1 Ring of invariants

Exercise 1. Is 1 € k[2?]? Is 2® € k[2?]? Is x € k[z,y]? Is vy € k[z,y]?

Exercise 2. Let M = . Find M f for the following polynomials:
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1. f(z1,292,73) = 222 + 223 — 112223
2. f(z1,72,23) = 222 — 11w023
3. f(x1,ma,23) = 223 + 203 — 1la1 2023 + 223

Exercise 3. Which of the examples in Exercise 2 are invariant under G = S3 ¥

Exercise 4. Give another example of an Ss-invariant. Can you guess genera-
tors for the ring: klx,y, 2]%3.



Monomial ordering

. Order the following terms in lex order:

(a) (1,2,3,0),(0,2,5,0)

(b) (1,2,3,4),(1,2,5,2)

. Consider “degree-lex” order defined by a <gje, 0 if
i)a=por

i) o =32 0i <32, 8 = [B| or

iii) || = |8 and o <jer G-

Order the following terms in dlex order:

(a) (1,2,3,0),(0,2,5,0)

(b) (1,2,3,4),(1,2,5,2)

. Write the following polynomials in R[z, y, z] in decreasing term order using
the lexicographic order with > y > 2. Then determine the multideg,
LM, and LT.

(a) 3zy — byz + Txz

(b) 5+ 32%2 — 22y*2® + 32 — b + 2y



Ideals and the division algorithm

. What elements make up the ideal (x?) in R[z]? What elements make up
the ideal (2?) in Rx,y]?

cIs 1€ (2?). Is 2® € (2?)? Explain.

Isy—le(z+1,2y+1)?

. Show that the set of polynomials in Z[x] whose coefficients are even inte-
gers make up an ideal of Z[z].



5. Calculate the remainder on dividing f by the given sets of polynomials S

(a) f=a%yz+ 222 —yzand S = {2% —y,y — 2}

(b) f=2*yz+222 —yzand S = {y — 2,22 — y}

(c) f=a%y? —wyz+yz? and S = {y — 2,22 —yz,x + 2°}



4 Grobner Bases

4.1 Buchberger’s algorithm
1. Calculate the S-polynomials S(f, g):

(a) f=x—y+z,9g=c+y—2z

(b) f=ay—ay*g=ay—=x

() f=e1—y1,9=e2—ya.



2. Construct a Grobner basis for the following ideals in Rz, y, 2]:

(@) I={x—y+z,x+y—223z—y+32)

(b) I = (z®y —ay? zy — )

(c) I ={(e1—y1,e2—y2,e3 —y3)



5 The ring of invariants

1. Is f = 223 + 2%y + 222 + 920 — 2y3 + 922+ 220 + 2%y — 223 in k[z, y, 2]527?

2. Express f in terms of e, es, e3. Hint: Use Buchberger’s algorithm to find
a Grobner basis for I = (e1 —y1, €2 — Y2, €3 —y3) and then use the division
algorithm.



3. Consider the cyclic group C5 generated by <(1) :1)

(a) Find the elements of Cs.

(b) Find finitely many invariants which generate k[r, y]* using the Reynolds
operator.

(c) Can you find fewer invariants thta generate k[z,y]“*? Hint: check if
fi € k[f1,..., fm] where fi1,..., fn, are the invariants you found in
the preceeding exercise.



