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1. COUNTING CARDS

Poker is a card game played with a 52 card deck with 13 values (or ranks), for the cards
and 4 suits (#, O, &, ). Poker hands are ranked by how common a hand is.
The types of poker hands are:

e straight flush : a sequence of 5 cards in order all with the same suit (there is also
a royal flush, 10, J, @, K, A all the same suit, but these are also straight flushes so
there is no real reason to separate them)

4 of a kind - 4 cards of the same value and one extra card

full house - a pair and a three of a kind

flush - five cards all one suit not a straight

straight - five cards whose values are in a 5 card sequence and it is not the case
they all have the same suit

e 3 of a kind - three cards of the same value and two extra cards with different values
e two pairs

® pair

e none of the above (often called ‘high card’)

A really good exercise is to figure out a way of counting the number of each of these sets
using only addition (like I said, this is sometimes the more complicated way of coming up
with the answer) and then add them all up and check that they add up to (552) (the number
of ways of picking 5 cards from a deck of 52).

The categories that we describe as a ‘poker hand’ are not the only descriptions possible,
because I could make up a description and call that a poker hand. For example a ‘sandwich
two pair’ is a 5 card hand that contains two pairs such that the two pairs have the same
two suits and the 5th card has a value which is between the two pairs and has a suit which
is the same as the pairs (e.g. 40, 4, 90, 9, 6 is an example of a sandwich two pair, but
40, 4,90, 9, J& and 40 4, 90, 9, 60 are not).

Here is how you count all of the numbers of different types of hands.

straight flush:
There are also 40 straight flush hands because there are 4 possible suits and 10 possible
straights (that begin with A through 10 as the lowest card, the A is either a high or low
card but not both).
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4-of-a-kind:

For instance, there are 13 x 48 = 624 possible 4-of-a-kind hands because we can choose
which value appears 4 times in a 4-of-a-kind hand plus one extra card from the remaining
48 cards in the deck. Therefore a straight flush beats a 4-of-a-kind because there are more
4-of-a-kind hands than straight flush.

full house:

A full house consists of a three-of-a-kind and a pair. To specify one of these hands we must
know the value of the three-of-a~kind, the three suits which appear in the three-of-a-kind,
the value of the pair, and the two suits which appear in the pair. There are 13 values for

the three-of-a-kind, (g) ways of specifying the suits, 12 values for the pair and (3) ways of

specifying the suits. By the multiplication principle there are 13 - (g) -12- (;1) = 3,744.

flush:
A flush hand has 5 values which are all different and one of the four suits. Now if you pick
the 5 values from the 13 possible you will still include those sequences that are straight

flushes, so there are (153) — 10 possible sets of values and 4 suits. In total there are

((153) - 10) -4 = 5,108 possible flush hands

straight:

If a hand is a straight but not a straight flush then there are 10 possible straights and there
are 4° ways of picking a suit for each of the cards of the straight, BUT we have to subtract
off the number of ways that all suits are the same. By the multiplication principle we know
that there are 10 - (4°> — 4) = 10, 200 possible straight hands which don’t have a flush.

3-of-a-kind:

This hand is determined by which value is repeated three times, the three suits that appear
and then two other cards from the remaining 48 (because we remove all the cards that are of
the same value as the 3-of-a-kind) which do not form a pair. Since there are 12- (3) possible
ways of making a pair from the remaining 48 cards, there are ((428) —12. (3)) = 1,056 two
cards which do not form a pair. Alternatively, we can pick two values from the remaining
12 and then a suit for each of those cards so there are also (122) -4? = 1,056 ways of picking

the pair. In total there are 13 - (g) . (122) - 42 = 54,912 three of a kind hands.

2-pair:
I also counted the number of hands with exactly two pairs. The following information
completely determines a hand that has a two pair.

e two values (an upper and a lower) which will each appear twice in the hand

e two suits of the 4 for the lower value

e two suits of the 4 for the upper value

e a last card which is any of the 52 — 8 cards which don’t have a value of the pair.
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Again, I can frame this in terms of a bijection with a list of information. A hand
with 5 cards in it is in bijection with a list containing 4 pieces of information. For in-
stance the hand 30, 3&, 7&, K&, K& is a hand with two pairs. It is in bijection with
({3, K1, {0, &, {4, #},78).

Now the number of possible lists are easy to count by the multiplication principle. There
are (123) choices for the values of the pairs. There are (3) possible sets of two suits from

the set O, #, <>, & and there are 44 remaining cards. Therefore the number of hands with
two pairs is
13 4 4
: . <44 =12 2.
(2) () (2) 1=
pair:

I note that every pair hand is determined by the following 4 pieces of information.

the value of the card that appears twice

the values of the other three cards (all different and not the same as the last value)
the two suits used by the pair

a suit used by the smallest of the three cards

a suit used by the middle of the three cards

a suit used by the largest of the three cards

That is I am saying that if I am given a particular five card hand with containing exactly
a pair, then the 6 pieces of information are all that is necessary to determine the hand and
the hand determines the information. Therefore the set of hands containing a pair are in
bijection with tuples containing the information in that list. For example the hand 390,
5, 7{, Té, 10 and this is isomorphic to this list (7,{3,5,10}, {, &}, O, O, N).

Now there are 13 ways of choosing the card that appears twice; (132) ways of choosing a
set of three elements from the 12 values that are not the pair; there are (g) possible sets
for the suits which appear in the pair; there are 4 suits possible for the non-pair card; 4
suits for the second non-pair card; 4 suits for the third non-pair card. In total there are

13- (132) : (;) 4-4-4=1,098,240

is the number of hands with exactly one pair.

high card:
A high card hand has 5 different values that do not form a straight and 5 suits which do
not form a flush. Therefore there are ((153) — 10) (45 - 4) =1, 302, 540.

If we did this all right then the sum of all of the categories above is equal to (552) which
is the number of 5 card hands in total. Lets do the check
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straight flush 40
4 of a kind 624
full house 3,744
flush 5,108
straight 10,200

3 of a kind 54,912
two pairs 123,552
pair 1,098,240
high card 1,302,540
total 2,598,960

You can check on your calculator that (552) = 2,598,960. That is a very strong indication
that every one of our explanations above is correct.

2. COMBINATORIAL IDENTITIES

You can be very creative in descriptions of expressions which represent combinatorial
quantities (e.g. imagine that you have you have k people at dinner and they each order
one of n desserts. Since each person has n choices for the dessert then there are n* possible
ways that the desserts can be ordered).

The standard answer is

n* = the number of sequences of length k whose entries are {1,2,...,n}

I then noted that since (n)® = n(n+1)(n+2)--- (n+k—1) = (n+k—1); that we just
need to come up with a combinatorial interpretation for (n)g. It turns out that this was a
mistake. We should have come up with a combinatorial interpretation for (n)(k) separately.

Let me tell you what the standard interpretations are and then I expect you to give a
1-2 line explanation of why that is the case.

(n)®) = the number of sequences of length k whose it entry is between 1 and n +i — 1
for 1 <i<k
(n)r = the number of sequences of length k& whose entries are in {1,2,...,n} where each

entry is different

I showed at least one place where a combinatorial explanation is an incredibly powerful

G- e (o)
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(o) == () 6) ()
B = OE 00062
() =o0= O DO B E)E)=0rmee

Proof. The left hand side of this equation, (:) represents the number of ways of taking
an urn with 2n labeled balls and choosing n of them to color red, then putting all of the
balls back into the urn and reaching in and pulling out n of them to color blue.

Some of the balls that go through this procedure will have red and blue paint will be
purple. Say that there are k balls which are colored red, then there will be £ balls which
are colored blue, and n — k balls which are colored purple. The number of ways that this
can happen is the same as the number of ways of reaching in the urn and pulling out &

In the case of n =0, 1,2 it says that

balls to color red (in (2]? ) ways), then from the remaining 2n — k balls picking k more

to be blue (in <2nk—

22 : ik ways). By the multiplication principle there are (2]? 2n k_ k) (QZ : 2]{:)
ways of having k red, k blue and n — k purple balls with the rest unpainted. Since k£ can
be any value between 0 and n, by the addition principle we have that the total number of
ways of picking the balls and coloring them this way is

G5 e )

ways) and then picking n — k from the remaining 2n — 2k (in

Remark 1: How many non-negative integer solutions are there to the equation

r1+x2+ -+ 2 =0T
Answer: (n +7: B 1> = (n :i; 1) = <<2>> Hint: There is a bijection with the set of
multisets with n elements from the set {1,2,...,7}.

Remark 2: How many paths are there in a lattice grid from (0,0) to (n,m) with n steps
E = (1,0) and m steps N = (0,1)7

Answer: (" sz (" —;m . Hint: There is a bijection between lattice paths in a grid

with V and F steps and words of letters N and E such that there are m letters NV and n



6 MIKE ZABROCKI - 2019 VERSION

letters . The number of such words is determined by the number of ways of choosing the
positions of the E steps in the word.

NIRRT

Proof 1: (using the combinatorial interpretation in terms of solutions to x1 +zo+-- -+, =
n)
Let A be the set of non-negative integer solutions to the equation

T+ Ty T =0

2 .
By Remark 1, we know that there are (;) such solutions. Let A be the subset of the
solutions (x1,x2,. .., Tpn, Tnt+1) Where x,41 = n—k, then it must be that x; +zo+-- -+, =

k and so also by Remark 1 we know that |Ax| = <n+k -1

i > such solutions. Since

0 < xpy1 < n, we know that
n
A= U Ay,
k=0
hence

(%) =14 - Z|Ak| Z(”*"’ .

Proof 2: (using the path combinatorial interpretation) Let A be the set of paths from (0, 0)
to (n,n) using N and FE steps. By Remark 2, there are 2: such paths. Let Ay be the

set of paths in A such that the last horizontal step is at height k. A path in the set Ay
consists of a path from (0,0) to (n — 1, k) followed by a horizontal step to (n, k) followed

ntk— 1> paths from (0,0) to (n—1,k)

by n — k vertical steps. By Remark 2, there are < A

and these paths determine completely the rest of the path, then |Ax| = <n + Z B 1) . Since
A = U0 A

(%) =14 - Zwr—Z(”*k .

k=0
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I also found this example that I liked in the exercises in this book [|. Show

" —1=(x-D+(x—-Dz+(z—-Dz*+ -+ (z -1z .

Proof: First start by assuming that n,z > 1 are integers (otherwise the following argument
won’t make much sense). Let = represent the number of colors (one of which will be red),
and n be a collection of n (ordered/distinct) rooms. Let A be the set of colorings of the n
rooms with = colors such that all of the rooms are not red. There are ™ ways of coloring
the rooms with no restriction on the colors since for each of the n rooms there is a choice of
x colors. Therefor |A| = ™ — 1 since we exclude the possibility that all rooms are colored
red. Now for 1 < k < n, let A be the set of colorings of rooms in A such that the first
room which is not red is the n—k+1% room (that is, A; is the set of rooms where all except
the last room is red, As is the set of colorings where the first n — 2 rooms are red and the
second to last is not red and the set A,, is the set of colorings of rooms where the first room
is not red). We have broken up the set of colorings into n disjoint sets and A = (J,_; Ax.
Moreover since Ay, consists of n — k — 2 red rooms, followed by a non-red room (in z — 1
ways of coloring that room), followed by a coloring of the remaining k¥ — 1 rooms with z
possible colors, then |A;| = (x — 1)z¥~! by the multiplication principle. Therefore

n

=1 =]A[ =) A4l =) (-1 = (@) +(@—Dr+(@— Dz +- -+ (@— 12"
k=1 k=1

Why make this proof so complicated? (we could have done it with a bit of algebra in
1/10th the time) What is worse that we have only managed to prove this identity for inte-
gers x,n > 1. It is hard to justify this sort of mathematical wank for this particular formula.
It does give us a means of practicing when we are able to prove much more complicated
combinatorial arguments. For example, to prove the Chu-Vandermonde formula

0 <a+bzc+1>:§(kzb> <alcc+c)

combinatorics is the easiest and it can even be used to make sure that your answer is right.

Proof. The binomial coefficient (a +o Z et 1) is equal to the number of paths in a rec-
tangle of height a and width b+ ¢+ 1 from (0,0) to (b + ¢+ 1,a) using steps E = (1,0)
and N = (0, 1) steps.

Each one of these paths passes through exactly one horizontal step (b,k) — (b + 1)
and a path that passes through that edge consists of a path from (0,0) to (b, k) using N
and F steps, followed by an E step, followed by a path from (b+ 1,k) to (b+ c+ 1,a).

Since the number of paths from (0,0) to (b, k) is (k +b

b ) and the number of paths from
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(b+1,k) to (b+ ¢+ a) is equal to @ ]Z + C), by the multiplication principle there are

(k 2— b) <a B ]z * c) such paths.

Since every path can pass through exactly one such horizontal step, by the addition
principle, equation (1) holds. O

I should remark that even though we have given a proof of this identity for non-negative
integers, we know that it is true for all integer values n > 1 and real numbers x. The
reason is if we fix n > 1 then we have shown for all non-negative integer = > 1,

" —1—((z—1)+@-Dz+--+(z—1Dz" =0.
But a polynomial of degree n has at most n zero points so if you tell me that 2" — 1 —
(z=1)+(x—1Da+---+ (x—1)z" 1) is 0 for all positive integers, the only way that can
happen is if it is the 0 polynomial and evaluates to 0 for all real values x.
For this argument I am using the following FACT which I have not shown you:

If p(z) is a polynomial of degree n > 0, then there are at most n different real values z;
s.t. p(z;) = 0.

3. EXERCISES

Combinatorial proofs: For the following problems give a combinatorial proof by describ-
ing a set that is counted by the left hand side of the equality and a set that is counted by
the right hand side of the equality and explaining why these two sets are the same.

(1)
n® = (n)1 +3(n)2 + (n)3

(2)
(n)®) = 2n 4 3n2 4+ n?

(3)=2(5) ()
(3) =)+
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2n 2n - " /on 2n —k n
n n+1 _k:O k n—=k n+1-—%

<3n+1> B -~ <n+k> (2n—k>

n N n n '
k=0
n+m+1\ " r4+k\ /mtn—r—k
n N k n—k '
k=0

(10) (Chu-Vandermonde)

(1) <2:) (nz_n1> _ kZ:O <2/?> <2jj__,f> <n - k)

Enumeration problems. The emphasis is on you coming up with a clear explanation of
why the answer is true. I more care why the answer is than what the answer is (in fact,
on some of them I give the answer, but I do not swear to the accuracy of the answer). I'm
going to use terms from non-standard poker hands and you should follow Wikipedia: List
of poker hands and Wikipedia: Non-standard poker hands as a reference.

(1) How many 3 of a kind (no better poker pattern appears) hands are possible if 7
cards are dealt from a 52 card deck? A is high or low. Answer: 6,461,620

(2) Say that you have three urns containing balls. Urn A contains two red balls and
three black balls. Urn B contains one red ball and four black balls. Urn C contains
four red balls and one black ball. A ball is randomly chosen from each of the three
urns. Find the probability that all three balls are the same color. Answer 0.16

(3) How many straight poker hands are there (not straight flush) from a deck of 51
cards with the queen of spades missing? A is high or low. Answer: 9,435

(4) How many 6 card hands have a pair (a 2 of a kind) so that no better poker pattern
appears? A is either high or low, but not both. Answer: 9,730,740

(5) Explain why the number of 3 digit numbers such that the digit 0 appears zero
times, the digit 1 appears at most one time, the digit 2 appears at most two times
is equal to 703.

(6) An urn contains seven red balls and eight black balls and six blue balls. Three balls
are randomly chosen from the urn. Find the probability that all three balls are the
same color. Answer: = 0.08346


https://en.wikipedia.org/wiki/Vandermonde%27s_identity
https://en.wikipedia.org/wiki/List_of_poker_hands
https://en.wikipedia.org/wiki/List_of_poker_hands
https://en.wikipedia.org/wiki/Non-standard_poker_hand
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How many straight poker hands are there (not straight flush) from a deck of 50
cards because it has the five and nine of spades missing? A is high or low. Answer:
7,713

An urn contains nine red balls, eight green balls and six blue balls. Five balls are
randomly chosen from the urn. Find the probability that the result of that choice
will have at least one of each color.

How many three of a kind poker hands are there from a deck of 50 cards because
it has the five and nine of spades missing? A is high or low.

How many permutations of 8 have exactly one descent? (for a permutation m =
ajas . ..ag, a descent is a position ¢ with 1 <4 < 8 such that a; > a;41)

A five card poker hand is dealt from a deck with 52 cards (usual 13 ranks and
4 suits). A big/little cat/dog hands are types of no-pair hands defined by their
highest and lowest cards (see Wikipedia article). Count the number of big cat,
little cat, big dog, little dog hands and explain why they rank above the straight
hands but below the flush hands.

A five card poker hand is dealt from a deck with 54 cards (the usual 52 cards) plus
two wild cards. The wild cards can be counted as any particular rank, but not any
particular suit (so it is impossible to have a flush with a wild card). Every hand
will then fall into a category depending on the highest ranking hand that you can
make with the cards. Give an argument (similar to those that are in the notes for
the standard poker hands with a 52 card deck) to count the number of each type
of poker hand. Show that your count for all of the possible hands adds up to (554).


https://en.wikipedia.org/wiki/Non-standard_poker_hand#Cats_and_dogs
http://garsia.math.yorku.ca/~zabrocki/math4160f19/notes/ch3_counting_bijections.pdf
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