieri Rule

SoH,= Y &4

acsf

THEOREM Noncommutative Littlewood-Richardson (cg \ 20)

Sa6 = Z Cg,,\GB
B
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Noncommutative Littlewood-Richardson

THEOREM Pieri Rule

SoH,= Y &4

acsf

THEOREM Noncommutative Littlewood-Richardson (cg \ 20)

Sa6 = Z Cg,,\GB
B

In general cg 520

left Pieri Rule ¢?

(s).6 18 £1 or 0. |B-Sénchez-Zabrocki]
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Noncommutative Littlewood-Richardson cg N

THEOREM Noncommutative Littlewood-Richardson (cg 2 0)

S5y = ZC@»\Gg
B

cg , is the number of immaculate tableaux (row strict, only the

first column strict), of shape /5 and content A and Yamanouchi.

(2,3,1) .
(1,2),(2,1) 2:

For example C
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Noncommutative Littlewood-Richardson cg N

THEOREM Noncommutative Littlewood-Richardson (cg \ 2 0)

S5 = ZC?Y’AGﬁ
B

cg , is the number of immaculate tableaux (row strict, only the

first column strict), of shape /8 and content A and Yamanouchi.

THEOREM for any v such that £(v) < 4(«)

+
:CB v
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Noncommutative Littlewood-Richardson cg N

THEOREM Noncommutative Littlewood-Richardson (cg 2 0)

S5 = ch@[g
B

cg ,, is the number of integral points in a certain polytope in

(”;)-dimension where m = max{/(«),l(N),4(5)}.
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Noncommutative Littlewood-Richardson cg N

Xoj —Toj-1 = Oy Ljj —Lj-15-1= Bj Tim — Ti—1m = Ai
Tij —Lijj—1 2 Ti-15 — Li—14-1 Tij —Ti-17 2 Ti+lj+1 — Tij+1
N(Ti-1j — Ti-1-1) 2 Tij+1 — Tij

where N = m?.
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Noncommutative LR cg , (idea of proof)

6046)\ = Z (_1)JGaH[)\l+01—1,)\2+02—2,...,>\m+0m—m]7

o€S,,

= Y (-1)76,.

eSSy, sh(T)=v/«
c(T)=X+o-Id

6.Gr= Y (1) &y,
TeT

.
T is a skew immaculate tableau

of inner skew shape « for which

c(T) — A+ Id is a permutation
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Dual Immaculate and representation

THEOREM Noncommutative Kotska

Hg = Z Ko 364

a>y 3

S, = > KapsMpg

a2y

Naturally grouping terms leads to

T runs over Standard Immaculate of shape o and D(T') is the
descent set of T
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