CHAPTER 7: MOBIUS INVERSION AND INCLUSION-EXCLUSION

MIKE ZABROCKI

This topic is covered in more detail (but perhaps more tersely) in [2, 3] and some of the
ideas, definitions and presentation are taken from there. I also borrowed a number of ideas
from [4].

In these notes what I plan to do is
introduce Mobius inversion for integer sequences a,, and b, related by a,, = de b
Use this to give a formula for the Euler phi function
Introduce posets
Define Mobius inversion for posets
Use that to introduce/prove inclusion-exclusion

1. THE EULER PHI FUNCTION

We recently came across another example of a system of equations that is similar, but
not the same. Consider

(1) n = Z o(d).
dln

using the notation d|n to represent the shorthand “d divides n” (that is, there exists an
integer k such that dk = n). We gave a proof of this equation by looking at rotations of
beads on a necklace and calculating the group of symmetries of rotations of those beads.

If o = (123---n), then {o',02%,...,0"} is the group of rotations on an n element set.
We showed that the permutations o* such that ged(i,n) = d have exactly d cycles (each
of length n/d). The number of permutations o? such that ged(i,n) = d is equal to ¢(n/d).
Since there are n permutations in the group, then },, ¢(n/d) = >y, #(d) = n. (Note:
This expression came up in context of applying Polya’s theorem to count the number of
necklaces and we concluded that the number of unique necklaces with n beads that have
k different colors where you can rotate the necklace is equal to + 3 din P(1/ d)k? .

One way to give a formula for the Euler phi function is to use the principle of inclusion-
exclusion to show that

d(p1'p5? - ppk) = pi'pe? PR (1 —1/p1)(L—1/p2) - (L —1/py) .

In these notes I am going to skip that proof (because in class I only did it directly for
o(pq®) = p*q® — p1g? — pogP~! + p®1gb=1 and I said that the more general case is
similar). We will come up with a different type of formula for the Euler phi function using
a “different” technique (actually it is the same, it is just in disguise it looks different).
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I mentioned that we can use this system of equations (equation (1)) to solve for the
values of ¢(d).

=o(1) ¢(1) =1
2=¢(1) + 6(2) p2)=2-9(1)=2-1=
3=¢(1) +¢(3) ¢p(3)=3-9(1)=3-1=2
4=¢(1) +(2) + o(4) p(4)=2-90(2) —0(1) =4-1-1=
5=¢(1) + 6(5) P(5)=5-9(1)=5-1=
6=0¢(1) +(2) +6(3) +6(6)  ¢(6) =6—-0¢(3) —p(2) —p(1) =6-2-1-1=2
7=¢(1) +o(7) M) =7T-9(1)=7-1=6
=o(1)+6(2) +0(4) +0(8)  ¢(8) =8—-0(4) —9(2) —¢(1) =8-2-1-1=4
9=¢(1) +¢(3) + 6(9) P9 =9-9(3)—0¢(1)=9-2-1=6

2. INVERTING THE SET OF EQUATIONS a,, = Edm by

If we set up a system of equations of the form

(2) an =Y b,

din
then we can solve for b, in terms of a,,.
a1:b1 b1:a1
az = by + by by = az — by = az —as
az = by + b3 b3 =a3 — by =a3z —a
ag =by +by+ by by =as —by— by = a4 —as
as = by + bs bs = a5 — by = a5 —a;
ag =by +bo+b3+bs  bg=as—bz—bs—by =ag—az—ax+a
ar = by + by by =a7 — by =a7 — a1
ag =by +by+by+bg  bg=ag—by—by—b =ag—ay
ag = by + b3 + by bg = ag — bz — by = ag — as

The right hand side of the equation looks a bit hard to guess at (for instance, why is
bg = ag — a3z while bg = ag — ag — a2 + a1?), but there is an explicit formula for this
expression. In this case

(3) bn = Zu(d)an/d = Zu(n/d)ad

dln dln
where

Definition 1.

(n) (=1 if n is a product of k distinct primes
n) = .
K 0 if there is a prime p such that p? divides d
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In particular, since equation (1) has exactly the form (2) (with a,, = n and by = ¢(d)),
then equation (3) says that

(4) Z pd)= = p(n/d)d
din
Start with a lemma, namely:

Lemma 2. Forn > 1,

S u(a) {1 ifn=1

otherwise
din

Proof. First we note that the sum over d|n of u(d) is really the sum over the square free

divisors of n (because the ones that are not square free have ;(d) = 0). Then assume that
ai _as

n = pi*py?® - - - pp¥ where k > 0. Every divisor will be a product of some subset of the p;.
Therefore assuming n > 1 then k > 0 and

doudy = > }u(Hm)zi > u(Hpi)

djn SC{1,2,...k i€S r=0 SC{1,2,...k}:|S|=r \i€S

= O(—l)’" <f> =(1-1F=0.

From this property it follows that a,, = > djn ba implies equation (3).
Lemma 3. If ap = > g, ba, then by =3, n(n/d)aq
Proof.
Z,u, n/d)ag ZZbcu n/d) = Z Z p(n/d)b. —Z Z ((n/c)/d)b.
dn cld cln ¢jd and djn cln d’|(n/c)
By Lemma 2, the inner sum ., /) #((n/c)/d’) is equal to 1 if n/c =1 and 0 otherwise,
hence the right hand side is b,. (|

The proof of the converse of Lemma 3 is similar. I will prove both directions more
generally in the notes below (combine Theorem 13 and Example 15 and this shows Lemma
3 and its converse).

3. INVERTING SETS OF EQUATIONS ax = )y x by

When we started the class we talked about telescoping sums and I gave several exercises
where a,, = Z?:l b; and I said that we could prove this if we show b, = a,, — a,,_1, then it
follows that > 7" 1 by = > 0 o(a; —ai—1) +a1 =Y 1y Qi — Y 1o Qi1 = Gp.

I want to organize three seemingly different systems of equations that and develop a
technique in order to solve them:
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an =y 14 b; if and only if by, = ap — Q-1
an =D g4inba if and only if b = Y gp (1 /d)ag
as = ZTCS br if and only if bg = ZTcs(*l)m_lT'aT
The first of these is telescoping sums, the second is Mobius inversion, third one we haven’t

used yet in any obvious manner, but it is equivalent to inclusion-exclusion. I will next
discuss a setup where there are many formulae that fit this pattern.

4. PARTIALLY ORDERED SETS

A partially ordered set (poset for short) is a (countable or finite) set of objects, S,
together with a binary relation < satisfying

(1) z<zforzels,
(2) ifz <y and y < x, then z =y,
(3) ifz <yandy <z then z < 2.

A binary relation that satisfies (1) is called a reflexive relation. A binary relation that
satisfies condition (3) is called transitive. If you have seen these definitions before it would
have been likely that they would have come up in a discussion about ‘equivalence relations’
and every equivalence relation satisfies (1), (3) and a third relation that says if z is related
to y, then y is related to x (symmetric, but partial orders are not in general symmetric).
A partial order satisfies a weaker condition so every equivalence relation is a partial order,
but not every partial order is an equivalence relation.

A partial order is sort of a generalization of the notion of < on the set of numbers.

For each finite poset there is a diagram, called a Hasse diagram, which encodes the
information in the order and the set in a picture. The Hasse diagram for a poset P = (S, <)
has a point for each element = in S. If z < y in the poset then z is placed lower in the
diagram. If z < y and there does not exists a z such that z < z < y then a line is drawn
between the two points representing x and y. If x and y are not comparable in the poset,
then no edge is placed between x and y and there should be no upward path between x
and y either.

Example 4. For example

/
/

a® ®b

is the Hasse diagram for a poset with three elements in the set and a < ¢ and b < ¢ while
a and b are not comparable while a, b and ¢ are all less than or equal to d.
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While that example explains a small example of a finite poset, below are four examples
which provide us with infinite examples of posets.

Example 5. Consider the poset ({1,2,...,n},<) where a < b if b — a is a non-negative
integer. This is the normal order on integers and the poset looks like a chain.

In this case, every pair of integers satisfies either < y or y < z (or both if x = y). This
is not typical of a poset and this is where the “partial” from phrase “partially ordered set”
comes from. Typically a poset will have some elements z,y such that # £ y and y £ =,
that is, there are pairs of elements which are not comparable. A poset where every pair of
elements x,y has either x < y or y < z is referred to as a total order.

Example 6. The poset of integers ({1,2,3,...), <)) where the notation a <| b if a divides
b. This is an infinite poset and so the Hasse diagram can only represent a portion of it.
I had drawn this one in class and it has 1 as a minimal element (because 1 divides every
integer). Then on a level above 1 there are all the primes with a line from 1 to each of
those primes. On level k£ of this poset there are all the integers which are a product of k
primes.

Graph of the integers 1-30 partially ordered by division

Example 7. Consider the set B, = {S: 5 C {1,2,3,...,n}} and the order S is less than
or equal to T if S C 7. This is known as the Boolean poset. For every n, B, has 2"
elements. The Boolean poset for n = 4 is shown below.
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{1,2,3,4}
{2,3,4} 2,4} {1,3,4}  {1,2,3)

S RHEAN

{2,4} {3,4} {2,3} {1,4} {1,2} {1,3}

NS

{4} {2} {3} {1}

NV

The picture above was created in Sage with the command view(Poset ((Subsets(4) ,lambda
S,T: S.issubset(T)))) .

Note: The view command may only work on installations of Sage where there is a KTEX en-
gine for producing pictures and this may not exist on every Sage installation. If it doesn’t
produce a picture, replace the word view with show. It should produce this picture, but it
may not be quite as pretty as this one.

Example 8. Any set S with the relation x = x is an equivalence relation and partial order
(S,=). The Hasse diagram looks like a sequence of points all at the same level and none
of them are connected.

Example 9. The set partitions {1,2,...,n} are the set of sets {S1,52,...,S,} where each
S; € {1,2,...,n} such that Sy USaU---US, ={1,2,...,n} and all of the S; are are all
disjoint. We say that {S1,S2,...,5,} < {11,T5,..., T} if foreach 1 < i <r, S; C T} for
some 1 < j < d. An example of the Hasse diagram for this poset for n = 4 is shown below.

{{1,2,3,4}}
H{1,21,{3,43} {123}, {4}} {1}.42,3,43} {1,243, {3}} {1, 4},{2,3}} {1,343, {21} {1,3},{2,43}

{{1.2}, {3}, {4}} {23}, {4}} {1} {2}, {3,4}} {1 {24131 {{1,43,{2}.{3}} {1.3}, {2}, {4}}

N

{1} {21 {3}, {41}

The image above was created with Sage using the command view(Poset ((SetPartitions(4),
lambda A,B: A in B.refinements()))) .
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5. THE MOBIUS FUNCTION OF A POSET

For any poset and any pair of elements z,y in the poset, define p(z,y) = 0if x £ vy,
p(z,x) =landifw <y, then )’ .. p(x,2) = 0. Equivalently, u(z,y) = = >, .., p(, 2).
In summary;, - B

0 ifz Ly
(5) wx,y) =141 fz=y .
_Zx§z<y:u‘($7z) lfx <y

We need only compute this Mébius function on all intervals < y. In order to compute

the value of the function u(x,y) we set the value u(x,z) and then for each y in the poset,

we let p(z,y) be the value so that the sum of all the values p(z, z) where x < z < y sum
to 0.

Example 10. Below we compute the Mobius value of the poset for the three non-trivial
intervals of the small example with 4 vertices above.

a®1) @b

Note that it is very difficult to record all of the values of the Mobius function on a single

Hasse diagram because the domain of the Mébius function are pairs (z,y) with z < y in

the poset. To record them graphically it may be necessary to draw multiple copies of the
poset or all the intervals of the poset.

Example 11. The Mobius function for the poset of set partitions of 4 of the form
w({{1},{2},{3},{4}},7) where 7 is a set partition of 4.

{{1,2,3,4}}
O,

{{1,2},{3,4}} {{1,2, {4}} {{1}7>4}} {{1,2» {31} {{174273}} {{1,3,4}, {2}} {{1,3}7@{;,4}}
’ > N N
{{1,2}, {3}, {4}} {{1}.{2,3}, {4}} {{1}, {2}, {3,4}} {{1},{2,4}, {3}} {{1,4}, {2}, {3}} {{1,3}, {2}, {4}}
@\\@\ /@//@
{3425 8L 4@
The reason for this definition of the Mobius function is that it is a combinatorial means

to do linear algebra. If we have a system of linear equations indexed by the elements of a

poset such as a; = -, ., by, then these unknowns are related by by = >, -, pu(y, z)a,. We
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saw this relationship between equation (2) and (3). In this case the Mdbius function for
the poset of integers ordered by division is u(d,n) = p(n/d) where on the left hand side
of the equation p(d,n) is given by equation (5) and on the right hand side u(n/d) is given
by Definition 1.

Define a function on pairs z,y in the poset by

(© ) = {; o

It follows that we can express any sum like

(7) =Y by=) C((y.2)by

y<z Y

in terms of the coefficients of the function ((y, z)

Let P be a finite poset with n elements. First order our elements in the poset with a
total order {z1,x9,...,z,} so that the smaller elements come first, then we can define a
matrix

C(x1’$1) C(CUL«TQ) C(mhxn)

Z =[x,y yep = C(xz‘,:m) C(m‘,m) C-(x2‘,$n)

C(xna$l) C(xn7$2) T g(xnafzn)
This matrix allows us to express the set of equations in (7) in matrix notation
(8)
C(@1,21) Clzr,22) -+ ((@1,20)

(G2, Guy - ag,) = (bsy bu -0 b)) 4(3?2'71’1) C(xz‘axz) C(xQ';-Tn)

C@n1) C@maz) - C(Tnr )

Notice that if we list the elements in order where the smallest elements are first then
p(zj,z;) = 0if j > i and so the matrix Z will be upper triangular (actually the fact
that you can do this is a consequence of property (2) and (3) of the definition of a poset).
Moreover since p(x;,z;) = 1 for all 1 < i < n we have that Z is upper unitriangular.
Therefore Z = I, + N where I,,x, is the n x n identity matrix and N is a nilpotent
matrix (a matrix such that N™ is the zero matrix). Note that the reason that N is a
nilpotent matrix is that it has 0’s on and below the main diagonal so N” will have 0’s on
the first r diagonals and N™ will have nothing but 0 entries.

As a consequence, we have that

Zl1=I-N+N?>—... 4 (-1 IN"!
since
I+N)I-N+N2— 4 (-1)"N"H=T-N4+N*— .. (—1)"IN"!
+N-N*4+ N> — o (1) IN"=T.
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If we define
ey, 1) p(rr,xe) - (@1, o)
To, X X9, T, Tp,
IV M(%l) M(%z) | M(2. )
wlxn,x1) plep,x2) - (e, )

then M is also upper unitriangular since p(z;,2;) = 0if j > ¢ and p(z;, z;) = 1.

Recall that if we have two matrices A and B which are indexed by the elements of the
poset then the (z;,z;) entry of AB =3 Ay, By .. Hence if we take the (2;, ;) entry of
MZ, then this is equal to

D onl@iny)lyzg) = Y wlwny) = Y wlwiy)
Yy

y<z; 2 <y<z;

which is equal to 1 if z; = x; and it is equal to 0 otherwise. In other words, the product
MZ =1 and M = Z~! and for any = < y in the poset,

Q > u(w,z)z{é ol

z<z<y

This is not surprising because it is essentially the defining relation of the Mo6bius function.
But since M is the left inverse of Z then it is also it’s right inverse so the (x;,x;) entry
of ZM is

1 ifx; =2

(10 St = ¥ w4y 120

y z; <y<aw; Li 72 L

where the second equality happens because ZM = I. Hence the magic of linear algebra
says that we also have for x < y in the poset,

(1) > u(z,y)—{(l) ol

z<z<y

Example 12. Lets do a simple example to make sure it is clear what is happening in each
of these formula. Consider the running example from Examples 4 and Example 10. We
will label the rows and columns of the matrices Z and M by the poset entries {a,b, ¢, d}
in that order. Then we have

1 011 10 -1 O
0111 01 -1 0
(12) Z= 0011 M = 00 1 -1
00 01 00 0 1.

You can quickly check that Z and M are inverses of each other and Z can be computed
from the picture in Example 4 and M can be computed from the three pictures in Example
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10. Moreover if we let

0 011
0 011
(13) N= 0 001
0 000

(since N = Z — I), then you can also check that M = I — N + N? — N3.

We can use this formula to prove that the Mobius function is there to help us do linear
algebra. It gives us a relatively explicit formula for inverting a system of equations like

Oy = Eygz by.
Theorem 13. Let P be a finite poset with relation <, then

Ay = Zby iff by = Zﬂ(yﬂ?)ay

y<z y<z
and
ag = Zby iff by = Zu(w,y)ay .
Y2z Y2z

Proof. Assume that a, = )
ay =) ,<,b-), then

S onlyr)ay =YY plya)b =Y > pl(y, )b, = by

y<w y<z z<y z<ay:z<y<z

y<w by for all elements x € P (or as we will use this equation,

where the last equality follows from equation (9). The second equality holds by interchang-
ing the order of the sum. I did this in a video

https://www.youtube.com/watch?v=5stHeMbYghY
Now to prove the “only if” part of the first statement, assume that b, = > _, pu(z,y)a.,

then
Zby - ZZ“(Z’?J)“Z = Z Z 1wz, y)a; = ay

y<w y<w 2<y 2<z yiz<y<a
where the last equality follows from equation (10).

These two calculations show the first “if and only if”, the second statement in the
theorem has an almost identical proof which I leave to the reader as an exercise. O

Example 14. The poset of positive integers ordered by the order in Example 5 has a
Mobius function

1 if j =1
(14) pli,j)=¢ -1 ifj=i+1
0 otherwise

This follows because we can easily check that 3, .. p(a,b) =0 if a # c.


https://www.youtube.com/watch?v=5stHeMbYghY
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Theorem 13 says in the case of the positive integers that if
tn = by +by+-- + by
for all n > 1, then

bp=a, — an_1 .

This is called the method of telescoping sums (I had created a youtube video on the subject
at https://www.youtube.com/watch?v=H6MmDRtuilw).

Example 15. Lets come back to the poset in Example 6. The poset of positive integers
order by division is where this topic began because we had a system of linear equations
where a = 34, ba (see equation (2)) and I showed that there was a formula for by, in terms
of the an, namely, by = 3_,, 11(n/d)ag where the Mobius function is defined in Definition
1.

Warning: I am using the symbol p in two different ways here. One is 7i(n), with one
argument, and this is the function which is defined in Definition 1. The other is fi(a, d),
with two arguments, and this is the Mo6bius function of the poset of integers ordered by
division which is defined by equation (5). These functions are related by fi(a,d) = f(d/a)
if a divides d and fi(a,d) = 0 otherwise. We will use Lemma 2 and the matrix notation
that we built up previously to show why. The i and ji are just written both as p and it is
rare to decorate the p to indicate the poset even though the function p depends on this.
It is just assumed to be clear from context which Mobius function you are using and so it
is important to pay attention to the arguments to know what p even means.

We will work with a finite poset and consider only those in the set {1,2,...,n}. The
Mébius function that is defined by equation (5) (as the function defined by the Za| 4 and djn wla,d) =

0 if a # n) are the entries u(a,d) in the n X n matrix M which is the inverse of the matrix

Z. By defining a matrix
— [ {u(d/@ if ald

0 otherwise]
1<a,d<n

we can then apply Lemma 2 to show that M’ is also the inverse of Z. Therefore we conclude

that M = M’ and
j(ayd) = wu(d/a) if ald
’ 0 otherwise

Example 16. The poset of subsets of {1,2,...,n} that we introduced in Example 7 is
called the Boolean poset. The Mobius function for this poset is
(-D)T=IsE if scT

0 otherwise -

(15) u(S,T) = {

As an exercise, I asked you to prove the very Lemma that you need to to show that
1(S,T) has this formula, namely,


https://www.youtube.com/watch?v=H6MmDRtuiNw
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Lemma 17. For fized subsets U and T,

s )b fU=T
Z(l)T S_{O

veser otherwise

As in our previous example, this Lemma would show that the matrix whose rows and
columns are indexed by the subsets of {1,2,...,n} and whose entries are (—1)TI=I5 if
S C T and 0 otherwise is the inverse of the matrix Z whose entries are 1 if S C T and 0
otherwise. This proves that (15) is the Mobius function for this poset.

6. INCLUSION-EXCLUSION

The addition principle that we started this class with says that if there are disjoint sets
Al, Ag, ce ,Ak, then

|A1UA2UUA]€‘:‘A1’+|A2‘+—i—‘Ak‘

The formula for inclusion-exclusion says how to calculate |[A; U Ao U --- U Ag| in the case
when the sets A; are not disjoint. It says

(16) |A1UA2UUAk| = Z (_1)‘”_1
0cIC{1,2,..k}

N

i€l

or in less terse notation

[A1 U Ag U U Ag| = |A1] + |Aa| + -+ |Ak| — [A1 N Ag| — |[A1 N Ag| — -+ — [Ag—1 N Ay
+ AT NAsNAs|+ A1 NAs N Ay + -+ Ao N A1 N Ag| — -+
+ (=D A N Ay N Ay

The reason it is a useful formula is that it can be used to count the number of elements in a
union of sets when we can’t easily separate them into disjoint pieces but we can enumerate
the intersections. A simple example is counting the number of hands of cards where at least
one of the suits is not included (see Example 20 below). If you try to count this set there
are two ways of going about it: addition principle and inclusion-exclusion. The reference
[4] also develops Inclusion-Exclusion using Mobius inversion and the development here is
very similar to that presentation.

Although there are many ways to prove the inclusion-exclusion formula, we will use
Mobius inversion. Typically it is proved using a sign reversing involution, induction or
other method. For example, the book [2] presents several different proofs of Inclusion-
Exclusion and presents Mobius inversion in the section on “Inclusion-Exclusion and Related
Techniques.”

Theorem 18. (Inclusion-Exclusion formula) Let S be a finite set and Ay, Aa, ..., Ay be
subsets of S, then

(17) S| = [AUAs U UAl = Y ()N 4
JC{1,2,..k} jeJ



CHAPTER 7: MOBIUS INVERSION AND INCLUSION-EXCLUSION 13

The sum on the right hand side of this equation is over subsets J of {1,2,...,k} and,
in particular, when J is the empty the term mjeJ A; = S. Note that equation (16) is
equivalent to this statement by isolating |A; U A2 U --- U Ag| on one side of the equation.

The notation is quite terse, so it is worth trying the formula for the first few values of
k. In the case that k = 1 and it says |S| — |A1]| = |S| — |A1| which is not very interesting.
For k = 2 the expression is

S| — [A1 U Ag| = [S] — [Aa] — |Aa| + [A1 N Ay
and for k = 3, it says
|S‘—|A1UA2UA3| = |S|—|A1‘—|A2‘—|A3H—|A1ﬂA2|—|—|A1ﬂA3|—|—|A20A3|—’AlﬂA2ﬂA3’ .

Proof. For a subset I C {1,2,...,k}, let

ay = ﬂAz

iel

and

br=|4- U4

iel JoIjeJ

Lemma 19 (below) says that

ar = Z by

ICJC{1,2,...k}

and Theorem 13 says that

br = Z H(Ivj)aJ .

ICJC{1,2,.. .k}

In particular by = |S| — |41 U A3 U --- U Ai| because the empty intersection is S and
Usoe Njes Aj = A1 U A2 U+ U Ag and by Example 16, (0, J)a, = (=1)1 ‘ﬂjeJ Aj‘ o
equation (17) holds.

That was a terse proof because all of the work was done by M&bius inversion and in
the setup of the sets representing the a; and by (and all of that work is in Lemma 19).
It might be a little disorienting that the final expression for inclusion-exclusion is just by
and we didn’t need all of the other by (but then that means the expression for by is a more
general result than just inclusion-exclusion alone).

What is probably not clear is the use of by as the cardinality of the sets (;c; A; —
Us~rN jcJ Aj. It is worth showing how the general formulas work with k = 2 using Venn
diagrams in order to see how this is M6bius inversion in disguise.

By the definitions of the a; and by, we have
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“p LD
agy = A1 by = [A1 — A1 N Az

D (D
agoy = |Az| bay = |A2 — A1 N Ag|

<), (D
agizy = [A1 N Ag| bi1,2y = [A1 N Ag|

From the pictures it is not hard to see a detail in the proof that I left as a Lemma. You
can easily see in the pictures (and this is just an example), that
ag = by + b{l} + b{g} + b{l’g}
aqy = by + b1y
a{2y = bpa} + bp19
aq2y = by

The next lemma explains why the a; are a sum of by over J subsets of {1,2,...,k} which
contain I.

Lemma 19. For subsets Ay, Aa, ..., Ax of S and for I C {1,2,...,k}, if ar = ‘mielAil
and by = ﬂieIAi*UJDIﬂjeJAJ'" then

arj = Z bJ.

ICJC{1,2,...k}

Proof. In English, the description of b; are the elements x which are in the intersections of
A; for ¢ is in I such that z is not in any of the other A; where j is not in I.

Let
5= 4= U N4
il Joljed
then by = |By|. I will show that (,c; A; = UIQJQ{I,Z...,k} B and the subsets B are all
disjoint.
Take an element x in (7),c; A;, then x is in the intersection of some set of A; for j € J
where I C J C {1,2,...,k}. Let J be the largest set of indices with this property then
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z €NjeyAjand @ & UgyNjex Aj- This implies that € B and (since x was arbitrary),

ﬂAig U By .

iel ICJC{12,...k}

It follows since B C [, A; that
(4= U By .
iel ICJC{12,..k}

Next I claim that the B are also disjoint. That is, if J # K then B; N Bx = (). Take
two sets J # K and order them so that J # JU K. If we take an x € B; N By, then
z € (rex Ar and z € (¢ 4, hence it is in (;c ;5 45, and since J # J # K x ¢ By by
definition, but this is a contradiction. Hence By N Bx must be empty.

Therefore we have by the addition principle that

N4l= Y. IBl= > b

iel ICJC{1,2,...k} ICJC{1,2,...k}

ay =

O

Example 20. Say that we want to compute the number of 5 cards hands are there were
every suit appears at least once (or equivalently the number of 5 card hands where at least

one suit does not appear and subtract this result from <52) the total number of 5 card

5
hands).
Since there are 4 suits, exactly one of the 4 will have to appear twice. A 5 card hand
where every suit appears at least once is determined by choosing a suit which appears
twice, two cards from that suit and one card from each of the remaining suits. By the

multiplication principle there are 4 - <123> - 133 such hands.

Now lets try to count the same value using the inclusion-exclusion formula. For a set of
suits I, let A; be the set of 5 card hands that do not contain the suits in I. For instance
Afo,¢) 1s the set of 5 card hands that don’t contain either hearts or diamonds. Let S
represent the set of all 5 card hands, then to compute the number of 5 card hands where
every suit appears at least once we are looking for the cardinality of S — Aoy U Aggy U

Agay U Agay-
By the principle of inclusion exclusion, this is

S ()layl

JC{Q,0.h,0}

13- (45_ ’JD) and since there are <:

size k of {©,, &, #}, then the number of 5 card hands where every suit appears at least

But the cardinality of A is equal to < ) subsets J of
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() (@) ()0 3)

13
2

once is

This expression is equal to 4 - < ) - 133 = 685464.

In that example inclusion-exclusion was not the tool that we wanted to use because it
was much easier to count the hands that contained all of the suits at least once by the
multiplication principle than set up an inclusion-exclusion. But there are other examples
where an application of inclusion-exclusion is the best way to count a quantity.

Example 21. Say that there are cereal boxes, essentially identical, with one of k different
possible prizes and we want to estimate how many boxes of cereal that we need to buy
to have a probability that we have at least one of each of the prizes. To do this we will
compute the number of ways of picking n boxes of cereal such that all of the k prizes
appear.

For a set {1,2,...,k}, let A; represent the ways of picking n boxes of cereal such i
prize for i € I does not occur. By the multiplication principle |A;| = (k— |I|)". If we let S
represent the set of choices of n cereal boxes then the number of possible prize sequences
is [S] = k™ and we wish to compute [S — Agy U Aggy U --- U Agy|. We apply inclusion
exclusions to conclude that it is equal to

k
S oMl = e (F) e

IC{1,2,..k} r=0

We can also count this another way. Lets record at which steps the each of the prizes
appear. That is a way of picking n prizes with at least one of each prize is a sequence
(51,52, ...,Sk) where each S; is a subset of {1,2,...,n} and S1¥SeW- - WS = {1,2,...,n}.
These objects are known as set compositions or ordered set partitions. They are in bijection

with a set partition {S1,Se,..., Sk} and a permutation which determines the order of the
sets and hence the number of these is equal to k! {Z} That is,
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So then if we try to compute the probability of picking n boxes and getting all k prizes,
we would divide by the total number of sequences of prizes of length n and this implies

P(all k prizes occur in n choices of cereal boxes)
number of ways of picking n prizes with at least one of each prize
number of ways of picking n prizes from k possible

B (5220

I’'m not sure if this is a totally satisfying answer to this problem because here we have
a value for the probability, but not a formula for the number of boxes of cereal. We still
need to know how many boxes of cereal to buy, but I say that we can use the formula to
make an estimate.

Say that there are 5 prizes. Even if we buy a million boxes of cereal there is still not
100% chance that we will all 5 prizes (there is a possibility ever so small that in a million
boxes of cereal there are 4 or less prizes). What we do is decide with what probability we
would like to ensure that we get all the prizes. To do this we can make a table of values
of number of boxes versus the probability. We ask Sage to make a table of values with the
following command:

sage: for n in range(1,20):
print (n, float(factorial(5)/5"n*stirling number2(n,5)))

Of course we know that for n = 1,2, 3,4 the probability of getting all 5 prizes is 0, but
that should show in our table. Below I have taken the values and made a table in ITEX.

51 J T 51 J M
a0, J A0

n
S 0.0384 16 0.8620793266176

6 0.1152 17 | 0.8891009572798464
7 0.21504 18 | 0.9109429198258177
8 0.32256 19 | 0.9285514908244378
9 0.42706944 20 | 0.9427194306625536

10 0.5225472 21 | 0.9541024653416753
11 0.606363648 : :

12 0.678002688
13| 0.738115682304

14 | 0.787907248128 : :
15| 0.8287692521472 100 | 0.9999999989814821

28 1 0.9903347343132398

So this says that if you want a 9 out of 10 chance of getting all 5 prizes you would need
to by 18 boxes of cereal. You would need to buy 21 boxes of cereal for a 95% chance of

having all of the prizes.
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Example 22. How many positive integers less than or equal to 10,000 are there that are
relatively prime to 2107

This is a counting problem but it requires us to say something about the structure of these
integers. The number 210 factors as 2-3 -5 -7 so to be relatively prime to this number
means that it is not divisible by any of these primes.

We know how to count the numbers which are even and less than 10,000 (there are
5,000 even integers and 5,000 odd integers). The number of positive integers which are
divisible by k in general is the largest integer less than or equal to 10*/k (which we denote
|10 /k]). So if we count using inclusion-exclusion by letting Ay equal to the set of integers
positive integers less than or equal to 10,000 are there that are divisible by k£ then positive
integers less than or equal to 10,000 are there that are relatively prime to 210 is equal to
the number of elements in

{1,2,...,10,000} — Ay U A3 U A5 U A7

and hence by the inclusion-exclusion principle it is equal to

> =N 4

JC{2,3,5,7} jeJ

Since (;c; 45 = AHjer and |A;| = [10*/k], the number of positive integers less than or
equal to 10,000 are there that are relatively prime to 210 is

10% — 1704 — 1704 — 1704 — ﬁ
2 3 5 7
10% 10% 10% 10% 104 104
e o) Tl T {zlJ {%J
10* 10* 10% 104 104
304270105%2@

In Sage we can write this expression as

sage: sum((-1)"J.cardinality()*floor(10°4/mul(j for j in J))
for J in Subsets([2,3,5,7]))

Its hard to verify by other means that our answer is correct because we don’t have many
other good ways of computing this value. One way is to at least see that this formula works
with smaller number. If I replace 10* with 30, the computer returns 7 for the analogous
number of positive integers less than or equal to 30 which are relatively prime to 210 and
we can count by hand that {1,11,13,17,19,23,29} are those integers so it seems that our
logic is returning the correct answer for a small value.

As long as we are using Sage to calculate the sum we can also use it to run through all
possible integers less than 10,000 and count those that are relatively prime to 210.

sage: sum(l for r in range(1,1074) if gcd(210,r)==1)
2285



CHAPTER 7: MOBIUS INVERSION AND INCLUSION-EXCLUSION 19

The most common application of inclusion-exclusion is to compute the number of “de-
rangements” of the numbers {1,2,...,n}. These are the permutations = of {1,2,...,n}
such that 7(i) # i for all 1 < i < n. This application is explained almost everywhere so I
will refer the reader to any one of the references: [1, Theorem 4.4}, [2, Section 4.5], [5], [6],

[7].

[1]
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