HOMEWORK #3 - MATH 4160

ASSIGNED: OCT 20, 2012 DUE: NOV 6, 2012

Write your homework solutions neatly and clearly. Provide full explanations and justify all of your
answers.

(1) Give an argument which explains why the number of ways of coloring the vertices of the
following graph with k colors such that no two vertices connected with an edge is colored
the same, is equal to k° —8k* +24k3 — 31k% + 14k (the number of ways of coloring this graph
with no restriction on the colors is k). Phrase your explanation in terms of an applications
of the addition principle and the multiplication principle.
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Combinatorial problems and exponential generating functions.

(1) Find the generating function for the number of words of length n using letters a,b, ¢, d, e

such that

(a) there are at most 8 a’s and at most 8 b’s

(b) there are at most 8 a’s and b’s

(c) there are at most 8 a’s and b’s and an even number

(d) there are at most 8 a’s and b’s or an even number
(2) How many 24 digit numbers are there using only the digits 1 through 9 and each digit ap-

pears at most 9 times and the digit 1 appears at least once? Answer: 74,965,128,891,416,777,877,864

Combinatorial identities:

(1) Find a formula for the exponential generating function of the number of odd set partitions of
n (that is, the set partitions where each set in the partition has an odd number of elements).
If we let Bgdd = to the number of odd set partitions of n, then Bgdd =1 and for n > 0,

[n/2] n
Bgflﬂl - Z <2k) By
k=0
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Show that this exponential generating function is e*"(®)
(2) Let Br(z) = 3,50 (7)%;. Show that

Bu(x)By(2) 1 <k +{

Take the coefficient of 2™ /n! on both sides of the equation and use it to give a binomial

coeflicient identity. Verify that your identity holds for n =6, k =3, £ = 1.
(3) Prove that

-
[[a+a) =1+ ng 11 1 —1x2i
k>0 r>1 =1
by explaining that the left hand side is the generating function for the set of odd partitions
with distinct parts (odd strict partitions) and the right hand side is also the generating
function for the same set except that the partitions are decomposed by the partitions which
are of length equal to r.




