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1.Monstrous Moonshine

M: Monster simple group

= largest sporadic simple group

M| =2%6.320.59.76.112.13%3.17.19-23.29-31-41-47-59-71
~ 8.08 x 10°3

‘I‘E?ﬂfﬁ\ =10° < |M| < 10% = Eﬁj;ﬂi
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Moonshine Conjecture (Conway-Norton 1979)

© 7 a Z-graded representation V¥ = > _, V/ of M sit.
dimVi = c(n), where
Jj(r) =744 =32 . ¢c(n)q",q=e*'" Imr >0

n

Q T (r)=>7" 4 tr(g|V/#)q" : Mckay-Thompson series

= Tg(7) is the Hauptmodul for some discrete genus 0
subgroup g of PSL>(R)

That is,
i) H/M g ~ S2
ii) Every modular function of weight 0 w.r.t Iz is a rational

function in Tg(7)
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Monstrous Moonshine

Proof of Moonshine Conjecture

@ Borcherds, Frenkel-Lepowsky-Meurman (1985) :
introduced vertex(operator) algebras

@ Frenkel-Lepowsky-Meurman(1988) :
constructed the Moonshine module V*

© Borcherds(1992) : completed the proof

key ingredient : Monster Lie algebra

= an example of generalized Kac-Moody algebra
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2.Quantum GKM Algebra

Definition  Borcherds-Cartan matrix
Let / be a finite or countably infinite index set.
A real matrix A = (ajj)ijes is called a Borcherds-Cartan matrix
if it satisfies the following conditions:
i) aj=2ora;<0foralliecl,
i) aj <0if i #J,
i) aj € Z if ajj = 2,
iv) aj = 0 if and only if aj; = 0.
Assume that A is even, integral and symmetrizable. That is,
i) ajiis even , Vi € |
ia;€Z i, jel

iii) Pdiagonal matrix D = diag(s; € Z~o|i € 1) s.t. DA :symmetric
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Borcherds-Cartan datum

(A, P, PV ,MY) consists of

i) A= (ajj)ijer, a Borcherds-Cartan matrix,

ii) a free abelian group P, the weight lattice,

i) PV = Hom(P,Z), the dual weight lattice,

iv) M= {a; € P|i € I}, the set of simple roots,

v) MY = {h;|i € I} C PV, the set of simple coroots,

satisfying the properties:

a) (hj,aj) = ajj for all i,j €1,
b) Vi € I, there exists A; € P s.t. (hj,\;) =6; Yjel,

c) MM is linearly independent.



Quantum GKM Algebra
ooeo

Quantum GKM Algebra

Definition  Quantum GKM Algebra

Quantum GKM Algebra Uq(g) associated with (A, P, PY, 1, MY)

= the associative algebra over Q(g) with 1 generated by the
elements e;, f; (i € 1), g" (h € PY) with

I) qO =1, qhqh’ — qh—l—h’ for h, H e PV
i) g"ejg" = q® Mg, gMfigh =g Mf,  forhe PV icl

K,' — K.fl
iii) e,-f;- — f;-el- = 5’]7’1

- for i,j € I, where K; = g"
ai — q;
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Definition Quantum GKM Algebra

1

—an 1— g —ai—
iv) i:g'f(—l)k[ ka“] e ek =0 ifici®andi#]
1

—a: 1-— if —aji— ' [ [
v) Ei:ou(—l)k [ kaJ] fil ’ kﬂ' /=0 ifici®andi#]

Vi) e;ej—eje;:f,-f,-—fjf,-zo ifa;j:0
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3.Crystal Bases

Definition  Category Ojn:

the abelian category Ojnt of U (g)-module M satisfying the

following properties:

i) M = @recp My, where
M, = {u eM; q'u= qA(h)u for any he PV }

i) dim U (g)u < oo for any u e M

i) wt(M) :={A e P; M\ #0} C {Ae P; (hj,\) >0, "ie ™}
iv) iMy=0,% € ™and A€ Pst. (h,\)=0

v) eMy=0,%ie /™ and A € Pst. (hj,\) < —aj
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Proposition  (Jeong-Kashiwara-K 2005)

@ The abelian category Ojp; is semisimple

@ { irreducible objects in Ojpr } = {V(\)|X € P}, where

Pt ={X€ P|(hj,\) >0 forall icl}
Q V(X)) = Uqg(g)uy, where

i) uy has weight A
i) euy =0foralljiel
ity £ MLy = 0 for any i € I

vi) fiuy = 01if i € "™ and (h;, A) = 0
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Crystal Bases

Kashiwara operators

Let M be a Uq(g)-module in Ojys.
The Kashiwara operators &;, f; (i € 1) are defined by

iy = Z f,-(k_l)Uk -y = Z fi(k+1)uk

?

k>1 k>0
where
u= Zkzo f,-(k)uk with ux € My na; s.t. ejux =0, Yue M,
and
f(k) _ f;k/[k],l if iel*

£k if ie/m

1
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Crystal Bases

Definition  Crystal Bases

Let Ag={f/g € Q(q); f,g € Qlq],g(0) #0} and M € Ojy;.
A Crystal Basis of M is a pair (L, B), where

i) Lis a free Ag-submodule L of M s.t. M~ Q(q) @, L
ii) B is a Q-basis of L/gL

i) fLCcLand&Lc L Yiel

iv) ;B C BU{0}and B c BU{0} VYiel

V) fib=b < b=2¢b/, forbbcBandicl
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Theorem  (Jeong-Kashiwara-K 2005)

For A € PT, let

L(X) = Ap-submodule of V/(\) generated by
{;}1"';},“)\; r207ik€ I}

BO) = {Fu- Frun+qL(); r = 0, € 1\ {0}
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Theorem  (Jeong-Kashiwara-K 2005)

For A € PT, let

L(X) = Ap-submodule of V/(\) generated by
{;}1"';},“)\; r207ik€ I}

BO) = {Fu- Frun+qL(); r = 0, € 1\ {0}

= (L(\), B(\)) is a unique crystal basis of V()



Crystal Bases
00000e00

Crystal Bases

Crystal basis for U, (g)

Fix i € I. For any u € Ug (g), 3 unique v, w € Ug (9) st.
Kiv — Ki_lw
eiu — ugg = —————5—
qi — q;

We define the endomorphism e/ : U, (g) — U, (g) by €/(u) = w.
Then every u € U, (g) has a unique i-string decomposition

u= Z f,'(k)Uk, where e,fuk =0 forall k>0,
k>0

and the Kashiwara operators &, f; (i € I) are defined by

é,-u = Z fi(k_l)uk, ?,'U = Z fi(k—H)Uk.
k>0

k>1
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Definition

A Crystal Basis of Ug (g) is a pair (L, B), where

i) Lis a free Ag-submodule L of Ug (g) s-t.
Uy (6) ~ Q(9) @, L
i) B is a Q-basis of L/gL
iyfLcLand&Lc L Viel
iv) fBC Band B C BU{0} Viel
V) fib=b < b=2¢&b/, forbbcBandicl
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Theorem  (Jeong-Kashiwara-K 2005)

L(o0) = Ag-submodule of U, (g) generated by
{7",-1---?,-,1; rZO,ikel}

B(Oo):{?,l---?irlnLqL(oo); rZO,ikG/}\{O}
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Theorem  (Jeong-Kashiwara-K 2005)

L(o0) = Ag-submodule of U, (g) generated by
{7",-1---?,-,1; rZO,ikel}

B(Oo):{?,l---?irlnLqL(oo); rZO,ikG/}\{O}

= (L(00), B(c0)) is a unique crystal basis of U, (g)
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Crystal Bases

Theorem  (Jeong-Kashiwara-K 2005)

L(o0) = Ag-submodule of U, (g) generated by
{7",-1---?,-,1; rZO,ikel}

B(Oo):{?,l---?irlnLqL(oo); rZO,ikG/}\{O}

= (L(00), B(c0)) is a unique crystal basis of U, (g)

Problem How to realize B(\) and B(o0) ?
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4.Abstract Crystals

Definition  Abstract Crystals

A set B with the maps wt: B — P, &, f;: B — BL {0} and
ei,pi: B—ZU{—o0} (i € 1) where

i) wt(&b) =wtb+ o if i € | and &b # 0,
i) wt(fib) =wtb — «; if i € I and f;b # 0,
i) Vi €l and b € B, pi(b) = &;(b) + (h;,wt b),
iv)Vieland b,b' € B, ib="b <= b=2¢&b,

Notation wt;(b) = (hj,wtb) fori€land be B
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Definition  Abstract Crystals

V) Vieland be Bs.t. &b#0, we have
ei(&b) = ei(b) — 1, i(&b) = pi(b) + 1 if i € I,
ei(&b) = €i(b) and ¢i(&b) = wi(b) + aj if i € I'™,
vi)vi c€land be Bst. fb # 0, we have
ei(fib) = e;(b) + 1 and g;(fib) = @i(b) — 1 if i € I'®,
gi(f;b) = &;(b) and @;(f;b) = @;(b) — a if i € I'™,
vii) Vi€l and b € B s.t. p;(b) = —oc0, we have &b = fib=0.
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Abstract Crystals

Definition  Morphism of Crystals

Let B; and B, be crystals. A morphism of crystals ¢: By — By is
amapy: By — By s.t.

i) for b € By we have
wt(1(b)) = wt(b) and £i(1(b)) = €i(b),
0i((b)) = pi(b) for all i € 1

i) if b€ By and i € | satisfy fib € By, then

W(fib) = fi(b)
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Definition  Morphism of Crystals

Let ¢: By — By be a morphism of crystals
i) ¢ is called a strict morphism if

V(&b) = &1p(b), (fib) = fip(b) forallieland be B

where 9(0) =0

ii) ¢ is called an embedding if the underlying map ¢ : B; — B
is injective. we say that Bj is a subcrystal of By. If 4 is a strict
embedding, we say that B; is a full subcrystal of B,.



Abstract Crystals
0000®00000000000

Abstract Crystals

Example

Q@ B=B(\), A€ P, b="F - fuy+qlL()\)

wt(b) N — (i, + - o)
max{k >0:8b£0) foriel®,
sy = {0020} |
0 for i € I'm,
max{kzo;?,-kb;éO} for i € I,

pi(b) = .
wt;(b) for i € I'™,
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Abstract Crystals

Example

Q@ B=B(x)and b=Ff ---f, 1+ gl(0)

wt(b) = —(ovjy + -+ + )
max{k >0; &b£0} foric /™
0 for i € '™

wi(b) = ¢€i(b) + wtj(b) (i €l).

8,‘(b) =
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Abstract Crystals

Definition  Tensor Product of Crystals

Let B; ® B, = {bl ® b2|b1 € By, b € Bz}, and define the maps
wt, €;, @; as follows.

wt(b® b') = wt(b) +wt(b),
eilb@ b)) = max(gi(b),ei(b) — wti(b)),
pi(b®b') = max(pi(b) +wt;(b'), pi(b")).

For i € I, we define

. fbo b if (b b)),

> €5
b fib' if pi(b) < &i(b),
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Definition  Tensor Product of Crystals

For i € I, we define

bt if pi(b) >¢ei(b),

&b b) =
b &b if (p,‘(b) < €i(b,),

and, for i € I'™, we define
&b b if pi(b) > &i(b) — aii,
g&(beb) = <o if €;(b') < ¢i(b) < e&;i(b) — aji,
b &b if (p,'(b) < 6,'(b/).
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Proposition
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Abstract Crystals

Proposition

QO B1 Q) By is a crystal.
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Abstract Crystals

Proposition

QO B1 Q) By is a crystal.

Q9 (B1IQ®RB)RB — BRBQ Bs)
(@)X bs  +— b1 Q(b2 b3)
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Abstract Crystals

Proposition

QO B1 Q) By is a crystal.

Q9 (B1IQ®RB)RB — BRBQ Bs)
(@)X bs  +— b1 Q(b2 b3)

Remark Hence the category of crystals forms a tensor category.
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Example
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Abstract Crystals

Example

@ For A € P, let T, = {t\} and define

wt(ty) =\, &ty =Fty=0 forall iel,

€i(f,\) = (Pi(t)\) =—o0o0 forall iel.

= T, is a crystal.
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Abstract Crystals

Example

@ For A € P, let T, = {t\} and define
wt(ty) =\, &ty =Fty=0 forall iel,
gi(ty) = ¢i(ty) = —oco  forall i€ l.

= T, is a crystal.
@ Let C = {c} with

wt(c) =0 and g;(c) = ¢i(c) =0, ic=&c =0, i€l

= C is a crystal.
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Example

© Foreach i€/, let Bi ={bi(—n); n>0} with

wt bj(—n) = —na;,

&ibi(—n) = bj(—n+1), Fbi(—n) = bi(—n—1),

&bj(—n) = fibj(—n) =0 if j#i,

ei(bi(—=n)) =n, i(bi(—n))=—n if i€l

ei(bi(—n)) =0, @i(bi(—n)) = wti(bi(—n)) = —na;; if i€ ™,
ej(bi(=n)) = pj(bi(—n)) = —o0 if j#i

= B is a crystal. The crystal B; is called an elementary
crystal.
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Abstract Crystals

Example
B1, By : crystals for Ug(g)-modules in Ojyy
i) ajj = 2

—

ii) aji < 0
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Abstract Crystals

Example

O Q@ Tu=~ Ty
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Abstract Crystals

Example

O Q@ Tu=~ Ty

@ B(\) — B(0)Q T
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Abstract Crystals

Example

0 T)\ ® T,U, ~ T)\_;'_“
Q@ B(\) — B(x) X Ty

© B(A+p) — B(A)QB(n)
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Abstract Crystals

Example

Q@ W®T,~ Tryy
Q@ B(\) — B(x) @ T
Q@ B(A+pu) — B(A)Q B()

0 BRCzB
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Abstract Crystals

Example
i= (1,0, ), ik €1 s.t. every i € | appear infinitely many times
ini
B() < {--- @ bi(—x¢) ® - - © by (~x)

e"'®Bik®"'®Bi1;Xk€ZZOr andxk:Ofork>>O}.
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Abstract Crystals

Example
i= (1,0, ), ik €1 s.t. every i € | appear infinitely many times
ini
B() < {--- @ bi(—x¢) ® - - © by (~x)

e"'®Bik®"'®Bi1;Xk€ZZOr andxk:Ofork>>O}.

— B(i) becomes a crystal;
b=--®bj(—xk) ® - ® by(—x1) € B(i)
wt(b) = — >, xka,
for i € I'®, g;(b) = max{xk + > sklhiaix; L< k, i = ik}
pi(b) = max{—Xk — 2a<ieklhi; )X 1< k, i = ik}
forie ™, €i(b)=0 and ¢;(b)=wti(b)
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Abstract Crystals

Example

For i € I, we have

-, @ by, (=X, 1) ®@ -+ @ by (—x1) if ei(b) >0,
T 0 if £;(b) <0,
ib="-®bj, (—xn, —1) @+ @ by (—x1),
where ne (resp. nf) is the largest (resp. smallest) k > 1 such that

iy =i and xx + E/>k<hi>04i,>xl = €i(b).

Note such an n, exists if £;(b) > 0.
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Abstract Crystals
Example

When / € I™, let
ne = min{klix =i and >, (h;i,a;)x = 0}

Then
fib=--®bj, (~xo, —1) ® -~ @ by (—x1)
and
@ bi (= Xn +1) @ - @ by (—x1)
< h if x,, > 0 and Zk<,<nf<h,-,a,-,>x/ < aj; for any
€D = -

k such that 1 < k < nf and iy =i,

0 otherwise.
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5.Crystal Embedding Theorem

Theorem  (Jeong-Kashiwara-K-Shin 2006)

For all i € I, 7' strict embedding

\U,'Z B(OO) — B(OO) & B,'
1 —  1Q5b(0)
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Crystal Embedding Theorem

Leti:(il,ig,"')E/oo

Observe : B(oco) — B(o0) @ B, — B(c0) ® B, Q Bi, — - -
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Crystal Embedding Theorem

Leti:(il,ig,"')E/oo

Observe : B(oco) — B(o0) @ B, — B(c0) ® B, Q Bi, — - -

Proposition

B(o0) = B(i) = {--- @ bi(—x) @ - - - bir (—x1)}



Crystal Embedding Theorem
0@00000000

Crystal Embedding Theorem

Leti:(il,ig,"')E/oo

Observe : B(oco) — B(o0) @ B, — B(c0) ® B, Q Bi, — - -

Proposition

B(o0) = B(i) = {--- @ bi(—x) @ - - - bir (—x1)}

Corollary

B(o0) =~ connected component of B(i)
containing --- @ b;, (0) @ - - - b, (0)
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Crystal Embedding Theorem

Theorem  (Jeong-Kashiwara-K-Shin 2006)
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Crystal Embedding Theorem

Theorem  (Jeong-Kashiwara-K-Shin 2006)

@ Let B be a crystal s.t.

i) wt(B) C —Q4,

i) by € B s.t. wt(bg) =0,

iii) for any b € B's.t. b# by, Z some i € I s.t. &b # 0,
iv) for all i, 3 3 strict embedding V;: B — B® B;.

Then B == B(o0)
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Crystal Embedding Theorem

Theorem  (Jeong-Kashiwara-K-Shin 2006)

@ Let B be a crystal s.t.

i) wt(B) C —Q4,

i) by € B s.t. wt(bg) =0,

iii) for any b € B's.t. b# by, Z some i € I s.t. &b # 0,
iv) for all i, 3 3 strict embedding V;: B — B® B;.

Then B == B(o0)
@ Let A€ P*. Then

B(\) == connected component of B(co) ® Ty ® C
containing 1 ® t\ ® ¢
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Crystal Embedding Theorem

Example

Let / ={1,2} andi=(1,2,1,2,...) and
2 _

A= b ? for some a, b € Z~g and ¢ € 2Z>.
—-b —c

BY (- @ by(—xok) ® bi(—xak_1) © - - @ ba(—x2) @ by (—x1))|

i) axox — xok+1 > 0 for all k > 1,

ii) Yk > 2 with xox > 0, we have xp,_; > 0 and

axok — Xok4+1 > 0.}



Crystal Embedding Theorem
[ee]eY Tolelelelele)

Crystal Embedding Theorem

Example

Let / ={1,2} andi=(1,2,1,2,...) and
2 _

A= b ? for some a, b € Z~g and ¢ € 2Z>.
—-b —c

BY (- @ by(—xok) ® bi(—xak_1) © - - @ ba(—x2) @ by (—x1))|

i) axox — xok+1 > 0 for all k > 1,

ii) Yk > 2 with xox > 0, we have xp,_; > 0 and

axok — Xok4+1 > 0.}

— B~ B(o0)
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Crystal Embedding Theorem

Example

B 1 @ by(—xok) @ b1 (—x0k1) @ - - @ bo(—x2) @ b1 (—x1)®
t\ ® c|
i) axok — xok+1 > 0 for all k > 1,
i) Yk > 2 with xox > 0, we have xp,_1 > 0 and
axpk — Xok+1 > 0,
i) 0 < xg < (h1, \),
iv) if xo > 0 and (h2,\) =0, then x; > 0. }
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Crystal Embedding Theorem

Example

B 1 @ by(—xok) @ b1 (—x0k1) @ - - @ bo(—x2) @ b1 (—x1)®
t\ ® c|
i) axok — xok+1 > 0 for all k > 1,
i) Yk > 2 with xox > 0, we have xp,_1 > 0 and
axpk — Xok+1 > 0,
i) 0 < xg < (h1, \),
iv) if xo > 0 and (h2,\) =0, then x; > 0. }

— B ~ B()\)
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Crystal Embedding Theorem

Example Quantum Monster Algebra

I={(,t)i=-1,1,2- 1<t<c(i)}
A= (_(i +j))(i,t),(j,s)el

= C()

. | —(i+))




Crystal Embedding Theorem
000000e000

Crystal Embedding Theorem

Example

i=(i(k)gz = ((-1,1),(1,1),...,(1,¢(2));
(-1,1),(1,1),...,(1,¢(2)),(2,1),...,(2,¢(2));
(-1,1),(1,1),...,(1,¢(1)),(2,1),...,(2,¢(2)),
(3, 1)7 ,(3,C(3));(—1,1),. )

Note
i) every (i, t) € | appears infinitely times in i

ii) (—1,1) appears at the b(n)-th position for n > 0, where

b(n) =nc(l)+(n—1)c(2)+---+c(n)+n+1.
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Example
For k € Z~g, k=) = the largest integer | < k s.t. i(/) = i(k).
def .
B = { ®bijuy(—xk) @ ® bi1)(—x1) € B(i)|
I) Xb(l) = 0,
i) Yn>1, Z (h(=1,1), Q)X = Xp(n+1)s
b(n)<I<b(n+1)

iii) if i(k) # (—=1,1), xx > 0 and k(=) > 0, then

Z (higky» igry)x1 < 0.
k) <i<k

If x; =0 for all k(=) </ < kst i(/) # (—1,1), then

Z <h(,1,1),ai(,)>x, > Xp(n+1) st kKO < b(n) < k.}
b(n)<I<b(n+1)
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Example

For k € Z~g, k=) = the largest integer | < k s.t. i(/) = i(k).
def

B = { ®bijuy(—xk) @ ® bi1)(—x1) € B(i)|
I) Xb(l) = 0,
i) Yn>1, Z (h(=1,1), Q)X = Xp(n+1)s
b(n)<I<b(n+1)
iii) if i(k) # (—=1,1), xx > 0 and k(=) > 0, then

Z (higky» igry)x1 < 0.
k) <i<k

If x; =0 for all k(=) </ < kst i(/) # (—1,1), then

Z <h(,1,1),ai(,)>x, > Xp(n+1) st kKO < b(n) < k.}
b(n)<I<b(n+1)

— B~ B(o0)
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Example

Adef{ .® b ( Xk)®"'®bi(1)(*xl)®t>\®d
(i)—(iii) in the previous example,
v) 0 < x1 < (h11),A),

v) if i(k) # (—1,1), (hix), A) =0, x¢ >0 and k() =0
then 3/ st. 1 </ < k, (hi(ky> igry) <0 and x; > 0. }
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Example

Adef{ .® b ( Xk)®"'®bi(1)(*xl)®t>\®d
(i)—(iii) in the previous example,
v) 0 < x1 < (h11),A),

v) if i(k) # (—1,1), (hix), A) =0, x¢ >0 and k() =0
then 3/ st. 1 </ < k, (hi(ky> igry) <0 and x; > 0. }

— B ~ B()\)
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THANK YOU
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