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Preliminaries

Symmetric group S, 1:
group of permutations of {1,...,n+ 1}

generators {s1,...,sp}, 5;i = (i i + 1)

length of w: smallest r such that w =s;, ...s;

longest element w,: permutation [n+1, ... 1]

reduced expression for w: expression for w of minimal length

In this talk: finite Coxeter groups
(like the symmetric group,
mj

generated by reflections and satisfying relations sis; | = 1)
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Subword complexes

(W, S) finite Coxeter system

Q@=1(q1,-..,9m) a word in S*
Te W

Definition (Knutson—Miller, 2004)
The subword complex A(Q, ) is the simplicial complex whose

faces <+— subwords P of Q such that Q \ P
contains a reduced expression of 7

Knutson—Miller. Grébner geometry of Schubert polynomials. Ann. Math., 161(3), '05
Knutson—Miller. Subword complexes in Coxeter groups. Adv. Math., 184(1), '04
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Subword complexes - Example
In type Aj:
W =Ss3,S={s1,s} ={(12),(23)}

_ ( 51,52,51,52,51 ) and 7 = [3 2 1] — 51551 = 555
d1,92,43,q44,q5
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Subword complexes - Example

In type Aj:
W =83 5§ ={s1,%}={(12),(23)}

Q _ ( 51, 5, 52,51 )

and T =[321] = sis51= 2519
’q25q37 )

az
as

A(Q, ) is isomorphic to q1

ds @



Subword complexes - Example

In type Aj:
W =83 5§ ={s1,%}={(12),(23)}

Q: (51752751752751 ) and ™ = [3 2 1] = 515:51= SIS

d1,492,q3,494,q5

q2
g3
A(Q, ) is isomorphic to q1
g4

as



Subword complexes - Example 2

In type As:
W =84, S ={s1,5,53} = {(12),(23),(34)}

Q — ( 51,52,53,51,52,53,51,52,51 ) and ™ = [4 392 1]
41,92,93,94,95,96,97,98,99



Subword complexes - Example 2

In type As:
W =84, S ={s1,5,53} = {(12),(23),(34)}

Q — ( 51,52,53,51,52,53,51,52,51 ) and ™ = [4 392 1]
41,92,93,94,95,96,97,98,99

A(Q, ) is isomorphic to
the dual of the associahedron
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Hopf algebras

Theorem
There is a Hopf algebra structure of faces of subword
complexes

Hopf algebra: (H, m,u, A, e, S) such that objects can be multiplied
and comultiplied in a compatible way. Also there is an antipode.

S:H—H

where
m(S ® Id)A = m(ld ® S)A = ue.



Hopf algebra of subword complexes

Y,: equivalent classes of tuples (W, Q, 7, /) where W is a finite
Coxeter group of rank n, and / is a facet of an irreducible subword

complex A(Q, 7).

Theorem (Bergeron—C., 2014%)
The graded vector space

K[ Yool := @D K[Ya]

n>0

may be equipped with a structure of graded Hopf algebra.



Comultiplication

Definition
A flat of a collection of vectors is a subset obtained by intersecting
the collection with a subspace.

Main ingredient to define the comultiplication:
The flats of r(/, Q) encode the root function of subword complexes

of smaller rank
(W, Qe,F, IF)



Comultiplication

Definition
A flat of a collection of vectors is a subset obtained by intersecting
the collection with a subspace.

Main ingredient to define the comultiplication:
The flats of r(/, Q) encode the root function of subword complexes

of smaller rank
(W, Qe,F, IF)

Moreover, the resulting subword complex is isomorphic to the link
of a face in the initial subword complex



Comultiplication

A((W,Q,m, 1)) = Z (Wr, Qr, 7R, IR)O(WE,, Qr,, 7R, IF,)
2-flat decomp. of R(/)



Comultiplication

A((W,Q,m, 1)) = Z (Wr, Qr, 7R, IR)O(WE,, Qr,, 7R, IF,)
2-flat decomp. of R(/)

where a 2-flat decomposition is a pair of flats Fy, F, C R(/) such that

V = sp(R(Ir,)) ® sp(R(Ir,))



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})

Q = ( 51,52, 53, 51, 52, 53, 51, S2, 53, S1, 52, S3, 51, S2, S3 )v



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})

Q =(51,5,53,51,5, 53,51, 52, 53, 51, 52, 53, 51,52, S3 ),

r(i) = Q<i(ag,), for example r(3) = s(a3) = ax + az = a3

A a Qi12, O, (123, Q12, O ),
r=( a1, o, a3, 012,03, 023, 12, O3, O2, (1123, 12, Oz, )



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})

Q = ( 51,52, 53, 51, 52, 53, 51, S2, 53, S1, 52, S3, 51, S2, S3 )v

r=( oq,as, 003,012, 03,023, 12, A3, 02, X123, (12, (2, (1123, 012, 0 ),

a 2-Flats
Fi=(ao1,01)
Fo = (o2, a3, 12, 3, 0123, (12, 01123, 12, )

V = sp(au1) @ sp(as, a123, 212)



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})

Q = ( 51,52, 53, 51, 52, 53, 51, S2, 53, S1, 52, S3, 51, S2, S3 )v

r=( oq,as, 003,012, 03,023, 12, A3, 02, X123, (12, (2, (1123, 012, 0 ),

a 2-Flats
Fi=(ao1,01)
Fo = (o2, a3, 12, 3, 0123, (12, 01123, 12, )

V = sp(a1) @ sp(as, @123, @12)
A term of AW, Q,m,[):

(A17(51751)7 [2 1]7{1})®(A27(51752751752751752751752)’ [3 2 1]7{12~3767})



Multiplication

(W,Q,m,1)-(W,Q,«',I'")= (W, QQ', 7, /I’T),

@ere,
W: Coxeter group generated by S LIS’
QQ,: (qlv"wqrvqia""q;/L

mr'= product of w and 7’ in W
Il'y denotes the “shifted” facet



Theorem (Bergeron—C., 2014+)
The graded vector space

k[Yaol = €D K[Yal

n>0

equipped with these multiplication and comultiplication is a graded
Hopf algebra.



Antipode in k[Y5]

Takeuchi's formula for bialgebra



Antipode in k[Y5]

Takeuchi's formula for bialgebra

where for a = (v, ag, ..., ay)
My: K[Yo,] @ @ k[Ya,] — k[Yn]

JAWSE k[Yn] — k[Yal] @ k[Yaz]



Antipode in k[Y5]

Takeuchi's formula for k[Y]

S(Wv Qaﬂ-v l) = Z (_l)z(}-)(W]ﬁ Q]:,?T]:, If)
FeFD



Antipode in k[Y5]

Takeuchi's formula for k[Y]

SW,Qm )= Y (1) (Wr, Qr, 7, 15)
FeFD

where FD is the set of all possible /-flat decompositions
F=(F,F...,F) forall £>1.



Antipode in k[Y5]

Takeuchi's formula for k[Y]

S(W,Q,m )= > (1)U Wz, Qr, 7z, Ir)
FeFD

where FD is the set of all possible /-flat decompositions
F=(F,F...,F) forall £>1.

Many cancelation: resolve using sign reversing involution
(similar to [Benedetti-Sagan 2014+])



Antipode in k[Y5]

Cancelation free formula for k[ Y]

SW.Qm= Y (-1)Ma(G(K))(Wk, Qc. 7x, Ik)
KeWO(FD)



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})

Q = (51,52, 53,51, 52, 53, 51, 92, 53, 515 52, 53, 51, 52, 53 ),
r= ( (117(12,0423,(112,(Y3,az3,CY1270(3,62701123,()(12,6275123,06127041 ):

2-Flats F = (F1, Fp):
Fi=(0o1,01)
Fo = (a2, a3, 12, 3, 123, 12, (123, 12, )

(WF17 QF177TF17 /Fl) = (Alv (51,51), [2 1]’ {1})
(WF27 QF277TF27 IFZ) = (AZa (51352751752751752751752)7 [3 2 1]7 {1*273‘677})



(W,Q,m,1)=(As,Q,[4321],{1,4,5,6,7,9,11,12,13})
Q = ( s1,%,53,51,%, 53,51, 52, 53, S1, 52, 53, 51, 52, $3 ),

r=(oq,az,a, 012, (03, 023, (12, A3, Oo, (1123, (12, O, (123, (12, Q1 ),

2-Flats F = (F1, Fp):
Fi=(0o1,01)
Fo = (a2, a3, 12, 3, 123, 12, (123, 12, )

(WF17 QF177TF17 /Fl) = (Alv (51,51), [2 1]’ {1})
(WF27 QF277TF27 IFZ) = (AZa (51352751752751752751752)7 [3 2 1]7 {1*273‘677})

(Wr, Qr,mr,lr) =

(Al X A2, (51,51,53,54753754753,54,53754), [2 154 3], {1,3,4,5,879})



(W, Q,m, 1) = (As,Q,[4321],{1,4,5,6,7,9,11,12, 13})
Q = ( s1,%2,53,51,%, 53,51, 92, 53, 51, 2, 53, 51, 2, 53 ),
r=( ai,as, a3, 12,03, 03, (12, A3, 02, (1123, (12, (2, (123, 12, 011 ),
2-Flats F = (F1, F2):
Fi=(o1,01)

Fp = (o2, a3, 12, 3, 0123, 12, 01123, 12, )

(Wr, Qr,mr,Ix) =

(Al X A2a(51351353754753754753,54353354)3 [2 154 3]7{1'374‘5/89})

Coefficient of (Wx, Qr,7x, Ix) in S(W, Q,m, 1))

(1) a(G(K)) = +a( 3—3) =2



Thanks, Gracias, Merci!



