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Basic Properties

The polynomial ring R[x] in the indeterminate x with
coefficients from R is the set of all formal sums
apX" + ap_1 X"+ -+ 4+ a;x + ap with n > 0 and each a; € R.
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Basic Properties

The polynomial ring R[x] in the indeterminate x with
coefficients from R is the set of all formal sums

apX" + ap_1 X"+ -+ 4+ a;x + ap with n > 0 and each a; € R.
Addition of polynomials is componentwise:

n

Zn: a,-xi + Zn: b,'Xi = Z(a,- -+ b,')Xi.
i=0 i=0

i=0
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Basic Properties

The polynomial ring R[x] in the indeterminate x with
coefficients from R is the set of all formal sums

apX" + ap_1 X"+ -+ 4+ a;x + ap with n > 0 and each a; € R.
Addition of polynomials is componentwise:

n

i aix' + i bix" = Z(a,- + bj)x".
i=0 i=0

i=0

Multiplication is performed by first defining (ax')(bx/) = abx'™
and then extending to all polynomials by the distributive laws so
that in general

k=0 i=0
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Basic Properties

The polynomial ring R[x] in the indeterminate x with
coefficients from R is the set of all formal sums

apX" + ap_1 X"+ -+ 4+ a;x + ap with n > 0 and each a; € R.
Addition of polynomials is componentwise:

Z ax" + Z bix' = Z(a,- + bi)x'.

i=0 i=0 i=0
Multiplication is performed by first defining (ax')(bx/) = abx'™
and then extending to all polynomials by the distributive laws so
that in general

k=0 \ i=0
In this way R[x] is a commutative ring with identity (the identity
1 from R) in which we identify R with the subring of constant

polynomials.
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Proposition:

Let R be an integral domain. Then

o degree p(x)q(x) = degree p(x) + degree g(x) if p(x), q(x) are
nonzero
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Proposition:

Let R be an integral domain. Then

o degree p(x)q(x) = degree p(x) + degree g(x) if p(x), q(x) are
nonzero

@ the units of R[x] are just the units of R
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Proposition:

Let R be an integral domain. Then

o degree p(x)q(x) = degree p(x) + degree g(x) if p(x), q(x) are
nonzero

@ the units of R[x] are just the units of R

@ R[x] is an integral domain.
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Definition:

The polynomial ring in the variables xq, xo, ..., X, with coefficients in
R, denoted

R[Xx1, X2y ..oy Xn] = R[X1, X2y +oy Xn—1][Xn]
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Example:

Let
p(x,y,z) = 2x%y — 3xy>z + 4y*2°
and
q(x,y,z) = 7x* + 5x°y3z* — 3x°2°
be polynomials in Z[x, y, z].
Note: The polynomial ring Z[x, y, z] in three variables x, y and z

with integers coefficients consists of all finite sums of monomial
terms of the form ax’y/z* (of degree i + j + k).

sage: R1 = QQ[’x,y,z’]
sage: (x,y,z) = Rl.gens()
sage: px = 2% x°2xy —3xx*xySkz+4xy®x25;

sage: qx = 7T+xx>+5xx?*y3x2% —3xx2x 23
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sage: R1 QQl’x,y,z’]

sage: (x,y,z) = Rl.gens()

sage: px = 2% x2xy —3xx*xy3kz+4xy?x25;
sage: qx = T*x>+5xx2*y3xz* —3xx?x 23

Write each of p and g as a polynomial in x with coefficients in
Zly, 2].
sage: R2 = QQ[’y,z’]1[’x’]
sage: R2(px)
Rxy)sx?—B*y3xz)xx+4xy*>*2°
sage: R2(gx)
(Gxry>xz* —3%x234+7)xx?
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sage: R1 = QQ[’x,y,z’]

sage: (x,y,z) = Rl.gens()

sage: px = 2% x2xy —3xx*xy3kz+4xy?x25;
sage: qx = Txx2+5xx?*ydxz% —3xx?2x23;

Find the degree of p and gq.
sage: px.degree()

7
sage: qgx.degree()

9
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sage: R1 =QQ[’x,y,z’]

sage: (x,y,z) = Rl.gens()

sage: px = 2% x2xy —3xx*xy3kz+4xy?x25;
sage: qx = 7Txx>+0*xx2xy3xz* —3xx?x23;

Find the degree of p and g in each of the three variables x, y and z.
sage: px.exponents()
[0, 2, ), (1, 3, 1), (2, 1, 0]
sage: @gx.exponents()
(2, 3, 4, (2, 0, 3), (2, 0, 0)]
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sage: R1 QQl’x,y,z’]

sage: (x,y,z) = Rl.gens()

sage: px = 2% x2xy —3xx*xy3kz+4xy?x25;
sage: qx = T*x>+5xx2*y3xz* —3xx? %23

Compute pq and find the degree of pq in each of the three variables
x, y and z.
sage: TIX = pPX*QX; IX
204 x2x Y25 2% — 15%x3 % yPx 25+ 10% x* x y 5 2% — 125 x? %y 2%
28495 x3 %y 3k 24 4285 2k y 2k 25 — 6 xtxyx 23 21k x3x Y3 2+ 145 xtxy
sage: rx.degree()
16
sage: rx.exponents()
[((2, 5, 9), (3, 6, 5, (4, 4, 4, (2, 2, 8),
3, 3, 4), (2, 2,5, (4, 1, 3), (3, 3, 1), (4, 1, 0)]

Yohana Solomon Polynomial Rings November 15, 2016 11 /35



sage: R1 QQl’x,y,z’]

sage: (x,y,z) = Rl.gens()

sage: px = 2% x2xy —3xx*xy3kz+4xy?x25;
sage: qx = T*x>+5xx2*y3xz* —3xx?x 23,

Write pq as a polynomial in the variable z with coefficients in Z[x, y].
sage: R3 = QQ[’x,y’]1[’z’]
sage: R3(rx)
20 x%# 5% 2% — 125 x% % y2 % 28+ (—15%x3 % yO +28x x2x y?) *
22+ (105 x5y  + 95 x3 5 y3 )k 2* —Bxxt ke yx 23 — 2153k y 35 2+ 145 x* v y
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Polynomial Rings over Fields

November 15, 2016 13 /35



Theorem: Division Algorithm

Let F be a field. The polynomial F[x] is a Euclidean Domain.

Specifically, if a(x) and b(x) are two polynomials in F[x] with b(x)

nonzero, then there are unique q(x) and r(x) in F[x] such that
a(x) = q(x)b(x) + r(x)

with r(x) = 0 or degree r(x) < degree b(x).
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Example:

Determine the greatest common divisor of a(x) = x3 + 1 and
b(x) = x> + 2x + 1 in Q[x].
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Example:

Determine the greatest common divisor of a(x) = x3 + 1 and
b(x) = x*> +2x + 1 in Q[x].
X*+1=(x*+2x+1)(x —2) +3(x + 1)

X+ 2x+1=(x+1)(x+1)+0
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Example:

Determine the greatest common divisor of a(x) = x3 + 1 and
b(x) = x*> +2x + 1 in Q[x].

X*+1=(x*+2x+1)(x —2) +3(x + 1)
X+ 2x+1=(x+1)(x+1)+0

Thus, ged(x® +1,x2 +2x + 1) = x + L.
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Definition:

e Principal Ideal Domain (PID):
A principal ideal domain is an integral domain R in which every

ideal has the form
(a) = {ra|r € R}

for some a in R.
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Definition:

e Principal Ideal Domain (PID):
A principal ideal domain is an integral domain R in which every
ideal has the form

(a) = {ralr € R}

for some a in R.

e Unique Factorization Domain (UFD):
An integral domain D is a unique factorization domain if
» every nonzero element of D that is not a unit can be written as
a product of irreducibles of D; and
» the factorization into irreducibles is unique up to associates and
the order in which the factors appear.
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Corollary:

o If F is a field, then F[x] is a Principal Ideal Domain and a
Unique Factorization Domain.
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Corollary:

o If F is a field, then F[x] is a Principal Ideal Domain and a
Unique Factorization Domain.

e If R is any commutative ring such that the polynomial ring R[x]
is a Principal Ideal Domain, then R is necessarily a field.
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Example:

The ring Z of integers is a Principal Ideal Domain, but the ring Z[x] is
not a Principal Ideal Domain, since (2, x) is not principal in this ring.
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Polynomial Rings that are Unique
Factorization Domains
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Proposition:

Let R be a Unique Factorization Domain. Suppose that g and h are
elements of R[x] and let f(x) = g(x)h(x). Then the content of f is
equal to the content of g times the content of h.
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Proposition: Gauss' Lemma

Let R be a Unique Factorization Domain with field of fractions F and
let p(x) € R[x]. If p(x) is reducible in F[x] then p(x) is reducible in
R[x]. More precisely, if

for some non-constant polynomials A(x), B(x) € F[x], then there are
nonzero elements r,s € F such that

rA(x) = a(x) and sB(x) = b(x)

both lie in R[x] and
p(x) = a(x)b(x)

is a factorization in R[x].
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Proof: The coefficients of the polynomials on the right hand side of
the equation p(x) = A(x)B(x) are elements in the field F, hence are
quotients of elements from the Unique Factorization Domains R.
Multiplying through by a common denominator for all these
coefficients, we obtain

dp(x) = & (x)b'(x),

where now a’(x) and b'(x) are elements of R[x] and d in a nonzero
element of R. Now write

a'(x) = ra(x) and  b(x) = sb(x).

We get
dp(x) = rsa(x)b(x).

By the proposition above, d divides rs, rs = dv, where v € R. Thus,
replacing a(x) with ya(x), we have

p(x) = a(x)b(x).
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Theorem:

R is a Unique Factorization Domain if and only if R[x] is a Unique
Factorization Domain.
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Corollary:

If R is a Unique Factorization Domain, then a polynomial ring in any
number of variables with coefficients in R is also a Unique
Factorization Domain.
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Example:

e Z[x], Z|x, y], etc. are Unique Factorization Domains.
The ring Z[x] gives an example of a Unique Factorization
Domain that is not a Principal Ideal Domain.

Yohana Solomon Polynomial Rings November 15, 2016 25/ 35



Example:

e Z[x], Z|x, y], etc. are Unique Factorization Domains.
The ring Z[x] gives an example of a Unique Factorization
Domain that is not a Principal Ideal Domain.

e Q[x], Q[x, y], etc. are Unique Factorization Domains.
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Irreducibility Criteria
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Propositions:

@ Let F be a field and let p(x) € F[x]. Then p(x) has a factor of
degree one if and only if p(x) has a root in F, that is, there is an
a € F with p(a) = 0.
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Propositions:

@ Let F be a field and let p(x) € F[x]. Then p(x) has a factor of
degree one if and only if p(x) has a root in F, that is, there is an

a € F with p(a) = 0.

@ A polynomial of degree two or three over a field F is reducible if
and only if it has a root in F.
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Example:

The polynomial p(x) = x?> + x + 1 is irreducible in Z/27Z[x] since it
does not have a root in Z/2Z|[x]:

0°+0+1=1
and
1°+1+1=1
T Yohana Solomon NS

November 15, 2016 28 / 35



Propositions:

Let / be a proper ideal in the integral domain R and let p(x) be a
non-constant monic polynomial in R[x]. If the image of p(x) in
(R/1)[x] can't be factored in (R/I)[x] into two polynomials of
smaller degree, then p(x) is irreducible in R[x].
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Example:

Consider the polynomial p(x) = x? + x + 1 in Z[x]. Reducing modulo
2, we see from the last example that p(x) is irreducible in Z[x].

Similarly, x* + x + 1 is irreducible in Z[x] because it is irreducible in
Z|x]/27Z]x].
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Theorem:

Let f(x) € Z[x].
If £(x) is reducible over Q, then it is reducible over Z.
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Corollary: Eisenstein’s Criterion for Z|[x]

Let p be a prime in Z and let
f(x) =x"+ a,1x"' + -+ arx + a € Z[x],

where n > 1.

Suppose p divides a; for all i € {0,1,---n — 1} but that p? does not
divide ag.

Then f(x) is irreducible in both Z[x] and Q[x].
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Example:

Prove that the polynomial x* — 4x3 + 6 is irreducible in Z[x].

it
D

o & = wa
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Example:

Prove that the polynomial x* — 4x3 + 6 is irreducible in Z[x].

The polynomial x* — 4x3 + 6 is irreducible in Z[x]
because 211 and 4 1 6 but 2 does divide -4, 0, and 6.
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Example:

Let p be a prime, the p'" cyclotomic polynomial

P—1
d)p(X):);_l =xPT 4 XPP 4 x 1

is irreducible over Z.
Let

..+(
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Example:

Let p be a prime, the p'" cyclotomic polynomial

P—1
O RV S S

is irreducible over Z.
Let

(x+1)P -1

Flx) = Oyl 1) = H

:prl_i_ (?)XP2+ (g)xp3+...

i}

)

Then, since every coefficient except that of xP?~! is divisible by p
and the constant term is not divisible by p?, by Eisensteins

Criterion, f(x) is irreducible over Z.
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Example:

Let p be a prime, the p'" cyclotomic polynomial

P_1
¢p(x):);_1 =xP P xP 24 x 1

is irreducible over Z.

So, if ®,(x) = g(x)h(x) were a nontrivial factorization of ®,(x)
over Z, then

f(x)=®p(x+1)=g(x+1) - h(x+1)

would be a nontrivial factorization of f(x) over Z. Since this is
impossible, we conclude that ®,(x) is irreducible over Z.
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