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Outline

● Antipode and Generalized Chromatic Polynomials

● Hopf Algebra proof of Stanley’s acyclic theorem

● Hopf monoid framework

● Toward cancelation free formula for antipode.
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Combinatorial Hopf Algebra

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

Hn = Q[G ∶ G iso class of graphs on [n]]

G1 ⋅G2 = G1 ∪G2 ∆(G) = ∑S⊆[n]G∣S ⊗G∣Sc

ζ(G) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 if G has no edges

o otherwise
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Combinatorial Hopf Algebra

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

Hn = Q[G ∶ G iso class of graphs on [n]]

EXAMPLE

a b c

d
e

g

⋅ h
f

=
a b c

d
e

h g

f
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Combinatorial Hopf Algebra

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

Hn = Q[G ∶ G iso class of graphs on [n]]

EXAMPLE

∆(
b

d
e
) =

b

d
e
⊗ 1 +

b

d ⊗ e +
b

e
⊗ d +

d

e
⊗ b

+ b ⊗
d

e
+ d ⊗

b

e
+ e ⊗

b

d + 1⊗
b

d
e
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Combinatorial Hopf Algebra

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

Hn = Q[G ∶ G iso class of graphs on [n]]

EXAMPLE

ζ(
b

d
e
) = 0 and ζ(

b

d
e
) = 1
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Combinatorial Hopf Algebra
[Aguiar-Bergeron-Sottile]

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym

Q

Ψ

ζ ϕ1

-

@
@
@R

�
�
�	

where ϕ1(f) = f(1,0,0,⋯).
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Combinatorial Hopf Algebra
[Aguiar-Bergeron-Sottile]

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym

Q

Ψ

ζ ϕ1

-

@
@
@R

�
�
�	

EXAMPLE

Ψ(
b

d
e
) = 0M(3) + 1M(2,1) + 1M(1,2) + 6M(1,1,1)

= 6m(1,1,1) +m(2,1)
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Combinatorial Hopf Algebra (ABS)

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym Q[t]

Q

Ψ

ζ ϕ1

- -
ϕt

@
@
@R

�
�
�	

ϕt(Mα) = ( t
`(α)) is a Hopf morphism

ϕt(f(x1, x2, . . .))∣
t=n

= f(1, . . . ,1
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

n

,0,0, . . .) .
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Combinatorial Hopf Algebra (ABS)

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym Q[t]

Q

Ψ

ζ ϕ1

- -
ϕt

@
@
@R

�
�
�	

ϕt(Mα) = ( t
`(α)) is a Hopf morphism

EXAMPLE

Ψ(
b

d
e
) = 0M(3) + 1M(2,1) + 1M(1,2) + 6M(1,1,1)

ϕt ○Ψ(
b

d
e
) = (t

2
) + (t

2
) + 6(t

3
) = t(t − 1)2
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Generalized Chromatic Polynomial
[Grinberg-Reiner]

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym Q[t]

Q

Ψ

ζ ϕ1

- -
ϕt

@
@
@R

�
�
�	

Generalized Chromatic Polynomial

χx(t) = ϕt ○Ψ(x)

ϕt ○Ψ∣
t=1

= (ϕt∣t=1
) ○Ψ = ϕ1 ○Ψ = ζ.
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Generalized Chromatic Polynomial
[Grinberg-Reiner]

H = ⊕n≥0Hn graded Hopf algebra with character ζ ∶H → Q

H QSym Q[t]
Ψ

- -
ϕt

When Hn = Q[G ∶ G iso class of graphs on [n]]

χG(t) = ϕt ○Ψ(G)

is the usual Chromatic polynomial.
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Theorem [Stanley]

χG(−1) = ±a(G)

For a graph G; a(G) is number of acyclic orientation.
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Theorem [Stanley]

χG(−1) = ±a(G)

For a graph G; a(G) is number of acyclic orientation.

Antipode: S∶Q[t] → Q[t]

f(t) ↦ f(−t)

χG(−1) = S ○ ϕt ○Ψ(G)∣
t=1

= ϕt ○Ψ ○ S(G)∣
t=1

= ζ ○ S(G)

χG(−1) = ζ(S(G))
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Theorem [Humpert-Martin]

THEOREM

S(G) = ∑
F flats

(−1)c(F )a(G/F )G∣F

Corollary χG(−1) = ζ(S(G)) = (−1)c(G)a(G)
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Theorem [Humpert-Martin]

THEOREM

S(G) = ∑
F flats

(−1)c(F )a(G/F )G∣F

Corollary χG(−1) = ζ(S(G)) = (−1)c(G)a(G)

EXAMPLE

S(
b

d

ea ) = 1

b

d

ea + 2

b

d

ea + 2

b

d

ea + 2

b

d

ea + 6

b

d

ea
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Theorem [Humpert-Martin]

THEOREM

S(G) = ∑
F flats

(−1)c(F )a(G/F )G∣F

Corollary χG(−1) = ζ(S(G)) = (−1)c(G)a(G)

EXAMPLE

S(
b

d

ea ) = 1

b

d

ea + 2

b

d

ea + 2

b

d

ea + 2

b

d

ea + 6

b

d

ea�
�	
a(

bd

ea ) = 2
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Theorem [Humpert-Martin]

THEOREM

S(G) = ∑
F flats

(−1)c(F )a(G/F )G∣F

Corollary χG(−1) = ζ(S(G)) = (−1)c(G)a(G)

EXAMPLE

S(
b

d

ea ) = 1

b

d

ea + 2

b

d

ea + 2

b

d

ea + 2

b

d

ea + 6

b

d

ea�
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a(

bd

ea ) = 2

Dec 2015 4/17 Antipode in Hopf Monoid.



Theorem [Humpert-Martin]

THEOREM

S(G) = ∑
F flats

(−1)c(F )a(G/F )G∣F

Corollary χG(−1) = ζ(S(G)) = (−1)c(G)a(G)

EXAMPLE

S(
b

d

ea ) = 1

b

d

ea + 2

b

d

ea + 2

b

d

ea + 2

b

d

ea + 6

b

d

ea�
�	
ζ ○ S(

b

d

ea ) = 6 = a(
b

d

ea )
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So now I want better formulas for antipode

Graded vector space: H = ⊕
n≥0

Hn

multiplication: m∶H ⊗H →H

comultiplication: ∆∶H →H ⊗H

ANTIPODE: S∶H →H [Takeuchi] For x ∈Hn

S(x) = ∑
α⊧n

(−1)`(α)mα∆α(x)

where

mα∶Hα1 ⊗⋯⊗Hα` →Hn and ∆α∶Hn →Hα1 ⊗⋯⊗Hα`
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So now I want better formulas for antipode

Graded vector space: H = ⊕
n≥0

Hn

multiplication: m∶H ⊗H →H

comultiplication: ∆∶H →H ⊗H

ANTIPODE: S∶H →H [Takeuchi] For x ∈Hn

S(x) = ∑
α⊧n

(−1)`(α)mα∆α(x)

where

mα∶Hα1 ⊗⋯⊗Hα` →Hn and ∆α∶Hn →Hα1 ⊗⋯⊗Hα`

MANY CANCELATIONS

We WOULD LIKE a REFINED GRADING
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So now I want better formulas for antipode

Graded vector space: H = ⊕
n≥0

Hn

multiplication: m∶H ⊗H →H

graded: m = ∑ma,b where

ma,b∶Ha ⊗Hb →Ha+b

comultiplication: ∆∶H →H ⊗H

graded: ∆ = ∑∆a,b where

∆a,b∶Ha+b →Ha ⊗Hb
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Hopf Monoids
[Aguiar-Mahajan]

For

H = ⊕
I⊆N

H[I]
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Hopf Monoids
[Aguiar-Mahajan]

For

H = ⊕
I⊆N

H[I]
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Hopf Monoids
[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H ∶ (Sets,Bijs) → (Vects,Transfs)

H[I] = Vector space

mI,J ∶H[I] ⊗H[J] →H[I ⊎ J] ∆I,J ∶H[I ⊎ J] →H[I] ⊗H[J]
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Hopf Monoids
[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H ∶ (Sets,Bijs) → (Vects,Transfs)

H[I] = Vector space

mI,J ∶H[I] ⊗H[J] →H[I ⊎ J] ∆I,J ∶H[I ⊎ J] →H[I] ⊗H[J]

This gives us

m∶H ●H →H

(H ●H)[T ] = ⊕
(I,J)⊧T

H[I] ⊗H[J]
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Hopf Monoids
[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H ∶ (Sets,Bijs) → (Vects,Transfs)

H[I] = Vector space

mI,J ∶H[I] ⊗H[J] →H[I ⊎ J] ∆I,J ∶H[I ⊎ J] →H[I] ⊗H[J]

This gives us

m∶H ●H →H and ∆∶H →H ●H
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Hopf Monoids
[Aguiar-Mahajan]

(Vector Spaces) species

A Functor H ∶ (Sets,Bijs) → (Vects,Transfs)

H[I] = Vector space

mI,J ∶H[I] ⊗H[J] →H[I ⊎ J] ∆I,J ∶H[I ⊎ J] →H[I] ⊗H[J]

TAKEUCHI For x ∈H[I].

S(x) = ∑
A⊧I

(−1)`(A)mA∆A(x)
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Example of Hopf Monoids

● G[I] = Span{G ∶ G is a simple graph on I}
mI,J ∶G[I] ⊗G[J] → G[I ⊎ J]

g ⊗ g′ ↦ g ∪ g′
∆I,J ∶G[I ⊎ J] → G[I] ⊗G[J]

g ↦ g∣I ⊗ g∣J

● L[I] = Span{α ∶ α is a total order on I}

mI,J(α⊗ β) = α ⋅ β ∆I,J(α) = α∣I ⊗ α∣J

● Π[I] = Span{A ∶ A is a set partition on I}

mI,J(A⊗B) = A ∪B ∆I,J(A) = A∣I ⊗A∣J
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Example of Hopf Monoids

● G[I] = Span{G ∶ G is a simple graph on I}
mI,J ∶G[I] ⊗G[J] → G[I ⊎ J]

g ⊗ g′ ↦ g ∪ g′
∆I,J ∶G[I ⊎ J] → G[I] ⊗G[J]

g ↦ g∣I ⊗ g∣J

● L[I] = Span{α ∶ α is a total order on I}

mI,J(α⊗ β) = α ⋅ β ∆I,J(α) = α∣I ⊗ α∣J

● Π[I] = Span{A ∶ A is a set partition on I}

mI,J(A⊗B) = A ∪B ∆I,J(A) = A∣I ⊗A∣J

We can try resolve Takeuchi formula with ad hoc sign reversing

involution and get cancelation free formula

Dec 2015 7/17 Antipode in Hopf Monoid.



Linearizable Hopf Monoids
[Marberg]

● a (Set) species h ∶ (Sets,Bijs) → Sets, is a basis for H if

H[I] = Span{x ∶ x ∈ h[I]}

● A hopf monoid H is linearizable if mI,J and ∆I,J are linear

extension of

mI,J ∶h[I] ⊗ h[J] → h[I ⊎ J]

∆I,J ∶h[I ⊎ J] → h[I] ⊗ h[J] ∪ {0}

Many Hopf monoids are linearizable

All our examples are... but not for all basis!!!
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Functors from Hopf Monoids
[Aguiar-Mahajan]

Species
K

Gr-Vect

H ⊕
n≥0

H[n]

Species
K

Gr-Vect

H ⊕
n≥0

H[n]/⟨x−σ(x)⟩

Both functors send Hopf monoids to graded Hopf

algebras, but only K preserves antipode
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K(L ×H) =K(H)

Study antipode for L ×H and H linearizable Hopf monoid.

For (α,x) ∈ (L × h)[I], using Takeuchi

SI(α,x) = ∑
(β,y)∈(l×h)[I]

⎛
⎜
⎝
∑

A∈Cβ,yα,x

(−1)`(A)
⎞
⎟
⎠
(β, y).

where

Cβ,yα,x = {A ⊧ I ∶ (αA, xA) = (β, y)}
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C
β,y
α,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

G: Hopf monoid of graph

I = {a, b, c, d, e, f, g, h}; α = abcdefgh; β = abdefghc

x =
a b c

d
e

h g

f

y =
a b c

d
e

h g

f

A = (a, b, d, e, f, g, h, c) ∈ Cβ,yα,x ?
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C
β,y
α,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

G: Hopf monoid of graph

I = {a, b, c, d, e, f, g, h}; α = abcdefgh; β = abdefghc

x =
a b c

d
e

h g

f

y =
a b c

d
e

h g

f

A = (a, b, d, e, f, g, h, c) ∈ Cβ,yα,x ? NO

αA = β but xA ≠ y
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C
β,y
α,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

G: Hopf monoid of graph

I = {a, b, c, d, e, f, g, h}; α = abcdefgh; β = abdefghc

x =
a b c

d
e

h g

f

y =
a b c

d
e

h g

f

Λ = (a, bde, f, g, h, c): unique minimum refinement in Cβ,yα,x

Gβ,yα,x = ● ● ● ● ● ●
1 2 3 4 5 6
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C
β,y
α,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

Gβ,yα,x = ● ● ● ● ● ●
1 2 3 4 5 6

1,2,3,4,5,6

12,3,4,5,6 1,23,4,5,6 1,2,34,5,6 1,2,3,45,6 1,2,3,4,56

123,4,5,6 12,34,5,6 12,3,45,6 1,234,5,61,23,45,6 1,2,345,6

123,45,6

Ð→ coefficient of (β, y) in S(α,x) is ∑A∈Cβ,yα,x(−1)`(A) = 0
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THEOREM C
β,y
α,x

H: Any linearizable Hopf monoid with basis h

(α,x) and (β, y) in (L × h)[I]

● Cβ,yα,x has a unique minimal refinement Λ

● Cβ,yα,x is a lower ideal in [Λ, I]

● [Λ, I] ∖ Cβ,yα,x has minimums of the form

(Λ1, . . . ,Λi−1,Λi ∪Λi+1 ∪⋯ ∪Λj ,Λj+1, . . . ,Λm)

● This define a graph Gβ,yα,x with no NESTING

[no (a, d), (b, c) with a ≤ b < c ≤ d]

● We have ϕ∶ Cβ,yα,x → Cβ,yα,x sign-reversing involution.

∑
A∈Cβ,yα,x

(−1)`(A) = 0 or ± 1
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THEOREM C
β,y
α,x

Cβ,yα,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

● Cβ,yα,x has a unique minimal refinement Λ

Idea of proof Assume A ≠ B ∈ Cβ,yα,x two minimal refinement.

xB =mB∆B(x) =mB∆B(xB)

By assumption xA = xB (I skip some details about α)

xA =mB∆B(xA) =mB∆BmA∆A(x) =mC∆C(x)

for a C < A (contradiction)
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THEOREM C
β,y
α,x

Cβ,yα,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

● Cβ,yα,x is a lower ideal in [Λ, I]

Idea of proof For any A ≠ B ∈ Cβ,yα,x, we show [Λ,A] ⊆ Cβ,yα,x. For any

Λ ≤ C ≤ A

y =mΛ∆Λ(x) =mC∆CmΛ∆Λ(x) =mC∆CmA∆A(x) =mC∆C(x)

and same with α
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THEOREM C
β,y
α,x

Cβ,yα,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

● [Λ, I] ∖ Cβ,yα,x has minimums of the form

(Λ1, . . . ,Λi−1,Λi ∪Λi+1 ∪⋯ ∪Λj ,Λj+1, . . . ,Λm)

Idea of proof Let B > Λ and B ∉ Cβ,yα,x minimal.

Suppose that B has more than one part that joint parts of Λ.

We refine each (one at a time) to get Λ < C < B: we get y = xC .

This shows that xB = y since for each bloc we get the same thing as

y (contradiction)
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THEOREM C
β,y
α,x

Cβ,yα,x = {A ⊧ I ∶ (αA, xA) = (β, y)}

● We have ϕ∶ Cβ,yα,x → Cβ,yα,x sign-reversing involution.

∑
A∈Cβ,yα,x

(−1)`(A) = 0 or ± 1

Idea of proof read paper!
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THEOREM C
y
x

H: Any lin. (co and coco)mutative Hopf monoid with basis h

x and y in h[I]

● Cyx has a unique minimal refinement Λ (up to permutation)

● Cβ,yα,x is a lower ideal in ⋃σ[σ ⋅Λ, I]

● (⋃σ[σ ⋅Λ, I]) ∖ Cβ,yα,x has minimums of the form

(⋃
i∈U

Λi,Λv1 ,Λv2 , . . . ,Λvr)

● This define a hypergraph Gyx [hyperegdes U ⊂ Λ

● So far we do not have a complete cancelation free formula. The

best is

∑
A∈Cβ,yα,x

(−1)`(A) = a(Gyx)

a (0,1,−1)-weighted sum of certain acyclic orientation of Gyx
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K A M S A H A E Y O

M E R C I

T H A N K S

G R A C I A S
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