Polynomial Rings

All rings in this note are commutative.
Example:
fi=v*—3z+y+5
o=y +2wty—1
g=—4y" +x+ 18y + 24 € L{f1, f2}

g=afi+bfs 9] (11,72}
a—b=—-4
—-3a+2b=1
a+b=18

—1
1 -1 —4 a
{_3 2} [1]_[13] - a=7b=11
1. CHINESE REMAINDER THEOREM

Definition: The ideal A and B of ring R are said to be comazimal if A+ B = R (means relatively
prime).

Theorem: (Chinese Remainder Theorem) Let A1, Ag,--- , A be ideals in R. The map
R — R/A; x R/Ag X --- X R/ Ay defined by r— (r+ Ay, r+ Asg, -+ 17+ Ag)

is a ring homomorphism with kernel 41 N Ay N---N Ag. If for each 4,5 € {1,2,--- ,k} with i # j the
ideals A; and A; are comaximal, then this map is surjective and Ay N Ao N---NA, = A1 Ay --- Ay, so

R/(A1A2---Ag) =R/(A1NAyN---NA;) 2 R/A; x R/Ay X -+ X R/A.
Sketch of proof: If A1 and Ay are pairwise comaximal then
A1 NAy = A - Ay
A1 NAs C Ay - Ay
Ay - Ay C A1 N Ag (clear for P.I.D.)

(a1r1 4 agry + - - + anr ) (b1ry + barg + -+ - + byr),)

Zn: iaﬂ'ibjr;' € Ay and Ay

i=1 j=1
A1 +A=R
x € A,y € As such that t +y =1
ceAiNAsthenc=c-1=cxr+cy € A1 A
Example:
x = 2(mod 3)
x = 3(mod 5)
x = 2(mod 7)
R=7Z A1 =3) Ay=(5) A3=(7) A1 NAyN Az = (105)

Example:

(10) + (13) = (ged(10,13)) = (1) = Z (10) N (13) = (130) = (10) - (13)



comaximal
—5-104+4-13=2
-9-104+7-13=1
(10) + (13) = (ged(10,13)) = (1) =Z (10) N (13) = (130) = (10) - (13)
not comaximal because the gcd is not 1
B+ + @2 +20+1) =(z+1) @+)N@*+22+1) =@ +23+2+1)
not comaximal

Generalization says: If A; and A; are comaximal then Ay NAaN---NA, = A1 Ay Ay,

2. POLYNOMIAL RINGS OVER FIELDS

Corollary: If F'is a field, then F[z] is a Principle Ideal Domain and is a Unique Factorization Domain.
The quotient F'[x]|/I always looks like I = (p(z)), where F is a field and p(z) is a polynomial in F[z].

Proposition: Let p(z) be a nonconstant element of F'[x]| and let

p(x) = fi(z)* fa(x)*® - - fr(x)™

be its factorization into irreducibles, where the f;(z) are distinct. Then the following isomorphism of

rings:
Fla]/(p(x)) = Flz]/(f1(2)*) x Fla]/(fa(x)*?) x - x Fla]/(fi(2)*).
F[z]/(p(x)) has as unique elements of quotient ring ag + a1z + - -+ + a,_12"* + (p(x)).

Example:
F[z]/(2? + 1) has elements of the form a + bz + (22 + 1)
(a+bx + (22 4+ 1)) (c+ dx + (2® + 1)) = ac + bex + adx + bdaz® + (2 + 1)
= ac+ bex + adx — bd + (z° + 1)
bdz? = bdx* 4 bd — bd = bd(z? + 1) + (—bd)
r—selthenr=sin R/l =r—s=0in R/I.

3. POLYNOMIALS IN SEVERAL VARIABLES OVER A FIELD
In general, the polynomial ring F|xi,--- ,2,] is a Unique Factorization Domain however, it is not a
Principle Ideal Domain unless n = 1.
Example:
If Flz,y](x,y*) is not generated by a single polynomial

22 + 3y* € (z,yh)
22+ 3y° €
there is no single polynomial which divides both 2z + 3y* and 22 + 3¢°.

Theorem: (Hilbert’s basis theorem) If R is a Noetherian ring then the polynomial ring R[] is also
Noetherian, where R is Noetherian means its every ideal is finitely generated.

Example:

Flxy,x9,---] is not Noetherian because I = (z1,z2,--) needs to be generated by all x;.



In Flzi,x9, -+ ,x,] the elements look like Zc&f& = p(%) where 2% = 2{'23? - 28" and ¢z € F

n (0%
degree of a polynomial p(Z) = maxacz Q.
i=1

Flxy,x9, -+ ,xy] is the ring of formal power series where we allow infinite sums.



