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1. Introduction to groups

The next thing that we are going to cover is Pólya enumeration. This requires that we
know what the concept of a group is. If you have had a course in algebra before you have
likely encountered the definition of a group before. You have all encountered the concept
of a group. Let me tell you what one is and then show you that you have lots of examples:

A group is a set of elements G (possibly finite, possibly infinite) with a binary operation
denoted ∗. That is ∗ : G×G→ G and usually we denote it as a∗ b ∈ G for a, b ∈ G. There
are a few properties that this binary operation has in order to be a group.

(1) The product is associative, that is, for a, b, c ∈ G, a ∗ (b ∗ c) = (a ∗ b) ∗ c.
(2) There is an element e ∈ G such that g = e ∗ g = g ∗ e for all g ∈ G.
(3) For each element in a ∈ G, there is another element a ∈ G (called the inverse of a)

such that a ∗ a = a ∗ a = e (in many cases, we write the element a = a−1 but just
remember that this does not mean 1/a).

Here are some examples that you are probably familiar with:

(1) The integers Z with the binary operation of +. This example has the identity
element 0 because 0 + a = a+ 0 = a for all a ∈ Z. For every integer a, a = −a has
the property that a+ a = 0. Also addition is associative.

(2) The rational numbers except 0, Q\{0}, with multiplication · is the binary operation
is an example of a group. In this example the identity element is 1 because 1 · a =
a · 1 = a for all a ∈ Q\{0}. Moreover if a ∈ Q\{0}, then a = 1/a is an element
such that aa = aa = 1. Also multiplication is associative.

(3) The group of permutations of 3, G = {123, 132, 213, 231, 312, 321}, with a1a2a3 ◦
b1b2b3 = ba1ba2ba3 . This example is a little different than the other examples
because it is not immediately familiar to us that the multiplication is associative.
In fact, it is since

(a1a2a3 ◦ b1b2b3) ◦ c1c2c3 = ba1ba2ba3 ◦ c1c2c3 = cba1 cba2 cba3

a1a2a3 ◦ (b1b2b3 ◦ c1c2c3) = a1a2a3 ◦ cb1cb2cb3
and if you understand this properly, you can see that these are the same thing.
Now the identity of this group is the element 123 since 123 ◦ b1b2b3 = b1b2b3. It is
also the case that a1a2a3 ◦ 123 = a1a2a3. You can check that the inverse element
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exists for for each of the 6 permutations in this group. Check that 123, 132, 213
and 321 are equal to their own inverse, 231 and 312 are inverses of each other.

OK these are three examples of groups and kind of cover a small range of examples, but
groups are everywhere. In order to understand a definition clearly it is also a good idea to
try to understand an example of something which is not a group.

(1) Take for example the integers except 0, Z\{0}, with the binary operation of ·
multiplication. This is an example of something which is not a group because there
is nothing you can multiply the element 2 by in order to get 1 so there is no inverse
of the element 2 (well, you can multiply it by 1/2, but that isn’t an integer and
this is why Q\{0} is a group and Z\{0} is not).

(2) None of the integers Z, rational numbers Q, real numbers R or complex numbers C
are groups with multiplication as the operation since they all include 0 and there is
nothing you can multiply 0 by and get 1 (the identity element of the group). You
might ask, what happens if I “throw in infinity and then define 0 · ∞ =∞ · 0 = 1”
This is a great idea but it just kicks the problem to somewhere else in your group
since ∞ · (0 · 2) = ∞ · 0 = 1, but (∞ · 0) · 2 = 1 · 2 = 2. It is the case that all of
Q\{0}, R\{0}, C\{0} are groups with multiplication as the binary operation, but
if they include 0 then they are not a group.

2. Motivation for Polya enumeration and introduction to groups

I wanted to motivate what we are going to do with groups a bit so I posed the following
problem. How many ways are there of coloring the faces of the cube with 2 black faces and

4 white faces? Immediately someone answered

(
6
2

)
and while this is correct, I wrote this

down as ‘Answer 1,’ because there is a way of thinking of this problems such that there
is a different answer. Certainly if the faces of the cube are all numbered and all distinct

then there are

(
6
2

)
ways of coloring the faces, but if all the faces are identical and we are

allowed to rotate the cube then there are 2 ways of coloring the cube, either the two black
faces are next to each other or they are on opposite sides of the cube. This is my ‘Answer
2.’

Answer 1:

(
6
2

)
Answer 2: 2

I then asked the same question if we color the cube with three black faces and three
white faces.

Answer 1:

(
6
3

)
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Answer 2: 2 (either all three black faces share two edges or only one of the faces is shares
two black edges : see the diagram )

Hopefully these diagrams are clear enough to tell the difference between the two. I then
suggested that we write down the generating function for the number of colorings with k
black faces and 6− k while faces.
Answer 1:

(
6
0

)
B0W 6 +

(
6
1

)
B1W 5 +

(
6
2

)
B2W 4 +

(
6
3

)
B3W 3 +

(
6
4

)
B4W 2 +

(
6
5

)
B5W 1 +

(
6
6

)
B6W 0

Answer 2: B0W 6 +B1W 5 + 2B2W 4 + 2B3W 3 + 2B4W 2 +B5W 1 +B6W 0

For answer 1 we should recognize that this is exactly (W + B)6, but it isn’t obvious
what the second generating function formula is. What we will do in the next few weeks
is develop the techniques which will give a formula for both of these generating functions
such that they are both special cases. The reason I introduced the notion of a group last
time is that we will use groups in our formula. The reason is that the set of motions of a
shape form a group so I set up some examples and notation for looking motions of a shape.

I want to explain what the motions of a cube are. For this we need to set up some
notation. Lets start with a much smaller example like the motions of a triangle and I want
to indicate how it is an example of a group. Consider a triangle with labeled vertices and
look at just the rotations of the triangle:

identity = e : −→

R120 : −→

R240 : −→

The names that I have given to these operations are slightly misleading, because in a
minute I am going to define them more precisely. The identity has the effect of doing
nothing. The operation R120 takes the vertex 1 and sends it to 3, takes the vertex 3 and
changes it to 2, takes the vertex labeled with 2 and changes it to 1. The operation R240

is the operation which takes the vertex 1 and changes it to a 2, takes the vertex 2 and
changes it to a 3, takes the vertex 3 and changes it to a 1.

I noticed that if you do two operations of R120 then you obtain the same result as if you
do one R240.
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R120 : −→ −→

Simlarly, if you do two R240 operations then you get the same effect as a R120. So
what we do is define a binary operation which is composition of these operations and set
R120 ◦R120 = R240 and R240 ◦R240 = R120 and R120 ◦R240 = R240 ◦R120 = e. I can make
a ‘multiplication table’ for these operations as follows

◦ e R120 R240

e e R120 R240

R120 R120 R240 e
R240 R240 e R120

This is an example of a group. You can verify by checking on all the elements of the set
{e,R120, R240} that all of the conditions needed for this to be a group are satisfied with the
operation of ◦ (see the definition from the last section). One thing that I plan to show at a
later date is that in a multiplication table for a group, each element of the group appears
exactly once in each row and each column.

But this is not the only group that we can make with the motions of a triangle because
I can also flip the

At this point I introduced notation which allowed me to use a shorthand for these
operations and it is called cycle notation. When I write R120 = (132), then I mean that
“the vertex 1 is sent to 3, the vertex 3 is sent to 2, the vertex labeled by 2 is sent to 1 (the
first entry in my cycle).” Using this same notation R240 = (123) because as we said before
“under the operation R240, the vertex 1 is changed to the vertex 2, the vertex 2 is changed
to the vertex 3 and the vertex 3 is changed to the vertex 1.” Then, to give notation to
the identity element I will say that e = (1)(2)(3) because “the vertex 1 is ‘changed’ to the
vertex 1, the vertex 2 is changed to the vertex 2, and the vertex 3 is changed to the vertex
3.”

Then I introduced three more operations:

F1 : −→

F2 : −→

F3 : −→

I want to represent them in my cycle notation as F1 = (1)(23) because “vertex 1 is fixed,
vertex 2 is sent to vertex 3 and vertex 3 is sent to vertex 2.” F2 = (2)(13) because “vertex
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2 is fixed, vertex 1 is sent to vertex 3 and vertex 3 is sent to vertex 1.” F3 = (12)(3)
because “vertex 3 is fixed, vertex 1 is sent to vertex 2 and vertex 2 is sent to vertex 1.”

If we do any of the F1 operations twice then we get back to the original shape so
F1 ◦ F1 = F2 ◦ F2 = F3 ◦ F3 = e. If we do an F1 operation followed by an F2 then we have

−→
F1

−→
F2

You should pay close attention to the second arrow and what is meant by that. This should
resolve a question of what I mean by the operation of −→. When I wrote the definition of

F2 and how it acts on the picture , it doesn’t completely resolve what I mean when
I act the operation of F2 on another picture. I have to choose a convention because what I
want it to mean is that F2 leaves the vertex labelled by 2 alone and the vertex labeled by
1 is changed so that it is labelled by 3 and the vertex labelled by 3 is changed so that it
is afterwards labelled by 1. The action of F2 ◦ F1( triangle ) = F2(F1( triangle )) = R120(
triangle ). Therefore we say that F2 ◦ F1 = R120.

It turns out that the set {e,R120, R240, F1, F2, F3} also forms a group. You will have to
check it has the following multiplication table by doing the individual compositions of the
operations.

◦ e R120 R240 F1 F2 F3

e e R120 R240 F1 F2 F3

R120 R120 R240 e F2 F3 F1

R240 R240 e R120 F3 F1 F2

F1 F1 F3 F2 e R240 R120

F2 F2 F1 F3 R120 e R240

F3 F3 F2 F1 R240 R120 e

I didn’t mention that {e, F1}, {e, F2} and {e, F3} are also all groups of motions of the
triangle. They all satisfy (0) if x, y ∈ G, then x ◦ y ∈ G, (1) there is an e in G such
that e ◦ x = x ◦ e = x for all x ∈ G, (2) for each x ∈ G there is an x−1 ∈ G such that
x ◦ x−1 = x−1 ◦ x = e and (3) for all x, y, z ∈ G, x ◦ (y ◦ z) = (x ◦ y) ◦ z.

I also said that we should next look at the operations that we can do on a square because
this example is at least a little larger and we might be able to see some subtleties that we
cannot see on the triangle. There are 4 ‘rotations’ which I drew as:

e = (1)(2)(3)(4) : −→

R90 = (1432) : −→
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R180 = (13)(24) : −→

R270 = (1234) : −→

The ‘multiplication table’ for this group looks like

◦ e R90 R180 R270

e e R90 R180 R270

R90 R90 R180 R270 e
R180 R180 R270 e R90

R270 R270 e R90 R180

If we allow flipping this square then there are 4 more operations that involve flipping across
the vertical, the horizontal and across either of the two diagonals.

V = (12)(34) : −→

H = (14)(23) : −→

D1 = (1)(24)(3) : −→

D2 = (13)(2)(4) : −→

I recommend that for practice that you build the 8 × 8 multiplication table for this
group. It is good idea to try it to make sure that you understand the the operations and
the notation that we have introduced here.

3. More groups and permutation groups

Last time we had some examples of groups:
Motions of a triangle with rotations only {e,R120, R240}

Motions of a triangle with rotations and flips {e,R120, R240, F1, F2, F3}
Motions of a square with rotations only {e,R90, R180, R270}
Motions of a square with rotations and flips {e,R90, R180, R270, FH , FV , FD1FD2}

Another good example of a group is the set {0, 1, 2, . . . , n − 1} and the operation of
addition mod n. If n = 3, the set of elements is {0, 1, 2} and the operation is addition
mod 3. The multiplication table looks like
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+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

I claim that we have seen this group before. Take a look at the following table from the
last lecture:

◦ e R120 R240

e e R120 R240

R120 R120 R240 e
R240 R240 e R120

It is the ‘same’ in some sense. What does it mean when I say that the groups are the same?
I mean that there is a relabeling of the multiplication tables so that they are the same.

We say that a map f from a group (G1, ∗) to a group (G2, ·) is called a homomorphism
if

(1) f(g ∗ h) = f(g) · f(h)

for all g and h in G1. If f is a bijection, then G1 and G2 are said to be isomorphic groups.
In the example above, we take f(0) = e, f(1) = R120 and f(2) = R240. Under this map,

the tables look exactly the same and this is what is meant by equation (1).

Example 2:
the table of addition mod 4 looks like the following.

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

I claim that we also saw this table the other day when we had the group table

◦ e R90 R180 R270

e e R90 R180 R270

R90 R90 R180 R270 e
R180 R180 R270 e R90

R270 R270 e R90 R180

These tables are the ‘same’ because we can find a map f(0) = e (the identity of each
group always goes to the identity in a homomorphism), f(1) = R90, f(2) = R180, f(3) =
R270.

Example 3:
Consider the group {e, FV } with the multiplication table that looks like

◦ e FV
e e FV
FV FV e
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Consider the map from ({e, FV }, ◦) to ({e,R90, R180, R270}, ◦) by the map f(e) = e and
f(FV ) = R180. This map is a group homomorphism, because the group consisting of
({e,R180}, ◦) has the same multiplication table as ({e, FV }, ◦).

Example 4:
Consider the map from ({e,R90, R180, R270}, ◦) to ({e, FV }, ◦) such that f(e) = f(R180) = e
and f(R90) = f(R270) = FV . If we look at the image of the multiplication table in Example
2 and apply the map to it, we see

◦ e FV e FV
e e FV e FV
FV FV e FV e
e e FV e FV
FV FV e FV e

And this is all in agreement with the table from Example 3 (above).

Example 5:
We can also define a map ({0, 1, 2, 3},+ mod 4) into itself that sends f(i) = 2i mod 4 for
i ∈ {0, 1, 2, 3}. If you check, f(i + j mod 4) = 2(i + j) mod 4 and this is the same as
f(i) + f(j) = (2i mod 4) + (2j mod 4) mod 4 = 2(i+ j) mod 4.

I started babbling about how these functions are 1-1 and onto. I didn’t want to spend too
much class time defining these concepts, but they are important and come up everywhere
in mathematics. When f maps G1 to G2 then G1 is the domain and G2 is called the
co-domain. I like to use the language that an element x ∈ G1 is ‘sent to’ an element f(x)
in G2 so that I can say that intuitively 1-1 means that a function ‘sends every element in
the domain to a different element in the co-domain.’ More precisely,

Definition 1. A function f that maps G1 to G2 is 1 − 1 if x, y ∈ G1 and x 6= y, then
f(x) 6= f(y).

Then I also like to say that an element y in the codomain is ‘hit’ if there is some x such
that f(x) = y. A function is onto means that every element in the codomain is ‘hit.’ More
precisely,

Definition 2. A function f that maps G1 to G2 is onto if for every y ∈ G2, there is an
element x in G1 such that f(x) = y.

Example 3 is 1−1, but not onto. Example 4 is onto, but not 1−1. Example 5 is neither
1− 1 nor onto. Example 2 is both 1− 1 and onto (an isomorphism, bijection).

I then talked about the group of permutations of n and cycle notation. A permutation σ
is a bijection from the numbers {1, 2, . . . , n} to the numbers {1, 2, . . . , n}. We will represent
σ in cycle notation, that is write it as

σ = (i1, i2, . . . , ic1)(j1, j2, . . . , jc2) · · · (`1, `2, . . . , `cr)
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where the integers {1, 2, . . . , n} appear exactly once in the permutation. This notation
means
σ(ik) = ik+1 for 1 ≤ k < c1 and σ(ic1) = i1

σ(jk) = jk+1 for 1 ≤ k < c2 and σ(jc2) = j1
...
σ(`k) = `k+1 for 1 ≤ k < cr and σ(`c1) = `1

The set if permutations of n represented this way with composition of permutations σ◦τ
is the permutation where σ ◦ τ(i) = σ(τ(i)). I then tried to do an example with n = 3, but
realized that the example is too small so I tried a larger example so that it is clear what I
meant and how. Take σ = (1, 3, 4)(2, 5, 6)(7) and τ = (1)(2, 3, 5)(4)(6, 7). The permutation
σ should be read as “1 is sent to 3, 3 is sent to 4, 4 is sent to 1, 2 is sent to 5, 5 is sent to
6, 6 is sent to 2, 7 is sent to 7.” or just σ(1) = 3, σ(3) = 4, σ(4) = 1, σ(2) = 5, σ(5) = 6,
σ(6) = 2, σ(7) = 7. Similarly, the permutation τ should be read as τ(1) = 1, τ(2) = 3,
τ(3) = 5, τ(5) = 2, τ(4) = 4, τ(6) = 7, τ(7) = 6.

Let me try to indicate how we give the notation for σ ◦ τ , we start with by asking where
1 is sent (we can start with any integer, but this is a good place to start). In step 1, we
have

σ ◦ τ = (1, . . .

Then τ(1) = 1 and σ(τ(1)) = σ(1) = 3. Stated in words, τ sends 1 to 1 and σ sends it to
3. We record,

σ ◦ τ = (1, 3, . . .

σ(τ(3)) = σ(5) = 6 or in words 3 is sent to 5 under τ and 5 is sent to 6 under σ.

σ ◦ τ = (1, 3, 6, . . .

σ(τ(6)) = σ(7) = 7. In words again, 6 is sent to 7 under τ and 7 is sent to 7 under σ.

σ ◦ τ = (1, 3, 6, 7, . . .

σ(τ(7)) = σ(6) = 2. In other words, 7 is sent to 6 by τ and 6 is sent to 2 by σ.

σ ◦ τ = (1, 3, 6, 7, 2, . . .

σ(τ(2)) = σ(3) = 4.

σ ◦ τ = (1, 3, 6, 7, 2, 4, . . .

σ(τ(4)) = σ(4) = 1.

σ ◦ τ = (1, 3, 6, 7, 2, 4) . . .

So far we have explained where everything except 5 is sent, so we add another cycle
beginning with 5 (we would normally take any of the remaining elements that are not in a
cycle yet).

σ ◦ τ = (1, 3, 6, 7, 2, 4)(5, . . .

σ(τ(5)) = σ(2) = 5. That is τ sends 5 to 2 and σ sends 2 to 5. For this reason, we then
close the parenthesis to indicate that 5 is sent to 5 under σ ◦ τ .

σ ◦ τ = (1, 3, 6, 7, 2, 4)(5)
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Since all of the integers 1 through 7 appear once in this expression we know that we are
done.

Many of the examples we have considred above are not just groups, but the groups are
motions of a square or a triangle. In other words they can be thought of as acting on a set
of objects. We have a notion of this that I will introduce here.

Definition 3. A group action on a set X is a map • : G×X → X such that e • x = x for
all x ∈ X and g • (h • x) = (gh) • x for all g, h ∈ G and x ∈ X.

For example, the set of motions of a triangle acts on the set

{ , , , , , }

but you can also think of the motions as acting on just the vertices themselves {1, 2, 3}.
For example R120(1) = 3 (remember that we said that R120 = (132)). These groups are
not really big enough to give a good clear example so I will wait until I have the group of
the motions of a cube to give more examples.

Definition 4. The orbit of an element x ∈ X is the set (it is a subset of X)

Ox = {g • x : g ∈ G}

Definition 5. The stabilizer of an element x ∈ X is a set (it is a subset of G)

Stab(x) = {g ∈ G : g • x = x}

I will give some examples of the orbits and stabilizers when we have some better group
actions. But for the moment consider the action of the group of motions of the square on

the set of diagonals , . Then e • = R180 • = FD1 • = FD2 • =

while R90 • = R270 • = FV • = FH • = This defines a group action on the

diagonals of the square (you will also need to figure out the action of the elements on ,
but these are enough to define the action.

The orbit of is O = { , }. The stabilizer of is Stab( ) = {e,R180, FV , FH}.
Next I decided to say that we were ready to determine the group of motions of a cube.

We can tell how many motions of a cube there are by a counting argument. If we label
the 6 faces, then there are 6 ways of choosing which face will be up and then 4 ways of
choosing which face will be in front. Therefore every motion of the cube is determined by
these two steps so the number of motions of a cube is equal to 6 · 4 = 24.

Remark 6. A cube has 6 faces, 8 vertices and 12 edges. The number 24 = 4! which is
equal to the number of permutations of {1, 2, 3, 4}. Here is a good question: is it possible
to recognize the motions of the cube as the permutations of 4 things on the cube so that
it is clear that these two groups are the same (isomorphic)?
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So I gave you access to a cube to follow along because the cube I was working with was
not big enough to see from a distance. It is a good idea in the following discussion to have
a cube on hand to be able to better visualize what I am trying to communicate.

Take a cube and label the faces with the letters A,B,C,D,E, F .

One motion of the cube fixes all faces and is the identity of the group.

e = (A)(B)(C)(D)(E)(F )

Then it is possible to fix the face A and D and rotate the cube while keeping that face
fixed. There are three rotations (besides the one where all faces are fixed.

(A)(D)(BCEF )

(A)(D)(BE)(CF )

(A)(D)(BFEC)

But we can also fix B and E and rotate around those faces

(B)(E)(ACDF )

(B)(E)(AD)(CF )

(B)(E)(AFDC)

and we can fix C and F and rotate around those faces

(C)(F )(ABDE)

(C)(F )(AD)(BE)

(C)(F )(AEDB)

Now we have found 10 motions of the cube and expressed them in terms of their action on
the faces, but that is less than half since we are looking for 24. Now look at the top face
labeled with A and pick one of the four edges that adjoins the faces B, C, E or F and then
there is an edge which is furthest away from that edge. You can flip the cube across those
two edges leaving them fixed and all the others edges are permuted. These correspond to
the motions

(AB)(DE)(CF )

(AC)(DF )(BE)
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(AE)(DB)(CF )

(AF )(DC)(BE)

There are two more of these kinds of flips where we flip across the edge which adjoins B
and C and the corresponding edge between E and F and the edge adjoining B and F and
E and C which are

(BC)(EF )(AD)

(BF )(EC)(AD)

Great, now we have 16 of the 24 motions of the cube. We need 24 in total. Exercise: find
the other 8. Hint: look at the motions which fix diagonals across opposite corners. We
haven’t yet looked at those.

4. Motivating example

I started off with an exercise that I asked everyone to do while I put the group of motions
of the cube on the board. How many ways are there of coloring the vertices of a triangle
with the colors R, G, B such that two colorings are considered to be the same if one can
be obtained from another by the action of an element of the group?

group allowing repeated colors exactly one of each color
{e} 33 6

{e,R120, R240} 11 2
{e,R120, R240, F1, F2, F3} 10 1

The first row we didn’t really need any discussion to figure out. If we allow repeated
colors and no two colorings are equivalent, then there are three choices for each vertex and
hence 33 colorings. If we are allowed to use each color once then there are 3! = 6 colorings.

If all three colors are different then under the group of rotations of the triangle the two
colorings

are both different, but all other colorings are equivalent to one of these two. If we are
allowed to use each color more than once then there are three colorings where the three
vertices are the same color, there are 6 colorings that where two of the first color and one
of a second color, and the two colorings that are shown above. Therefore there are 11
different colorings in total.

If we consider the group of rotations and flips, then the two colorings that are shown
above suddenly equivalent but the others are still unique and hence there is just one less
coloring under this group (and so there are 10).

The reason I wanted to do this exercise is that we are working our way towards coming
up with a formula for counting these things (we can do small examples like this by hand,
but larger examples are difficult to enumerate).
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5. Rotational symmetries of a cube

Take a cube and label the faces with the letters A,B,C,D,E, F .

Last time I listed 16 elements of the group and I asked you to find the remaining 8. Those
missing 8 were are the ones that are listed last below.

e = (A)(B)(C)(D)(E)(F )

(A)(D)(BCEF )

(A)(D)(BE)(CF )

(A)(D)(BFEC)

(B)(E)(ACDF )

(B)(E)(AD)(CF )

(B)(E)(AFDC)

(C)(F )(ABDE)

(C)(F )(AD)(BE)

(C)(F )(AEDB)

(AB)(DE)(CF )

(AC)(DF )(BE)

(AE)(DB)(CF )

(AF )(DC)(BE)

(BC)(EF )(AD)

(BF )(EC)(AD)

(ABC)(DEF )

(ACB)(DFE)

(ABF )(DEC)

(AFB)(DCE)

(AEC)(DBF )

(ACE)(DFB)

(AEF )(DBC)

(AFE)(DCB)

We know that we have them all because we had a combinatorial argument that explained
why there must be 24 motions of the group. But why is this a group?

(1) If you do a motion of the cube, and then you do a second motion of the cube you
will have completed some motion of the cube. Therefore the set of motions is closed
under the operation of composition.

(2) Doing nothing to the cube is the identity element of the group and is represented
by the element (A)(B)(C)(D)(E)(F ).

(3) If you move a cube and then it is always possible to undo that movement and that
will still be a motion of the cube. Therefore the inverse of every motion exists.

These three conditions are all that are required to for our set of motions with the
operation of composition to form a group.

EXERCISE: Let D1 = the diagonal between the vertex at corner of the faces ABC and
the vertex at corner of the faces DEF , D2 = the diagonal between the vertex at corner of
the faces ABF and the vertex at corner of the faces DEC, D3 = the diagonal between the
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vertex at corner of the faces AEC and the vertex at corner of the faces DBF , D4 = the
diagonal between the vertex at corner of the faces AEF and the vertex at corner of the
faces DBC. Rewrite each of the motions of the cube as a permutation of the elements of
{D1, D2, D3, D4}.

6. The orbit-stabilizer theorem

I wanted to use this group then to demonstrate the definitions of the orbit and stabilizer
of an element x. I made a table and calculated an example of the group of motions of
a cube acting on some sets of elements. I made a table and we calculated the orbit and
the stabilizer of a few different elements. These motions of the cube act on the cube but
you can think of these motions acting on the faces, edges, vertices or even combinations of
these things.

object x orbit Ox stabilizer stab(x)
{(A)(B)(C)(D)(E)(F ),

the face A {A,B,C,D,E, F} (A)(D)(BCEF ),
(A)(D)(BE)(CF ),
(A)(D)(BFEC)}

the edge adjoining AB the edges adjoining {AB,AC
AE,AF,BC,BD,BF, {(A)(B)(C)(D)(E)(F ),
CD,CE,DE,DF,EF} (AB)(DE)(CF )}

the vertex at the corner vertices at {ABC,ABF,AEC, {(A)(B)(C)(D)(E)(F ),
of ABC AEF,DBC,DEC,DBF,DEF} (ABC)(DEF ),

(ACB)(DFE)}
The thing you should notice is the relationship between the number of elements in the orbit
and the number of elements in the stabilizer. When the orbit has 6 elements, the stabilizer
has 4. When the orbit has 12 elements, the stabilizer has 2 elements. When the orbit has
8 elements, the stabilizer has 3. This should lead you to make the following conjecture:

Theorem 7. (the orbit stabilizer theorem) The product of the number of elements in the
orbit and the number of elements in the stabilizer is equal to the number of elements in the
group, or in equation form

|Ox| · |Stab(x)| = |G| .

In order to show why this is true we need to develop a few results. The first is that the
set Stab(x) is a subgroup of G, that is it is a subset of G and is itself a group.

Lemma 8. The set Stab(x) is a group.

Proof. We need to show that Stab(x) is (1) closed under multiplication, that it (2) contains
the identity and that it (3) contains the inverse of every element that is in the set. This all
follows from the definition of group and group action. Let the multiplication in the group
be denoted by ◦ and the action on the element x by •.

(1) if f, g ∈ Stab(x), then f •x = g•x = x (by definition), hence (f ◦g)•x = f •(g•x) =
f • x = x, therefore f ◦ g ∈ Stab(x).
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(2) by the definition of group action e • x = x, hence e ∈ Stab(x).
(3) if f ∈ Stab(x), then f−1 ∈ G and f−1 •x = f−1 • (f •x) = (f−1 ◦f)•x = e•x = x,

hence f−1 ∈ Stab(x).

�

In order to talk about some results we will need next I need the notion of a relation. I
cover relations in Math 1200. A relation on a set X is a set of pairs a ∼ b where a, b ∈ X.
Example of relations are things like a is greater than b, a is better than b, a is equal to b,
a is taller than b, a older than b, a and b are second cousins (the set of things that a and b
might be from differ wildly in those examples but you can guess from context what a and
b might be, but you can have a relation on any set).

Example 1: On the set of integers a ∼ b if a = b
Example 2: On the set {1, 2, 3}, 1 ∼ 2, 2 ∼ 3
Example 3: on the set of integers a < b
Example 4: on the set of integers a ≤ b

Definition 9. A relation ∼ on a set X is said to be reflexive if a ∼ a for all a ∈ X.

Definition 10. A relation ∼ on a set X is said to be symmetric if a ∼ b implies b ∼ a for
all a, b ∈ X.

Definition 11. A relation ∼ on a set X is said to be transitive if a ∼ b and b ∼ c implies
a ∼ c for all a, b, c ∈ X.

Any relation can have any one or none of these properties Examples 1 and 4 are reflexive,
only Example 1 is symmetric, Example 1, 3 and 4 are transitive and Example 2 is not
reflexive, symmetric nor transitive.

Definition 12. A relation ∼ on a set X is said to be an equivalence relation if it is reflexive,
symmetric and transitive.

Only Example 1 is an equivalence relations, but there are other equivalence relations
which are not equals (e.g. two colorings are equivalent if one can be obtained from the
other by a motion in the group G).

Proposition 13. Let H be a subgroup of the group G. Define the relation on the group
G so that for a, b ∈ G, a ≡ b if there is an h ∈ H such that a = bh. ≡ is an equivalence
relation.

This proposition relies on the properties of the fact that H and G are groups to show that
it is reflexive, symmetric and transitive. This relation on G depends on H so sometimes
the relation is denoted ≡H or a ≡ b (mod H) to indicate what the subgroup is, but if it is
clear then the reference to H is usually dropped.

Proof. We need to show that this relation is (1) reflexive, (2) symmetric and (3) transitive.

(1) Since e ∈ H so a = a ◦ e implies a ≡ a.
(2) If a ≡ b, then a = b ◦h so b = a ◦h−1 and since H is a subgroup h−1 ∈ H, so b ≡ a.
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(3) If a ≡ b and b ≡ c, then a = b ◦ h and b = c ◦ h′ so a = (c ◦ h′) ◦ h = c ◦ (h ◦ h′) and
so a ≡ c.

Therefore ≡ is an equivalence relation. �

The reason I wanted to introduce equivalence relations (and this one in particular) is
that an equivalence relation on a set of elements partitions that set of elements. Think, for
example, the colorings of triangles that we started this class with. A coloring is equivalent
to another one if there is a motion of the group that takes one to the other (an example of
an equivalence relation). Now when I listed the number of colorings, I was saying that every
coloring is equivalent to one of these that are counted in that first table. We partitioned
the set into things that are equivalent to each other. We need to justify what we did in
that example ‘every element is equivalent to one of these representatives.’

Let a, b, c, d be elements of some set and let c ∼ d be an equivalence relation on that set.
Define the equivalence class of a to be

Ca = the set of elements related to a = {c : c ∼ a}

To say that an element d which is related to a and related to b is to say that d ∈ Ca and
d ∈ Cb. To say that ‘every element is equivalent to one of these representatives’ I mean
that I want to show that Ca = Cb.

Proposition 14. Every two equivalence classes Ca and Cb either have no elements in
common or they are equal.

Now we want to explain why the orbit-stablizer theorem is true. That is, we want to
show,

|Ox| · |Stab(x)| = |G| .
Recall a couple of statements we have so far:

• if G acts on x, then Stab(x) = {g : g • x = x} is a subgroup of G
• For any subgroup H, ≡H is an equivalence relation on G

We have introduced the vocabulary and notation: orbit Ox, stabilizer Stab(x), subgroup,
reflexive relation, symmetric relation, transitive relation, equivalence relation, equivalence
class Ca. I realize that this a vocabulary heavy period of the course, but these concepts
are given names because they reoccur over and over in group theory.

I set up two other statements that I need to use to justify the orbit-stabilizer theorem.

(1) If Ca and Cb are the equivalence classes of a and b under some equivalence relation,
then either Ca and Cb have no elements in common or the two sets Ca and Cb are
equal.

(2) In particular, with the equivalence classes of the relation ≡H , all equivalence classes
have the same number of elements.

Since I want to justify these statements, let me give a few examples of equivalence
relations and equivalence classes so that we can convince ourselves that at least these
statements are true on some small examples. Also I want to convince you that there is
something important to show here and that statement number (2) is not always true.
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Consider the set of colorings of the vertices of a triangle with B and W such that
two colorings are equivalent if one can be obtained from another by rotation. That is,
coloring1 ∼ coloring2 if there is a g ∈ {e,R120, R240} such that g • coloring1 = coloring2.
Lets try coloring the vertices of a triangle with b and w such that two colorings are distinct
if they are the same under a rotation of the shape. Lets draw them:

I have drawn a loop around the colorings which are equivalent to each other under
rotation. These groupings are called the orbits under the action of the group. We have a
goal of counting the number of orbits in our set of colorings. We can see that there are
two orbits with one element each and two orbits with 3 elements each.

Lets consider one more example, but this time with our equivalence relation ≡H . This
time take our group G to be G = {e,R120, R240, F1, F2, F3} and the subgroup H =
{e,R120, R240} is used to define the equivalence relation g1 ≡H g2 if there exists an h ∈ H
such that g1h = g2.

I note that in particular we have that e ◦ R120 = R120 so we know that e ≡H R120. We
also have that R120 ◦ R120 = R240 then R120 ≡H R240. This also implies that e ≡H R240

because we know that this relation is transitive. It is the case that the only elements of G
which are equivalent to e are the elements of H because H is closed.

So then if we look at F1, we find that F1 ◦ R120 = (1)(23) ◦ (132) = (12)(3) = F3. We
also calculate that F3 ◦R120 = F2 and hence CF1 = {F1, F2, F3}.

One thing that is different about this example than the example with colorings of trian-
gles is that there are two equivalence classes and they are both of the same size. It turns
out with the equivalence relation ≡H the equivalence classes are all the same size. Its hard
to tell from a small example like this that the property continues.

Lemma 15. Let ∼ be an equivalence relation and set Ca = {x : x ∼ a} (the set of things
which are equivalent to a). If Ca and Cb have one element in common, then the sets are
equal.

In order to show why this is true, we need to show two sets are equal. The usual method
for doing this is to show that Ca ⊆ Cb and the reverse inclusion.

Proof. Say that Ca and Cb have an element d in common. That is, d ∼ a and d ∼ b. Since
∼ is symmetric, a ∼ d. Since ∼ is transitive and a ∼ d and d ∼ b, then a ∼ b. Let f be an
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element in Ca. By definition of Ca, f ∼ a and since a ∼ b, then f ∼ b, hence f ∼ b and
f ∈ Cb. �

I then recalled that the statement A ⇒ B is logically equivalent to not A or B (I even
went so far as to draw the truth table for both of them to verify this). This means that
the sentence

If Ca and Cb have an element in common, then Ca = Cb.

is equivalent to

Either Ca and Cb don’t have an element in common, or Ca = Cb.

And this last statement is the same as (1).

Now since in an equivalence relation, every element is equivalent to some element because
(at the very least) it is equivalent to itself. Hence every element is in some equivalence
class and these equivalence classes are all disjoint so they form a partition of the set of
elements.

Remark 16. You should note that a partition of a set also determines an equivalence
relation by declaring that a ∼ b is if a and b are in the same part of the set partition.
Therefore the number of set partitions on an n element set (the Bell numbers Bn given by
the sequence 1, 1, 2, 5, 15, 52, . . .) is equal to the number of distinct equivalence relations on
the set {1, 2, 3, . . . , n}.

I also showed that every equivalence class of the equivalence relation ≡H has the same
number of elements. This is a special property and holds because H and G are groups.
Let me rewrite the number of elements in the equivalence class of G. They are

Cg = {g′ : g′h = g for some h ∈ H} = {g′ : g′ = gh−1 for some h ∈ H} = {gh : h ∈ H}
The reason that the third equality is true is because H is a group so running over all
h−1 ∈ H is the same as running over all h ∈ H. I then defined new notation for the set on
the right hand side of the equality

gH := {gh : h ∈ H} .
These sets are called the (left) cosets of H.

What I want to show is that the equivalence classes of ≡H are all the same size as the
set H. Since the equivalence classes of ≡H are all of the form gH for some g, then all I
need to do is show that gH has the same size as H no matter what g ∈ G is. In order to
show that gH has the same size as H I need to find a bijection between the elements of H
and the elements of gH.

Lemma 17. The equivalence classes of ≡H which partition the set G all have the same
size. Since these equivalence classes are of the form gH for some g, they all have the same
size as the subgroup H = eH.
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Proof. I want to define a bijection between H and gH. To do this I define the map φg
which maps subsets S ⊆ G to another subset φg(S) = {gk : for k ∈ S}. In particular,
φg(H) = gH. Because groups have so much structure, it will be the case that φg(H)
and H have the same number of elements because φg is a bijection. How do we know?
φg−1(φg(H)) = φg−1(gH) = φg−1({gh : h ∈ H}) = {g−1gh : h ∈ H} = H so there is a left
inverse. The same calculation also shows that φg(φg−1(H)) = H so there is a right inverse,
this means that φg is a bijection between H and gH and hence they have the same number
of elements. �

I claim now that we have enough facts about sets, orbits, stabilizers, equivalence classes,
groups, etc. to allow us to justify the orbit stabilizer theorem. We know that the stabilizer
is a subgroup of G, therefore the equivalence relation ≡Stab(x) partitions G and every
equivalence class has the same number of elements. Conclusion:

|G| = |Stab(x)| · the number of different equivalence classes of ≡Stab(x)
But we want to show that |G| = |Stab(x)| · |Ox| so we just need to show that the

number of different equivalence classes = |Ox|. In general, to show that two sets of objects
have the same number of elements you show that there is a bijection between them. In
this case we are looking for a bijection between the set of equivalence classes of ≡Stab(x)
and the elements of Ox. Remember that the equivalence classes of ≡Stab(x) are the sets
gStab(x) = {gh : h ∈ Stab(x)}.

Lemma 18. the number of different equivalence classes of ≡Stab(x) is equal to the number
of elements in Ox.

Proof. What we will do is define a bijection between the equivalence classes of ≡Stab(x)
(the cosets gStab(x)) and the elements of Ox. For a coset g′Stab(x) of G, let ψ(g′Stab(x))
be defined as taking an element of g ∈ g′Stab(x) and the result is g • x. This maps a set
g′Stab(x) to an element of Ox. We need to show the following

(1) First, ψ must be well defined because there was some sort of arbitrary step that we
did when we we took ‘an element’ from g′Stab(x). How do we know that we get
the same result each time?

(2) Second, we need to show that if you take two cosets g′Stab(x) and g′′Stab(x) and
if we find that ψ(g′Stab(x)) = ψ(g′′Stab(x)), then g′Stab(x) = g′′Stab(x) (that is
we need to know that this map is 1-1).

(3) Finally, we need to know that every element in the orbit of x, y ∈ Ox, there some
coset g′Stab(x) such that ψ(g′Stab(x)) = y (that is that this map is onto).

If we have all three of these properties then we know that ψ is a well defined bijection
between the cosets of Stab(x) and the elements of Ox.

The first statement is true because if g1 and g2 are in g′Stab(x), then g1 = g′h1 and
g2 = g′h2 where h1 • x = h2 • x = x so then

g1 • x = (g′h1) • x = g′ • (h1 • x) = g′ • x = g′ • (h2 • x) = (g′h2) • x = g2 • x .
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This says that no matter which elements we take from g′Stab(x) that we get the same
value g′ • x.

The second statement is true because if ψ(gStab(x)) = ψ(g′Stab(x)) then g • x = g′ • x
(because g ∈ gStab(x) and g′ ∈ g′Stab(x) so by part (1) we know we can take these in
particular) so

x = (g−1g) • x = g−1 • (g • x) = g−1 • (g′ • x) = (g−1g′) • x .
Therefore g−1g′ ∈ Stab(x) and so Stab(x) = {g−1g′h : h ∈ Stab(x)} and

gStab(x) = {gh : h ∈ Stab(x)} = {gg−1g′h : h ∈ Stab(x)} = {g′h : h ∈ Stab(x)} = g′Stab(x) .

The third statement is true because if y ∈ Ox then there is some element g ∈ G such
that y = gx (because that is what it means for y to be in the orbit of x). But then,
ψ(gStab(x)) = g • x = y. �

Remark 19. The number of different equivalence classes of ≡H (or the number of different
left cosets of a subgroup H) is called the index of H in G. I wanted to avoid introducing
one more name, definition, notation in this case because we don’t really use it, but the
name occurs frequently in group theory.

7. Burnside’s Lemma and Polya’s Theorem

In our last episode I showed you that,

|Ox| · |Stab(x)| = |G| .
We are just one short calculation away from the result that we have been building up to
for a while. Since I want to show it off, I am going to state it, give a bunch of examples
(actually I will revisit some of the examples that we looked at already) and then I will
justify why the formula is correct.

Theorem 20. (Burnside’s Lemma) Let G be a group which acts on a set of elements X,

The number of orbits when G acts on X = 1
|G|
∑

g∈G # of elements fixed by g .

The reason that I say that we have now reached the point where we have given a formula
for the examples that we have been discussing for the last couple of weeks is when we talk
about colorings being equal we mean that they are in the same orbit. When we talk about
different colorings, we are talking about two colorings being in different orbits under the
action of G. So when we want to know how many different colorings there are, we want to
know how many different orbits there are under the action of G and Burnside’s Lemma is
a formula for exactly that.

Recall from Section 4 we figured out (by more or less writing down all possible colorings)
the number of colorings of the vertices of a triangle under the action of three different
groups, {e}, {e,R120, R240} and {e,R120, R240, F1, F2, F3}. We arrived at the following
table (there was a second column of this table but we will concentrate on just the first
column. As an exercise figure out how the formula applies to the second column):
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group allowing repeated colors
{e} 33

{e,R120, R240} 11
{e,R120, R240, F1, F2, F3} 10

For the first row of this table it says that because the identity fixes all 33 possible
colorings of the triangle that the number that are different under the group {e} is equal to

1

|{e}|
33 =

1

1
· 27 = 27 .

This example isn’t very enlightening. But lets consider the other two.
When R120 and R240 act on the triangle, the only colorings that are fixed are those

where all three vertices are colored exactly the same, that is:

That means that the total number of different colorings under the group {e,R120, R240} is
equal to

1

3
(33 + 3 + 3) =

1

3
· 33 = 11

and this agrees with the table that we had calculated before.
If we look under the action of F1, in addition to the three pictured colorings above, there

are 6 others:

So in total, there are 9 colorings which are fixed by F1. Similarly there are 9 which are
fixed by F2 and 9 which are fixed by F3. Burnside’s Lemma then tells us that the total
number of different colorings by the action of this group is equal to

1

6
(27 + 3 + 3 + 9 + 9 + 9) =

1

6
· 60 = 10 .

Recall that the group elements have the following cycle structure

e = (1)(2)(3), R120 = (132), R240 = (123), F1 = (1)(23), F2 = (2)(13), F3 = (3)(12) .

Unless there are other restrictions on the colors the number of elements in

Fix(g) = (# number of colors)(# of cycles in g)

In particular we see Fix(F1) = Fix(F2) = Fix(F3) = 32, Fix(R120) = Fix(R240) = 3
and Fix(e) = 33.
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What is kind of cool about this formula is that just by looking at the expression, it is
not clear that the order of the group in the denominator is going to cancel with the sum
over the elements which are fixed by the group elements, but in the end it does. In fact,
we can use this as a (weak) check that we haven’t made any mistakes in our calculations
by ensuring that the denominator does cancel with the numerator. If you get a rational
number for the number of orbits, check again.

The reason this formula is useful, is that in general there are not that there are generally
more colorings than there are group elements and another reason is that it is usually not
that difficult to figure out how many elements are fixed by any particular group element g.
Moreover, a lot of group elements have the same number of elements of x which are fixed
by G.

Let me try to count the number of ways of coloring the faces of a cube with colors black
and white such that two coloring are the same if one can be obtained from another by a
motion of the cube. Fortunately we have already calculated the group of the motions of
the cube. Label the faces of the cube with the letters A through F as in the following
diagram.

Recall that the group of motions of the cube consisted of the following elements.

e = (A)(B)(C)(D)(E)(F )

(A)(D)(BCEF )

(A)(D)(BE)(CF )

(A)(D)(BFEC)

(B)(E)(ACDF )

(B)(E)(AD)(CF )

(B)(E)(AFDC)

(C)(F )(ABDE)

(C)(F )(AD)(BE)

(C)(F )(AEDB)

(AB)(DE)(CF )

(AC)(DF )(BE)

(AE)(DB)(CF )

(AF )(DC)(BE)

(BC)(EF )(AD)

(BF )(EC)(AD)

(ABC)(DEF )

(ACB)(DFE)

(ABF )(DEC)

(AFB)(DCE)

(AEC)(DBF )

(ACE)(DFB)

(AEF )(DBC)

(AFE)(DCB)

• The identity (A)(B)(C)(D)(E)(F ) fixes all colorings and since we can choose b or
w for each face, there are 26 colorings which are fixed by the identity.
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• Say that we fix two faces then there are two types of permutation, those that rotate
by ±90 degrees (e.g. (A)(D)(BCEF ) or (A)(D)(BFCE)) and those that rotate
by 180 degrees . The ones that rotate by ±90◦ fix all colorings where all the 4 faces
which move are the same color. There are two choices for the 4 faces and 2 choices
for each of the two fixed faces. In total there are 23 colorings which are fixed by
rotations by ±90◦.
• The ones that rotate by 180◦ (e.g. (A)(D)(BE)(CF )) fix all colorings where the

opposite faces that exchange are the same color. We have 2 choices for each of the
two fixed faces and 2 choices for the two pairs of faces which exchange. We can
read from the cycle structure of these permutations that there are 4 cycles and as
long as each cycle has the same color and so in total there are 24 ways of coloring
those faces.
• The permutations which fix an edge (e.g. (AB)(DE)(CF )) then there are three

pairs of faces which are exchanged and they must be colored the same color and so
there are 23 colorings which are fixed by these permutations.
• The permutations which fix a vertex and rotate by ±120◦ (e.g. (ABC)(DEF ) )

must have the three faces which are all clustered around the vertex that is being
rotated around all the same color therefore there are 22 colorings.

Look at the list of group elements above. We have:

• one identity element (A)(B)(C)(D)(E)(F )
• six rotations about two fixed faces by ±90◦ (e.g. (A)(D)(BCEF ))
• three rotations about two fixed faces by 180◦ (e.g. (A)(D)(BE)(CF ))
• six flips about an edge (e.g. (AB)(DE)(CF ))
• eight rotations about a vertex by ±120◦ (e.g. (ABC)(DEF ))

Burnside’s Lemma then says that the number of colorings of a cube with black and white
edges is equal to

1

24
(26 + 6 · 23 + 3 · 24 + 6 · 23 + 8 · 22) =

1

24
· 240 = 10 .

Recall that was when we first started talking about colorings of the cube I said that the
generating function for the number of colorings of the cube with black and white faces is:

(2) B0W 6 +B1W 5 + 2B2W 4 + 2B3W 3 + 2B4W 2 +B5W 1 +B6W 0

Example 21. Consider the number of ways of coloring of the following graph with k colors.

Now notice that the group consisting of the identity and the motion which flips the tree
backwards are the only two elements which preserve the tree structure. I want to count
colorings where (for instance) the following two colorings are the same:

r r r r r r b
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b r r r r r r

The way that we will go about doing this is to first label the vertices of the tree with
the numbers 1 through 7 so that we can refer to them.

1 2 3 4 5 6 7

Then the two group elements which act on this tree are e = (1)(2)(3)(4)(5)(6)(7) and
(17)(26)(35)(4). Now under the the identity element every coloring is fixed and there are k
ways of coloring each of the 7 vertices so there are k7 colorings fixed by e. Now a coloring
which is fixed by (17)(26)(35)(4) must have vertex 1 and vertex 7 colored the same, 2
and 6 must be colored the same, 3 and 5 must be colored the same and 4 can be colored
independently. Since there are 4 different groups to color, in total Fix((17)(26)(35)(4)) =
k4 so Burnside’s Lemma says that there are

1

2
(k7 + k4)

different unique colorings of this graph. It is not clearly obvious that this result is even an
integer for all values of k, but it can be checked both for k even and for k odd that the
result is always an integer. If k = 1 we see for sure that the formula works because there
is then exactly 1 = 1

2(1 + 1) ways of coloring the graph with one color.

Great, now that we have three examples of how this formula works, I want to justify
why it is true. Fortunately it is a short calculation from the orbit-stabilizer theorem.

I need to introduce one bit of shorthand notation. Define

Fix(g) = #{x : g • x = x}

so then Burnside’s Lemma can then be restated as

The number of orbits when G acts on X = 1
|G|
∑

g∈G Fix(g) .

In order to make the first part of my calculation clear I am going to make a ta-
ble. Along the top of the table I label the columns by the xi which are in the set
X = {x1, x2, x3, . . . , x|X|}. Along the left side of the table I label the rows by gi which are
the elements of G = {g1, g2, . . . , g|G|} and in the body of the table I put a mark × in row
g and column x in my table if x is fixed by g (that is, if g • x = x).

So our table will typically look like the following where I am placing the × symbols in
the table in a way to indicate that for the average group element, some elements are fixed
and some are not. For the identity group element all elements are fixed (this is by the
definition of group action).
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G\X x1 x2 x3 · · · x|X|
e = g1 × × × · · · ×
g2 × · · ·
g3 × × · · · ×
g4 × × · · ·
...

...
...

... · · ·
...

g|G| × · · · ×

Now in the right hand column of the table I will count how many × symbols there are
in each row. I have already given this quantity a name. The number of × symbols in the
row indexed by gi is Fix(gi), the number of elements of my set X which are fixed by gi.

G\X x1 x2 x3 · · · x|X|
e = g1 × × × · · · × Fix(g1)
g2 × · · · Fix(g2)
g3 × × · · · × Fix(g3)
g4 × × · · · Fix(g4)
...

...
...

... · · ·
...

g|G| × · · · × Fix(g|G|)

Now below each column I will tally how many symbols × which appear in each column.
This quantity has also been given a name. The number of × symbols which appear in the
column indexed by xi is the number of group elements which fix xi or it is the number of
elements in the stabilizer of xi, |Stab(xi)|

G\X x1 x2 x3 · · · x|X|
e = g1 × × × · · · × Fix(g1)
g2 × · · · Fix(g2)
g3 × × · · · × Fix(g3)
g4 × × · · · Fix(g4)
...

...
...

...
...

...
g|G| × · · · × Fix(g|G|)

|Stab(x1)| |Stab(x2)| |Stab(x3)| · · · |Stab(x|X|)|

So now if I sum the last row of this table it is equal to the total number of × symbols
in the table and if I sum the last column it is also equal to the total number of × symbols
in the table, hence we have that:

(3)
∑
x∈X
|Stab(x)| =

∑
g∈G

Fix(g)
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The right hand side of this equality is the right hand side of Burnside’s Lemma multiplied

by |G|. We also know from the orbit-stabilizer theorem that |Stab(x)| = |G|
|Ox| . Say that the

set X breaks down into various orbits under the action of G and we number the orbits by
a single representative:

X = Ox1 ]Ox2 ]Ox3 ] · · · ]Oxtotal # orbits

Now then the left hand side of equation (3) is equal to

∑
x∈X
|Stab(x)| =

total # orbits∑
i=1

∑
x∈Oxi

|Stab(x)|

=

total # orbits∑
i=1

∑
x∈Oxi

|G|
|Ox|

= |G|
total # orbits∑

i=1

∑
x∈Oxi

1

|Oxi |

= |G|
total # orbits∑

i=1

|Oxi |
|Oxi |

= |G|
total # orbits∑

i=1

1

= |G| · total # orbits

Therefore we have show that |G| · total # orbits =
∑

g∈G Fix(g), so

total # orbits =
1

|G|
∑
g∈G

Fix(g)

Before I finished for the day I tried to squeeze in one more explanation. I wanted in
fact to explain the example with the coloring with squares from the example above, and in
particular I wanted to provide you with a formula for the generating function in equation
(2).

Burnside’s Lemma is quite robust because it just talks about a set X and it can be any
set of colorings with a group action on them. The thing about group actions when they
act on colorings is that the number of colors is independent of the element of the group
acting on it so Burnside’s Lemma says:

total # orbits of colorings with ai of i
th color appearing =

1

|G|
∑
g∈G

Fixwith ai color i(g)
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where Fixwith ai color i(g) represents the number of colorings with a1 of color 1, a2 of color 2,
a3 of color 3, etc. and the phrase total # orbits of colorings with ai of i

th color appearing
represents the subset of all of the distinct colorings with a1 of color 1, a2 of color 2, a3
of color 3, etc. Because the group action does not affect the number of each color that
appears, Burnside’s Lemma applies.

Now sum over all weights a = (a1, a2, a3, . . .) and multiply by za11 z
a2
2 z

a3
3 · · · .∑

a

(total # orbits of colorings with ai of i
th color appearing) za11 za22 z

a3
3 · · ·

=
∑
a

 1

|G|
∑
g∈G

Fixwith ai color i(g)

 za11 z
a2
2 z

a3
3 · · ·

=
1

|G|
∑
g∈G

∑
a

(Fixwith ai color i(g) za11 z
a2
2 z

a3
3 · · · )

This is Polya’s Theorem.
The left hand side of this equation is called the pattern inventory of the set. It is the

generating function for the number of colorings where the coefficient of za11 z
a2
2 z

a3
3 · · · is the

number of colorings with a1 of color 1, a2 of color 2, a3 of color 3, etc.
The piece of the generating function

∑
a(Fixwith ai color i(g) za11 z

a2
2 z

a3
3 · · · ) on the right

hand side is called the cycle index polynomial. If you look at it in one light Polya’s Theorem
is Burnside’s Lemma with just a generating function replacing a number.

What is ingenious about this formula is that once we have the cycle structure of the
group element g, the cycle index polynomial is usually very easy to compute because we
can apply the multiplication principle of generating functions on the cycles. That is the
generating function for the cycle index polynomial of g which is a product of cycles c1, c2,
c3, etc. is equal to the product of the cycle index polynomial for c1 times the the cycle
index polynomial for c2 times the cycle index polynomial for c3 times etc.

For instance, consider again the group of the cube and colorings with two colors B and
W . Instead of the variables z1 and z2 I am going to use B and W in my cycle index
polynomial to make it clearer which is the first color and the second color.

With the identity element e = (A)(B)(C)(D)(E)(F ), we have that

6∑
i=0

(#colorings fixed by e with i W’s 6− i B’s) W iB6−i = (B +W )6.

There are two ways of deducing this. The first is to say that the number of colorings with
i white faces and 6− i black faces is equal to

(
6
i

)
and

∑6
i=0

(
6
i

)
W iB6−i = (B +W )6. The

other way to deduce it is to say that it is equal to the product of the generating function
for the colorings of the face A times the generating function for the colorings of the face B
times · · · the generating function for the number of colorings of the face F = (B +W )6.

Consider the element (A)(D)(BCEF ). The generating function for the colorings which
are fixed by this element is the product of the generating function for the colorings of the
face A times the generating function for the colorings of the face D times the generating
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function for the colorings of B, C, E and F . These last 4 need to be done together because
they all need to be the same to color. Therefore∑
a

(#colorings fixed by (A)(D)(BCEF ) with a1 W’s a2 B’s)W a1Ba2 = (B+W )2(B4+W 4).

Unless there are extra conditions placed on the colorings, it is easy to write down the
generating function for the colorings of a group element with cycles of length r1, r2, . . . , r`
because each cycle will have the same color so the generating function for a cycle of size r1
is always Br1 +W r1 and the generating function for the colorings which are fixed by g is

(Br1 +W r1)(Br2 +W r2) · · · (Br` +W r`) .

Therefore the rest of group elements have cycle index polynomials

• (B +W )6 for one identity element (A)(B)(C)(D)(E)(F )
• (B+W )2(B4+W 4) six rotations about two fixed faces by±90◦ (e.g. (A)(D)(BCEF ))
• (B+W )2(B2+W 2)2 three rotations about two fixed faces by 180◦ (e.g. (A)(D)(BE)(CF ))
• (B2 +W 2)3 six flips about an edge (e.g. (AB)(DE)(CF ))
• (B3 +W 3)2 eight rotations about a vertex by ±120◦ (e.g. (ABC)(DEF ))

Therefore, the generating function for the colorings with black and white faces is given
by the expression

1

24
((B+W )6+6(B+W )2(B4+W 4)+3(B+W )2(B2+W 2)2+6(B2+W 2)3+8(B3+W 3)2)

I asked Sage to expand this result for me and I find that it gives exactly the result in
equation (2).

sage: B,W = var(’B’,’W’)

sage: expand(1/24*((B+W)^6 + 6*(B+W)^2*(B^4+W^4) + 3*(B+W)^2*(B^2+W^2)^2 + \

6*(B^2+W^2)^3 + 8*(B^3+W^3)^2))

B^6 + B^5*W + 2*B^4*W^2 + 2*B^3*W^3 + 2*B^2*W^4 + B*W^5 + W^6

I can more or less count the number of colorings of the cube with two colors by hand,
but increasing the number of colors or the size of the object does not significantly increase
the complexity of using this formula but it does make counting these colorings by hand
significantly more complicated. Consider colorings of the cube with three colors (just as
an example).

sage: R,G,B = var(’R,G,B’)

sage: expand(1/24*((R+G+B)^6 + 6*(R+G+B)^2*(R^4+G^4+B^4) \

+ 3*(R+G+B)^2*(R^2+G^2+B^2)^2 + 6*(R^2+G^2+B^2)^3 + 8*(R^3+G^3+B^3)^2))

B^6 + B^5*G + B^5*R + 2*B^4*G^2 + 2*B^4*G*R + 2*B^4*R^2 + 2*B^3*G^3

+ 3*B^3*G^2*R + 3*B^3*G*R^2 + 2*B^3*R^3 + 2*B^2*G^4 + 3*B^2*G^3*R + 6*B^2*G^2*R^2

+ 3*B^2*G*R^3 + 2*B^2*R^4 + B*G^5 + 2*B*G^4*R + 3*B*G^3*R^2 + 3*B*G^2*R^3

+ 2*B*G*R^4 + B*R^5 + G^6 + G^5*R + 2*G^4*R^2 + 2*G^3*R^3 + 2*G^2*R^4 + G*R^5 + R^6
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8. Necklaces and cycles

This class I started by asking the question:

How many ways are there of placing n colored beads made up of k colors around a
necklace if you can slide these beads around the necklace, but not turn it over?

You can imagine a necklace with large beads that hang from the cord and that these
beads can slide from one side of the necklace to the other. Two colored necklaces are equal
if you can rotate the beads around the necklace so that the necklaces are the same.

I did this on an example of 8 beads. To apply Burnside’s Lemma we need to recognize
that there is a group of motions of rotations of the beads acting on the necklace. In the
example of n = 8, the 8 group elements can be represented as the permutations in the
table below. Let Rr be a rotation of r beads from the left side to the right side.

g ∈ G cycle notation
R0 = R8 (1)(2)(3)(4)(5)(6)(7)(8)
R1 (18765432)
R2 (1753)(2864)
R3 (16385274)
R4 (15)(26)(37)(48)
R5 (147258361)
R6 (1357)(2468)
R7 (12345678)

What I note is that there are four elements with one cycle of length 8 {R1, R3, R5, R7},
two elements with two cycles of length 4 {R2, R6}, one element with four cycles of length
2 {R4}, and one element with eight cycles of length 1 {R0 = R8}. We conclude that the
formula for making necklaces with 8 beads and k colors is equal to

1

8
(k8 + k4 + 2k2 + 4k)

because on each of the cycles we have k choices to use for the colors.
At this point I wrote down the formula that I know is true in general and I said that we

should observe that it works in this case.
The number of ways of making an n bead necklace with k colored beads when you are

not allowed to turn over the necklace but you can rotate the beads is equal to

1

n

∑
d|n

φ(d)kn/d

where φ(d) is equal to the number of integers which is relatively prime to d (an integer n
is relatively prime to d if gcd(n, d) = 1). In order to see why this might be true I made the
following table.
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integers between 1 and d motions which have n/d
d which are relatively prime to d cycles of length d
8 {1, 3, 5, 7} {R1, R3, R5, R7}
4 {1, 3} {R2, R6}
2 {1} {R4}
1 {1} {R8}

What we want to do is show that this holds in general. If I define Φ(d) to be the
integers between 1 and d which are relatively prime to d and Ψ(d) be the indices i such
that Ri is made up n/d cycles of length d. I claim that there is a bijection between Φ(d)
and Ψ(d). The bijection is simple Vd(x) = n

dx is a map from the elements of Φ(d) to
the elements of Ψ(d) (notice in the table above to go from the set Φ(8) = {1, 3, 5, 7} to
the set Ψ(8) = {i : Ri ∈ {R1, R3, R5, R7}} we multiply each element by 1; to go from
Φ(4) = {1, 3} to Ψ(4) = {i : Ri ∈ {R2, R6}} we multiply each element by 2; to go from
Φ(2) = {1} to Ψ(2) = {i : Ri ∈ {R4}} we multiply the element by 4; to go from Φ(1) = {1}
to Ψ(1) = {i : Ri ∈ {R8}} we multiply the element by 8.

Next I talked about the formula for necklaces. I drew the picture of a necklace with
beads hanging from a chain and I indicated that the motions of the necklace were Rr for
1 ≤ r ≤ n where this means take r beads from the right hand side and move them to
the left hand side (note: for convenience I switched directions from the notation I used on
November 20, but really this affects nothing significantly).

Notice what happens to bead number i under the action of Rr. Bead i is sent to i+ r;
then bead i+ r is sent to i+ 2r; bead i+ 2r ends up where i+ 3r was located; etc. This
will make a cycle of length d when i + dr ends up where bead i currently is. In order for
this to happen dr must be a multiple of n (the total number of beads and this cycle will
be exactly of length d if dr = lcm(n, r).

There is a well known formula for lcm(n, r) in terms of the greatest common divisor.

Lemma 22. For positive integers a and b, lcm(a, b) = ab
gcd(a,b) .

Take for example the lcm(10, 12) = 60, this formula says it should be 10 · 12 = 120
divided by the gcd(10, 12) = 2. I provided a quick proof of this fact just to convince you
that it was true by looking at the prime factorizations of a, b, gcd(a, b) and lcm(a, b), but
I won’t bother to write it down here because it is based on the fundamental theorem of
arithmetic and a few other properties of primes which I am assuming anyway. I might as
well assume that this fact is true. There was another fact that I assumed was true that
uses some properties of integers that I don’t think that we will get into.

Lemma 23. For positive integers c, d, e,
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gcd(d, e) = 1 if and only if gcd(cd, ce) = c

Take again the example of gcd(10, 12) = 2 and compare this to gcd(5, 6) = 1.
Now I claim that I have enough information to write down the formula for the number

of necklaces with n beads using k colors and this formula is written in terms of a quantity
φ(d) = the number of integers e between 1 and d that are relatively prime to d.

(4) #necklaces with n beads colored with k colors =
1

n

∑
d|n

φ(d)kn/d

I am now thinking about it and I am not sure I mentioned why this is even useful. If you
don’t know a formula for φ(d), then we have given one formula that is hard to compute
(Burnside’s lemma) in terms of another (the formula in equation (4) in terms of φ(d)).
The thing is that there are formulas for φ(d). If d has a factorization into distinct primes
pa11 p

a2
2 · · · p

a`
` then

φ(d) = (pa11 − p
a1−1
1 )(pa22 − p

a2−1
2 ) · · · (pa`` − p

a`−1
1 ) .

For example φ(8) = 23 − 22 = 8− 4 = 4. But this is a side note.
There are n group elements which act on this necklace R1, R2, R3, . . . , Rn = R0 = e. We

have already deduced that Rr consists of cycles of length d if and only if lcm(r, n) = rd and
since lcm(r, n) = rn/gcd(n, r) then it must be that the length of the cycle is d = n/gcd(n, r)
(verify that this actually happens on an example) and so gcd(n, r) = n/d.

But because of Lemma 2 above, we have that gcd(n, r) = n/d if and only if gcd(d, rd/n) =
1. This means that for every e = rd/n which is relatively prime to 1, there is an r = n

d e.
This says that there is a bijection between the set Φ(d) = {e : gcd(d, e) = 1} and the set
Ψ(d) = {r : gcd(n, r) = n/d}, and moreover the bijection from Φ(d) to Ψ(d) is to multiply
the elements of Φ(d) by n/d.

Therefore we know that there are φ(d) = |Φ(d)| elements with n/d cycles of length d

and so there are kn/d ways of coloring each of those n/d cycles. Burnside’s Lemma then
says that

# necklaces =
1

n

n∑
r=1

Fix(Rr) =
1

n

n∑
r=1

kgcd(n,r) =
1

n

∑
d|n

φ(d)kn/d .

Recall that for our example of n = 8, we had the table of

g ∈ G cycle notation
R0 = R8 (1)(2)(3)(4)(5)(6)(7)(8)
R1 (18765432)
R2 (1753)(2864)
R3 (16385274)
R4 (15)(26)(37)(48)
R5 (147258361)
R6 (1357)(2468)
R7 (12345678)
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And when we grouped them by the elements that consist of n/d cycles of length d. Then
the following table agrees with this construction.

integers between 1 and d motions which have n/d
d = cycle length that are relatively prime to d cycles of length d

8 {1, 3, 5, 7} {R1, R3, R5, R7}
4 {1, 3} {R2, R6}
2 {1} {R4}
1 {1} {R8}

For this example the ways of coloring a necklace with 8 beads and k colors is equal to

1

8
(k8 + k4 + 2k2 + 4k)

We can also apply Polya’s theorem to get a refinement of this formula. Since the gen-

erating function for the ways of coloring a single cycle of length d is equal to
∑k

i=1 x
d
i ,

then by the multiplication principle of generating functions, the generating function for

the number of ways of coloring n/d cycles of length d is equal to
(∑k

i=1 x
d
i

)n/d
. Moreover,

Polya’s Theorem says that the generating function for the number of ways of coloring the
necklaces with k colored beads will be

1

n

∑
d|n

φ(d)

(
k∑
i=1

xdi

)n/d
.

Lets try this in practice for n = 8, the generating function will be

1

8
((R+B)8 + (R2 +B2)4 + 2(R4 +B4)2 + 4(R8 +B8))

Lets expand this with Sage (although I also did it by hand for a single coefficient):

sage: ( (R+B)^8 + (R^2+B^2)^4 + 2*(R^4 + B^4)^2 + 4*(R^8+B^8))/8

1/8*(B + R)^8 + 1/8*(B^2 + R^2)^4 + 1/4*(B^4 + R^4)^2 + 1/2*B^8 + 1/2*R^8

sage: expand(_)

B^8 + B^7*R + 4*B^6*R^2 + 7*B^5*R^3 + 10*B^4*R^4 + 7*B^3*R^5 + 4*B^2*R^6

+ B*R^7 + R^8

What this says is that there are 7 necklaces with 5 blue beads and 3 red beads, they are

BBBBBrrr, BBBBrBrr, BBBrBBrr, BBrBBBrr,
BrBBBBrr, BBBrBrBr, BBrBBrBr

Check very carefully and I THINK that all 7 of these are different and if they are, then
every necklace is equivalent to one of these.

9. Numbers of permutations with given cycle type

The next thing I wanted to do was give a formula for the number of elements with a given
cycle structure. The reason that we might need to do this is because Burnside’s Lemma and
Polya’s theorem requires that we sum over the group elements and the quantities Fix(g)
or the generating function

∑
a(Fixwith ai color i(g) za11 z

a2
2 z

a3
3 · · · ). There is a formula for
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the number of permutations with a given cycle structure and it uses the orbit-stabilizer
theorem.

First we have to define an action on permutations. Assume that π is a permutation that
when written in cycle notation has the following form:

π = (i1i2 · · · ir)(j1j2 · · · js) · · · (`1`2 · · · `d)

then we computed g ◦π ◦g−1. When we compute g ◦π ◦g−1 on an element x, first we apply
g−1 to x and get x′ = g−1(x), then we apply π to x′ to get x′′ = π(x′) and then we apply g
to x′′ to get g(x′′) It doesn’t matter which element we start our computation with, so for
no other reason than it will work out nice, start with g(i1). In this case

g(i1) g−1

−→ i1

i1
π
−→ i2

i2
g
−→ g(i2)

so we have that g(i1) is sent to g(i2).

g(i2) g−1

−→ i2

i2
π
−→ i3

i3
g
−→ g(i3)

then we see that g(i2) is sent to g(i3). And g(ir) will be sent to g(i1) and in general g(ia)
will be sent to g(ia+1). This says that the first cycle of g◦π◦g−1 = (g(i1)g(i2) · · · g(ir)) · · · .
Then with a similar argument g ◦ π ◦ g−1(g(ja)) = g(ja+1) and the rest of the permutation
g ◦ π ◦ g−1 can be written in cycle notation as

g ◦ π ◦ g−1 = (g(i1) g(i2) · · · g(ir))(g(j1) g(j2) · · · g(js)) · · · (g(`1) g(`2) · · · g(`d))

This was a tricky point, so I suggested that we figure this out on an example. We
have done some compositions of permutations, but not a lot. Take as an experiment a
permuation

π = (152)(3748)(6)

and g = (14382)(56)(7) and compute g ◦π ◦g−1 in two different ways. In one way, compute
g ◦π ◦ g−1(1), g ◦π ◦ g−1(2), etc. and figure out the cycle structure. In another calculation,
compute

(g(1) g(5) g(2))(g(3) g(7) g(4) g(8))(g(6)) = (461)(8732)(5)

and verify that you have the same permutation.
Now we can verify that g acting on π by g ◦ π ◦ g−1 a group action. Remember that a

group action has to satisfy two axioms, e • π = π and g • (h • π) = (g ◦ h) • π. In this case

e • π = e ◦ π ◦ e = π

and

g • (h • π) = g • (h ◦ π ◦ h−1) = g ◦ (h ◦ π ◦ h−1) ◦ g−1 = (gh) ◦ π ◦ (h−1 ◦ g−1)
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It is not too hard to verify that (h−1 ◦ g−1) = (g ◦ h)−1 since (g ◦ h) ◦ (g ◦ h)−1 = e and
(g ◦ h) ◦ (h−1 ◦ g−1) = e. Hence g • (h • π) = (g ◦ h) • π. This group action is called
‘conjugation.’

What this says is that the structure of the cycles of the permutations is preserved by the
group action of conjugation. If you look closely it also says that for any two permutations
with the same cycle structure, there is a permuation g which takes one to the other under
the action of conjugation. For instance (152)(3748)(6) and (461)(8732)(5) have the same
cycle structure and there is a permutation which takes one to the other, but any other
permutatation with the same number of cycles of each length (say (123)(4567)(8)) is also
in the orbit of these two permutations. In fact, the original question that I asked can now
be rephrased as a question about the size of the orbit. Let me state it more precisely:

How many permutations have a1 cycles of length 1, a2 cycles of length 2, a3 cycles of
length 3, etc.?

Alternatively, how many permutations are in the orbit of a permutation with a1 cycles of
length 1, a2 cycles of length 2, a3 cycles of length 3, etc. under the action of conjugation?

The answer is to use the orbit stabilizer theorem which says that now that we have the
action of the group of permutations on π, if we divide n! (the number of all permutations
by the number of permutations g for which g • π = π, then we will have the number of
elements in the orbit of π.

Lets do this on an example of a permutation of 4 with two cycles of length 2.
The following permutations are all the same (12)(34), (21)(34), (12)(43), (21)(43),

(34)(12), (43)(12), (34)(21), (43)(21) and each one of these permutations has a different g
which sends (12)(34) to each of them, namely (1)(2)(3)(4), (12)(3)(4), (1)(2)(34), (12)(34),
(13)(24), (1423), (1324), (14)(23). These permutations are the stabilizer of (12)(34) under
the action of conjugation. This means that the orbit of (12)(34) is 4!/8 = 3 and we know
that there are three permutations with 2 cycles of length 2, namely (12)(34), (13)(24) and
(14)(23).

What would happen if we had a2 of cycles of length 2? say (12)(34)(56) · · · (2a2−1, 2a2)?
Well there are a2! ways of permuting the cycles and (i, i + 1) can be sent to (j, j + 1) or
(j + 1, j) for each of the a2 cycles so there are 2a2a2! permutations g in the stabilizer of
this permutation.

I then started rushing because I realized that I was more or less out of time. If there
are a3 cycles of length 3 then each of the a3 cycles can be rearranged and (i, i + 1, i + 2)
can be sent either to (j, j + 1, j + 2), (j + 1, j + 2, j) or (j + 2, j, j + 1) and all three of
these cycles are exactly the same. Hence there are a3!3

a3 permutations in the orbit of
(123)(456) · · · (3a3 − 2, 3a3 − 1, 3a3).
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In general I said that if there are a1 cycles of length 1, a2 cycles of length 2, a3 cycles of
length 3, etc. then there are

a1!1
a1a2!2

a2a3!3
a3 · · · =

∏
i≥1

ai!i
ai

elements in the stabilizer by conjugation and

n!/(a1!1
a1a2!2

a2a3!3
a3 · · · )

permutations with a1 cycles of length 1, a2 cycles of length 2, a3 cycles of length 3, etc.
So the next thing that I wanted to discuss was the number of permutations with a given

cycle structure. I rushed through the explanation at the end of class last time and I wanted
to give a few more details about the formula that I stated very quickly.

Say that we want to know how many permutations there with a1 cycles of length 1, a2
cycles of length 2, a3 cycles of length 3, etc. This means that

n = a1 + 2a2 + 3a3 + · · ·

There are only a finite number of solutions to this equation for any fixed n. In particular
there is one for every partition of n. This is because the lengths of the cycles of the permu-
tation determine a partition (e.g. (123)(456)(78)(9) and (1)(234)(56)(789) both determine
the partition (3, 3, 2, 1) by the lengths of their cycles since the order of the cycles is not
important).

So lets say that we wanted to count the number of permutations with ai cycles of length
i for i ≥ 1. In this case we want to find the orbit of the permutation:

π = (1)(2) · · · (b1)(b1 + 1, b1 + 2) · · · (b2− 1, b2)(b2 + 1, b2 + 2, b2 + 3) · · · (b3− 2, b3− 1, b3) · · ·

where b1 = a1, b2 = a1 + 2a2, b3 = a1 + 2a2 + 3a3, and in general br =
∑r

i=1 ai. This is a
permutation with a1 cycles of length 1, a2 cycles of length 2, a3 cycles of length 3, etc.

Now I want to make a procedure which determines another representation of this permu-
tation which is equivalent. That is I want to determine an element g such that g◦π◦g−1 = π.

• The a1 cycles of length 1 may be sent to a permutation of the a1 cycles.
• The a2 cycles of length 2 are of the form (i, i + 1) and they may be sent to a

permutation of the cycles and each one may be sent to either a cycle of the form
(j, j + 1) or (j + 1, j).
• The a3 cycles of length 3 are of the form (i, i+ 1, i+ 2) and they may be sent to a

permutation of the cycles and each one may be sent to one of the form (j, j+1, j+2),
(j + 1, j + 2, j) or (j + 2, j, j + 1)
• In general, the ar cycles of length r are of the form (i, i+ 1, . . . , i+ r− 1) they may

be sent to a permutation of the ar cycles and each one may be sent to one of the r
different cyclic shifts of the cycles (i+d, i+d+1, . . . , i+r−1, i, i+1, . . . , i+d−1).

This describes a procedure for determining one possible permutation g which is in the
stabilizer of π. The number of outcomes of the rth step of this procedure is ar!r

ar since
there are ar! ways of permuting the cycles and r choices for each one of the cycles as to
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how it is shifted. Hence, by the multiplication principle the number of elements in the
stabilizer of π is equal to

(5) a1!1
a1a2!2

a2a3!3
a3 · · · =

∏
r≥0

ar!r
ar .

Now since the number of elements in the stabilizer of π is equal to equation (5), the
number of elements in orbit of this group action is equal to n! divided by the number of
elements in the stabilizer,

n!∏
r≥0 ar!r

ar
.

The number of elements in the orbit of this element is equal to the number of permutations
with ar cycles of length r for r ≥ 1.

Lets do this for permutations of 6 and verify that it agrees with what we computed for
the unsigned Stirling numbers that we computed from the generating function earlier.

permutation π #{g ∈ S6 : g ◦ π ◦ g−1 = π} #{g ◦ π ◦ g−1 : g ∈ S6}
(1)(2)(3)(4)(5)(6) 6! = 720 720/720 = 1
(1)(2)(3)(4)(56) 4!2 = 48 720/48 = 15
(1)(2)(34)(56) 2!2!22 = 16 720/16 = 45
(1)(2)(3)(456) 3!3 = 18 720/18 = 40
(12)(34)(56) 3!23 = 48 720/48 = 15
(1)(23)(456) 2 · 3 = 6 720/6 = 120
(1)(2)(3456) 2!4 = 8 720/8 = 90
(123)(456) 2!32 = 18 720/18 = 40
(12)(3456) 2 · 4 = 8 720/8 = 90
(1)(23456) 5 720/5 = 144
(123456) 6 720/6 = 120

We can use this table to compute that s′(6, 5) = 15, s′(6, 4) = 45 + 40 = 85, s′(6, 3) =
15 + 120 + 90 = 225, s′(6, 2) = 40 + 90 + 144 = 274, s′(6, 1) = 120.

You might ask (and someone did) if we can use the Stirling numbers to compute the
number of permutations with a given number of cycles, then why do we need to know
how to find the number of permutations with a given cycle type? If you need to apply
Polya’s theorem rather than Burnside’s Lemma (a formula which contains more detailed
information), then you need to know precisely the number of cycles of each type for each
of the permutations and not just how many cycles there are.

10. Example: colorings of the spoke graph

How many colorings of the graph below are there using k colors such that each color is
used at most twice?
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This graph is known as the ‘spoke graph’ (in reference to the structure that resembles a
bicycle wheel). I will do it for a graph with 6 spokes, but hopefully it is clear how to
generalize this result from the discussion.

A motion of this graph which preserves the structure can permute any of the six outer
vertices but the center vertex must be fixed. Once we know how many cycles of each type
there are, we color each of the cycles with k colors. The number of colorings which are
fixed by a permutation with d cycles is equal to kd. But recall that at the beginning of the
class we computed a formula for the number of permutations of n with d cycles and this
was the unsigned Stirling numbers of the first kind.

In particular we had a table (see Appendix II of Chapter 2 for a table of the Stirling
numbers of the first kind). We also had a formula from the first homework assignment. We
also have the last problem from homework #4 and the formula

∑
n≥0

∑n
k=1 s

′(n, k)uk x
n

n! =

e−u log(1−x). I used the computer then to compute the unsigned Stirling numbers assuming
that this formula is correct.

sage: (u,x) = var(’u,x’)

sage: taylor(exp(-u*log(1-x)),x,0,10)

1/3628800*(u^10 + 45*u^9 + 870*u^8 + 9450*u^7 + 63273*u^6 + 269325*u^5 +

723680*u^4 + 1172700*u^3 + 1026576*u^2 + 362880*u)*x^10 + 1/362880*(u^9

+ 36*u^8 + 546*u^7 + 4536*u^6 + 22449*u^5 + 67284*u^4 + 118124*u^3 +

109584*u^2 + 40320*u)*x^9 + 1/40320*(u^8 + 28*u^7 + 322*u^6 + 1960*u^5

+ 6769*u^4 + 13132*u^3 + 13068*u^2 + 5040*u)*x^8 + 1/5040*(u^7 + 21*u^6

+ 175*u^5 + 735*u^4 + 1624*u^3 + 1764*u^2 + 720*u)*x^7 + 1/720*(u^6 +

15*u^5 + 85*u^4 + 225*u^3 + 274*u^2 + 120*u)*x^6 + 1/120*(u^5 + 10*u^4

+ 35*u^3 + 50*u^2 + 24*u)*x^5 + 1/24*(u^4 + 6*u^3 + 11*u^2 + 6*u)*x^4

+ 1/6*(u^3 + 3*u^2 + 2*u)*x^3 + 1/2*(u^2 + u)*x^2 + u*x + 1

This calculation says that (for instance) there are 15 permutations of 6 with 5 cycles.
Because these permutations have one cycle of length 2 and 4 cycles of length 1 we know
that there are

(
6
2

)
possible permutations because this is the number of ways of choosing

two elements to make a 2 cycle.
Once we know that a permutation has d cycles for the 6 outer vertices and one cycle of

length 1 for the center vertex, then there are kd+1 ways of coloring the graph so that it is
fixed by that permutation.

If we were to write down the formula for the colorings of the graph above it would be

1

6!

6∑
d=1

s′(6, d)kd+1 =
1

720
(k7 + 15k6 + 85k5 + 225k4 + 274k3 + 120k2)



38 MIKE ZABROCKI - 2020 VERSION

This argument is quite general and it also says that in fact that the number of colorings
of the spoke graph where there are n spokes coming off of a center vertex is given by

1

n!

n∑
d=1

s′(n, d)kd+1 .

I should remind you that in the first homework assignment we showed that (k)(n) =
k(k + 1)(k + 2) · · · (k + (n − 1)) =

∑n
d=1 s

′(n, d)kd, hence the number of colorings of the
spoke graph with n spokes is equal to

1

n!

n∑
d=1

s′(n, d)kd+1 =
k(k)(n)

n!
.

We can’t really see this factorization on the sage example above because we have to tell
the computer to factor each of the coefficients of the series if that is what we want.

sage: f = taylor(exp(-u*log(1-x)),x,0,10)

sage: sum(factor(f.coefficient(x,i))*x^i for i in range(11))

1/3628800*(u + 1)*(u + 2)*(u + 3)*(u + 4)*(u + 5)*(u + 6)*(u + 7)*(u

+ 8)*(u + 9)*u*x^10 + 1/362880*(u + 1)*(u + 2)*(u + 3)*(u + 4)*(u +

5)*(u + 6)*(u + 7)*(u + 8)*u*x^9 + 1/40320*(u + 1)*(u + 2)*(u +

3)*(u + 4)*(u + 5)*(u + 6)*(u + 7)*u*x^8 + 1/5040*(u + 1)*(u + 2)*(u

+ 3)*(u + 4)*(u + 5)*(u + 6)*u*x^7 + 1/720*(u + 1)*(u + 2)*(u + 3)*(u

+ 4)*(u + 5)*u*x^6 + 1/120*(u + 1)*(u + 2)*(u + 3)*(u + 4)*u*x^5 +

1/24*(u + 1)*(u + 2)*(u + 3)*u*x^4 + 1/6*(u + 1)*(u + 2)*u*x^3 +

1/2*(u + 1)*u*x^2 + u*x + 1

Moreover we can also not only give the formula for a single entry in this sequence, we
can use this formula to give the generating function for all possible colorings of all the
spoke graphs at the same time.

g.f. for colorings of spoke graph with n spokes

=
∑
n≥0

(number of colorings of n spoke graph)xn

=
∑
n≥0

1

n!

n∑
d=1

s′(n, k)kd+1xn

= k
∑
n≥0

n∑
d=1

s′(n, k)kd+1x
n

n!

You should notice however that this is precisely the generating function ke−klog(1−x)

given in the last problem of the homework. So for instance lets say that we set k = 2 and
look at the computer expansion of this series.
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sage: taylor(2*exp(-2*log(1-x)),x,0,10)

22*x^10 + 20*x^9 + 18*x^8 + 16*x^7 + 14*x^6 + 12*x^5 + 10*x^4 + 8*x^3

+ 6*x^2 + 4*x + 2

This shows that for instance the graph with three spokes coming off of a center vertex can
be colored with k = 2 colors in 8 different ways so that the colorings are distinctly different.
For example:

are all possible colorings of the graph with three spokes coming off of a center vertex. What
is very cool is that this homework problem relates the problems in HW #1 part 1 question
2,3 and HW #4 part 1 question 1 and HW # 4 part 2 question 3.

11. Example: more ado about the spoke graph

How many colorings of the 6 spoke graph

are there using k colors such that each color is used at most twice?

The reason why I wanted to do this problem with the class is because it uses most of the
techniques and counting principles that we learned this term (but not generating functions
unless I also extend it to a question of Polya’s theorem). It is a question which is easy to
state. It is not difficult to solve if you break it down into small steps.

We label the vertices of the outer parts of the spokes with the numbers 1 through 6 and
the center of the graph is 7. Therefore any permutation which preserves the structure of
this graph has 7 as a fixed point.

The group of permutations of the 6 spokes act on this graph. The permutations with
a cycle of length longer than 2 do not have any colorings which are fixed by that per-
mutation because in order to be fixed, all the vertices in the cycle must be colored with
the same color. Hence any of the permutations with cycle structure the same as the ele-
ments of the set {(123456)(7), (12345)(6)(7), (1234)(56)(7), (1234)(5)(6)(7), (123)(456)(7),
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(123)(45)(6)(7), (123)(4)(5)(6)(7)} have 0 colorings which are fixed. We need only concen-
trate on the permutations of the graph with cycle structure of the form of the elements in
{(12)(34)(56)(7), (12)(34)(5)(6)(7), (12)(3)(4)(5)(6), (1)(2)(3)(4)(5)(6)(7)}.

For each of the 4 permutations we want to know how many colorings there are that are
fixed by that permutation where no color is used more than twice. We give a procedure for
coloring the cycles and apply the addition principle and multiplication principle to count
the number of outcomes of this procedure. As we color the vertices in a cycle, once one of
the 2-cycles has been colored with a color then we are unable to use that color for any of
the other vertices since it will be used twice.

• For the permutations of the same form as (12)(34)(56)(7). There are k choices for
the colors to use with (12), there are k − 1 choices for the ways of coloring (34),
there are k − 2 ways to color (56) and k − 3 choices for the ways of coloring (7).
Hence there are (k)4 = k(k − 1)(k − 2)(k − 3) ways of coloring permutations with
that cycle type. We also know that there are 6!

233!
= 15 permutations with that

cycle type.
• For the permutations with the same cycle type as (12)(34)(5)(6)(7) there are k

ways of coloring the cycle (12) and then k−1 ways of coloring the cycle (34). Then
there are two choices, either (5)(6)(7) are all different colors or two of them are
the same color and one is different. If they are all different colors, then there are
(k − 2)(k − 3)(k − 4) ways of coloring the cycles. If two of the cycles are colored

the same, there are
(
3
2

)
ways of picking the vertices which will be the same and

k − 2 ways of choosing a color for them, then k − 3 ways of choosing a color for
the last vertex. By applying the addition and multiplication principle, there are
k(k − 1)((k − 2)(k − 3)(k − 4) +

(
3
2

)
(k − 2)(k − 3)) = (k)5 + 3(k)4 colorings of the

vertices which are fixed by this permutation.
• For the permutations with the same cycle type as (12)(3)(4)(5)(6)(7), there are k

ways of choosing a color for the cycle (12) and then vertices 3 through 7 can be
colored with 3, 4 or 5 different colors. Either all vertices are a different color, or
there are two vertices which are the same color and the rest are different, or two
pairs of two vertices that are the same color. In the first case there are (k− 1)(k−
2)(k− 3)(k− 4)(k− 5) = (k− 1)5 ways of coloring the vertices. In the second case,
we choose 2 of the 5 vertices to be be same color, color them in (k − 1) ways and
color the remaining vertices in (k − 2)(k − 3)(k − 4) ways, hence in this case there

are
(
5
2

)
(k−1)(k−2)(k−3)(k−4) = 10(k−1)4 colorings. In the third case there we

first choose two pairs of the 5 vertices and color the first pair with (k−1) colors, the
second pair with k−2 colors and the third pair with k−3 colors. Hence there are in
this case

(
5
2,2

)
(k−1)(k−2)(k−3) = 30(k−1)3 ways of coloring the vertices. In total

there are k((k−1)5 + 10(k−1)4 + 30(k−1)(k−2)(k−3)) = (k)6 + 10(k)5 + 30(k)4.
• The identity fixes all colorings where no color is used more than twice and in this

case either 4,5,6 or 7 colors are used. If 4 colors are used it is because we choose 3
groups of 2 vertices in

(
7

2,2,2

)
= 7!

2!2!2! = 630 ways and then there are (k)4 ways of

coloring those groups plus the remaining vertex. If 5 colors are used, then we choose
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two groups of 2 vertices in
(

7
2,2

)
= 7!

2!2!3! = 210 ways and then color the two groups

and three remaining vertices in (k)5 ways. If 6 colors are used it is because we choose

one group of two vertices to color the same in
(
7
2

)
= 7!

2!5! = 21 ways and (k)6 ways
of coloring the group and 5 singletons. Finally, there are (k)7 ways of coloring all
vertices differently. In total we have that there are (k)7+21(k)6+210(k)5+630(k)4
ways of coloring vertices with the restriction that any color can only be used at
most twice.

This calculation is summarized in the table below.

a permutation with number of colorings fixed by g number of permutations
cycle type of g with same cycle type

(12)(34)(56)(7) (k)4
6!

23·3! = 15

(12)(34)(5)(6)(7) (k)5 + 3(k)4
6!

22·2!·2! = 45

(12)(3)(4)(5)(6)(7) (k)6 + 10(k)5 + 30(k)4
6!
2·4! = 15

(1)(2)(3)(4)(5)(6)(7) (k)7 + 21(k)6 + 210(k)5 + 630(k)4 1

By Burnside’s Lemma, the total number of colorings of the 6 spoke graph with k colors
such that each color is used at most twice is equal to

1

6!
(15(k)4+45((k)5+3(k)4)+15((k)6+10(k)5+30(k)4)+(k)7+21(k)6+210(k)5+630(k)4).

It is possible to generalize this argument since we have a formula for the number of ways
of coloring the n spoke graph with k colors using each color at most twice. I remark the
following facts:

(1) The group acting on the n spoke graph is equal to all permutations of the n spokes
and the center vertex is fixed.

(2) If a permutation π contains a cycle of length three or greater will have 0 colorings
in Fix(π) that use each color at most twice since all the vertices in the cycle must
be of the same color to be in Fix(π).

(3) We need only consider permutations with at r cycles of length 2 and n− 2r cycles
of length 1 and a cycle of length 1 for the center vertex. There are n!

r!2r(n−2r)! (using

the formula for the number of permutations of a given cycle type from the previous
classes) permutations in the group of motions of the graph.

(4) For each of the cycles of length 2, we can choose one of the k colors to use and then
cannot use it again. Hence there are (k)r ways of coloring those vertices.

(5) Once the vertices in the two cycles have been colored, we need to color n− 2r + 1
one cycles and we can color i pairs of those cycles with the same color and n −
2r − 2i + 1 with different colors for 0 ≤ i ≤ b(n − 2r + 1)/2c. For a given i,

there are
(b(n−2r+1)/2c

2,2,...,2

)
= b(n−2r+1)/2c!

2!i(b(n−2r+1)/2c−2i)! where this number is the multinomial

coefficient from choosing subsets of size 2, i times. Now there are k− r colors that
we can use to color the i subsets of size 2 and the remaining b(n− 2r + 1)/2c − 2i
vertices and there are (k − r)b(n−2r+1)/2c−i ways of doing this.


