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Figure 1: A representation of a group is a map
from the group to the space of linear transforma-
tions. This picture of a Cayley graph of the sym-
metric group on 5 letters and its shadow serves
as a metaphor for this relationship.

Mathematicians began the study of represen-
tation theory over a hundred years ago. Since
then it has become a centerpiece technique in
fields such as algebra, topology, number theory,
geometry, mathematical physics, quantum infor-
mation theory and complexity theory. A premise
of representation theory is that we can study
groups and algebras from how they act on vector
spaces.

In this article we take this a step further; to
study actions of a group or algebra we study
what commutes with the action. The collection
of all linear transformations that commute with
the action is called the commutant or the central-
izer. The centralizer is itself an algebra which is
called the Schur-Weyl dual.

A reason why this has become such an impor-
tant technique is that it can lead to beautiful
connections between seemingly different areas of
mathematics. One example of this is the discov-
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ery of the Jones’ polynomial. This polynomial
is a one variable invariant for oriented knots or
links [Jon85, Jon87]. The polynomial was dis-
covered while studying linear functionals of the
Temperley-Lieb algebra, an example of a central-
izer algebra. Following this work, Jones received
his Fields Medal for discovering deep connections
between representation theory, topology and the-
oretical physics [Jon87].

In this article we will present how centralizer
algebras can be used to study the representa-
tion theory of the symmetric group. Although
we know a lot about its representation theory,
there are still open problems that are out of reach
such as the Kronecker problem and the restric-
tion problem that we discuss below. Our ap-
proach to these problems has been to use cen-
tralizer algebras to develop combinatorial tools
to study them.

All of the vector spaces in this article are over
the complex numbers C and GL,, will denote the
general linear group of invertible n X n matrices
with complex entries.

What is a representation? Representation
Theory is the art of studying abstract algebraic
objects, such as groups and algebras, by under-
standing how they act on vector spaces.

When acting on a vector space, each element
in the algebra or group is represented by a linear
transformation (or more concretely, a matrix).
The set of resulting linear transformations is a
representation of the algebra or group. More-
over, multiplying two elements in the algebra or
group corresponds to composition of the corre-
sponding linear transformations. It is common
to refer to the vector space together with the



action as the representation, or if the action is
understood to just the vector space as the rep-
resentation.

In this article we are interested in the repre-
sentation theory of the symmetric group, Sk, the
group of bijections from the set {1,2,...,k} to
itself. There are many ways to represent the ele-
ments of S, in this article we will think of them
in cycle notation or as diagrams. For example,
(1,3,4)(5,6) € Sg corresponds to the diagram in

Figure 2.

Figure 2: A diagram depicting the permutation
(17 3a 4)(5? 6) € Sﬁ-

We will use the following example of a rep-
resentation to illustrate the ideas introduced in
this article. Consider

S3 =1{e, (1,2),(1,3),(2,3),(1,2,3),(1,3,2)},

where e is the identity and the other elements
are written using cycle notation (with one cycles
omitted). The symmetric group S3 acts on the
vector space C3. If we choose the basis of stan-
dard column vectors for C3, {e1, ez, e3}, then an
element o € S3 acts by o - e; = e,(;). As an
example, (1,2) -e; = eq, (1,2) - e = e; and
(1,2) - e3 = e3. Then each o € S3 is represented
by a permutation matrix:

1 00 01 0
e |01 0], 1,2)=>]1 0 0
00 1 00 1
1 00 0 0
(2,3)—= |00 1],(1,23)— |1 0 0
01 0 01 0
00 1 01 0
(1L,3)— |0 1 0],(1,32)—]0 0 1
1 00 100

We will refer to this representation as the per-
mutation representation of Ss.

To define a representation, we need a vector
space and an action of the group or algebra on
the vector space. Another way to think of a rep-
resentation is as a group homomorphism to the
general linear group, GL,,. For example, the per-
mutation representation of S3 is the homomor-
phism p : S3 — G L3 shown above.

Each finite group or finite dimensional alge-
bra has an infinite number of matrix represen-
tations, but we only need a finite number of
them to express all of the representations. A
common theme in mathematics is to identify the
basic building blocks in the theory. For exam-
ple, in number theory the building blocks are
the primes. Applying this idea to representa-
tion theory leads to the concept of an irreducible
representation, which is a representation that
does not contain a subspace that is closed un-
der the action. For instance the permutation
representation mentioned above has a subspace
W = span{e; + ez + eg} which is closed under
the action and hence the permutation represen-
tation is not irreducible. The subspace W is an
irreducible representation of Ss.

In this article, we will restrict our attention to
semisimple representations. Just as composite
numbers can be written using primes, semisim-
ple representations can be decomposed into di-
rect sums of irreducible ones. Many open prob-
lems in combinatorial representation theory ask
for algorithms for decomposing representations
into irreducible ones.

Representations of the symmetric group.
A nontrivial and beautiful fact is that the irre-
ducible representations of a finite group are in bi-
jection with the conjugacy classes of that group.
In the case of the symmetric group, S,,, the con-
jugacy classes are determined by cycle type (the
lengths of the cycles in cycle notation). Since the
cycle type is a partition of n, then the irreducible
representations are also indexed by these.
Recall that a partition of n is a weakly decreas-
ing sequence A\ = (A1, A2, ..., \s) of nonnegative
integers that add up to n. We use || for the sum
AL+ As + -+ Ap. We will think of a partition
as a Young diagram, an array of boxes with \;



boxes in the i-th row that are left-justified. We
will use the English convention in which we write
the boxes corresponding to A; in the top row, Ag
in the second row, and so on.

For instance, S3 has 3 irreducible representa-
tions, which are indexed by partitions of 3,

B) =111 (271)—>Bj

and (1,1,1) %@.

We use S* to denote the irreducible representa-
tion indexed by A. One way to describe S* is
by giving a basis and the action of S,, on this
basis. Every representation of .S,, can be written
as a direct sum of irreducible ones. This fact is
known as Maschke’s theorem and is a property
that is true for representations of finite groups.
For example, the permutation representation of
Ss3 is isomorphic (%) to the direct sum of two
irreducible representations, namely

C3 = sV gs®

where SV = span{es — e1,es — €1} and S() =
span{e; + es + e3}.

Character Tables. One of the downsides of
thinking about representations in terms of ma-
trices is that the matrices depend on the ba-
sis chosen for the vector space. Changing ba-
sis produces an isomorphic representation. For-
tunately, for complex representations the repre-
sentations are determined up to isomorphism by
their character. The character of a representa-
tion p : G — GLg4 is the function x” : G — C
defined by

X’ (g) = trace(p(g)), for every g € G.

Recall that in linear algebra the trace of a matrix
is the sum of its diagonal entries. Using proper-
ties of the trace function, we can show that two
conjugate elements have the same trace and that
isomorphic representations have the same char-
acter. Therefore, the essence of the representa-
tion of a group can be stored in a vector with

entries equal to the trace at a representative of
a conjugacy class.

For example, the permutation representation
of S5 has x”(e) = 3,

X"((2,1) = x((1,3)) = x"((2,3)) = 1,

x"((1,2,3)) = x"((1,3,2)) = 0.

Therefore, we can think of its character as the
vector x” = (3,1,0) with one value for each con-
jugacy class.

The irreducible complex characters of a finite
group can be stored compactly in a square ma-
trix where each row corresponds to an irreducible
representation and each column corresponds to
a conjugacy class, often indexed by a conjugacy
class representative. For instance, the character
table of S5 is given in Figure 3.

el (1,2)](1,2,3)
OO 1] -1 1
x@D 2 -1
x® 1] 1 1

Figure 3: The irreducible character table for the
symmetric group Ss .

Writing a representation as a direct sum of ir-
reducibles is the same as writing a character as
a vector sum of irreducible characters. In our
running example, the character of the permuta-
tion representation is the sum of two irreducible
characters,

=D @ = (2,0,-1) 4 (1,1,1)
= (3,1,0) .

Characters contain all essential information
about representations; in fact, Frobenius devel-
oped the representation theory of finite groups
completely in terms of their characters.

The Kronecker product. The tensor product
of two representations for any group is also a rep-
resentation. In the special case of the symmet-
ric group, given two irreducible representations,
S* and S* with A and g both partitions of n,



S* ® S* has underlying vector space the tensor
product of the vectors spaces for S* and S*. If
v@w € S* ®SH, then o € S, acts diagonally,
ie. 0 vRQW=0-v®0-w.

The character of S* ® S¥, written x*®#, is the
point-wise product of the characters of S* and
St ie. for g € S,

A®u(

X (g) = xMg)x"(g) -

For example, using character vectors with A =
= (2,1) (see the character table for S3)

xZVOEY — (9.0, -1)(2,0,-1) = (4,0,1) .

An interesting challenge is to write a tensor prod-
uct such as YZD®2D a5 a sum of irreducible
characters. In this case, by playing around with
the character table in Figure 3, we can see that

X(2’1)®(2’1) — X(3) 4 X(Q’l) T X(l,l,l) .

In general, the coefficients of the irreducible
characters, g(\, u,v), are the nonnegative inte-
gers which describe the number of times that the
irreducible character x* occurs in the decompo-
sition of y*®* when written as a sum of irre-
ducibles,

X =" g\ )X

In combinatorial representation theory we are in-
terested in finding combinatorial algorithms to
compute the coefficients and tie them to enu-
merable set of objects. Then, we use this set to
deduce properties of the coefficients. The follow-
ing is a well-known open problem in this area:

The Kronecker Problem: Find a set of ob-
jects depending only on A, u, and v with car-
dinality g(A, p,v). We call this a combinatorial
interpretation.

This problem has motivated decades of re-
search since the early 1900s. Most recently this is
due to deep connections with quantum informa-
tion theory [CHMO7] and the central role it plays
within Geometric Complexity Theory [MSO01].

This is an approach that seeks to settle the cel-
ebrated P versus NP problem, one of the sev-
eral Millennium Prize Problems set by the Clay
Mathematics Institute.

Why a combinatorial interpretation? Com-
binatorial interpretations of the multiplicities of-
ten lead to the discovery of new properties,
a better understanding, and in some cases to
proofs of longstanding open problems. For ex-
ample, Knutson and Tao found a combinatorial
model for the multiplicities occurring in the ten-
sor product of representations of the general lin-
ear group. They used their model to prove the
saturation property of these coefficients and this
led to a proof of Horn’s conjecture from 1962
characterizing the spectrum of the sum of two
Hermitian matrices [KTO01].

Stability of Kronecker coefficients. The
Kronecker product of symmetric group repre-
sentations satisfies a stability property first dis-
covered by Murnaghan [BOR11, Mur38]. Mur-
naghan observed that for sufficiently large n,
the decomposition of y(*~lel:@)@n=I5.8) only de-
pends on the parts of o and 8 and not on n. For
example, for n > 7, we always get the following
decomposition when o = (1) and 8 = (2,1):

X(n71,1)®(n73,2,1) X(n72,1,1) + X(n73,1,1,1)

+X(n—2,2) + 2X(n—3,2,1)
+X(”—3a3) + X(’ﬂ—47271,1)
+X(”*4,272) + X(n*473,1) .

In general, we get nonnegative integer coeffi-
cients, @15 that depend on three partitions «, 8
and 7. These coefficients are called reduced (or
stable) Kronecker coefficients.

A duality between Sy and GL,. In general,
a representation of GL, is a homomorphism,
p: GL, — GL4. However, the representation
theory of GL,, can get pretty wild. In algebraic
combinatorics, we often restrict our attention to
polynomial representations. This means that the
matrices p(A) have polynomial entries in the en-
tries of the matrix A € GL,. The irreducible



polynomial representations are indexed by par-
titions with at most n parts. The polynomial
representations of GL,, were first studied by Is-
sai Schur in his 1901 thesis under the supervision
of Frobenius.

By fixing a basis of a three dimensional vector
space, an example of a polynomial representation
p: GLy — GLg3 is given by the following matrix:

a b a? 2ab b2
p([ d})_ ac ad+bc bd
¢ c? 2cd d?

In 1927, Schur reformulated his thesis results
in what today is known as the Schur-Weyl du-
ality. This duality defines a correspondence be-
tween irreducible representations of the symmet-
ric group Sy and irreducible, homogeneous, poly-
nomial representations of GL,, of degree k. Let-
ting V = C", GL,, acts diagonally on V®* (k-
fold tensor product of V'), that is, for A € GL,,
and v; ® -+ @ vy in VEF,

A (@U@ - Qug) = Avy  Ava ® - - - ® Avy, .

Concretely, Av; is the product of the matrix
A with the column vector v;. The symmet-
ric group Sy, also has a right action of V®* by
permuting the tensor factors. For example, for
o= (1,3,4) € 54, v, @ up @ v R vy - (1,3,4) =
Vg Q Uy ® Vg ® v, where 1 < a, b, c,d < n, which
can be visualized in Figure 4.

Vg Q Vp Q Ve K Vg

Vg X Vp X Vg X Ve

Figure 4: Visualization of the right action of
(1,3,4) in S; on a tensor in V&4,

The basic observation that Schur made is that
the diagonal action of GL,, and the permutation
action of S commute. This implies there is a
well-defined action of the group GL,, x S, (direct
product) on V¥, When we decompose V®* in

terms of irreducible representations of GL,, X S
we get

veke (BViest, (1)
A

where V* is an irreducible, homogeneous, poly-
nomial representation of GL,, and A runs over all
partitions of £ with at most n parts. This gives
a correspondence between representations of Sy
and polynomial representations of GL,,.

Consider the case when £ = 3 and n = 9.
Combinatorics can help to visualize V®3 and
how it decomposes following Equation (1). The
picture in Figure 5 represents basis elements of
V®3 as (i1, 12,43) in 3d space with 1 < iy, ig,43 <
9 and organizes them so that the irreducible GLg
components are compact. The blue points rep-
resent V® @ SG), the red and the green points
together represent V(21 @ S(21) and the yellow
points represent V(11D @S(111)  The Robinson-
Schensted algorithm [Sag01] gives a way of mak-
ing this assignment in general.

Figure 5: A combinatorial view of the decompo-
sition of V®3 into G'Lg representations.

Characters of GL,. A polynomial in com-
muting variables x1,...,z, is symmetric if any
permutation of the variables leaves the polyno-
mial invariant. For every polynomial represen-
tation of GL,, there exists a symmetric poly-
nomial f(x1,...,2,) such that if A € GL,, has



eigenvalues 01, ...,0,, then the character value
at A is f(61,...,6,). In the previous section
we saw that for every partition A with at most
n parts, there exists an irreducible polynomial
representation of GL,, which we refer to as V*.
Schur showed the character corresponding to
V* are obtained by evaluations of a polynomial
sx(x1,...,x,) which is constructed combinatori-
ally as follows:

1. In the boxes of the Young diagram of X\ in-
sert numbers 1,2,...,n so that the num-
bers increase weakly along each row from
left to right and strictly from top to bottom
in each column. This is called a semistan-
dard Young tableau (SSYT for short).

For example, if A = (2) then its Young dia-
gram is[ | |. If n = 3, these are the possible
tableaux:

10, 12, (13, 212, 23] B3

2. For each tableau, T, in part (1), define a

monomial 27 = xilx? <o xln, where i; is
the number of times that j occurs in 7.
For example, the corresponding monomials
for the SSYT above are z2, z179, 1173, T3,

To73, and 73, respectively.

3. The Schur polynomial sy(x1,...,%y,) is de-
fined by summing all monomials possible:

a1, ... xp) :ZxT ,
T

where the sum is over all SSYT constructed
using A and 1,2,...n.

In the case of our running example, we get

2 2 2
5(2) (1, T2, 23) = ]+ 1 T2+ T3+ 2+ T23 T3

The interested reader may check that the poly-
nomial is symmetric since permuting the indices
1, 2, and 3 in any way gives the same polyno-
mial. In addition one may verify by listing the
tableaux of shape (1,1) that

51,1 (1,72, 23) = 172 + L1203 + T273 .

If A € GL, has eigenvalues 64,...,0,, then
the character value for the representation V*
when acted on by A is obtained by substitut-
ing ©; = 0;, for all ¢, in sx(z1,...,2,). The
number s(01,...,0,) is the trace of the matrix
representing A when A acts on a basis of V.
For example, if A has eigenvalues 1,—1, and 2,
then setting xr1 = 1, xo = —1 and x3 = 2 in
5(2)(z1, 2, 23) gives the character of the repre-
sentation V(?) of GL3 at the matrix A. In this
case, 5(2)(1,—1,2) = 5 is the character value.

Restricting Representations. Any polyno-
mial representation of GL,, is a representation
for any subgroup G of GL,. In particular, the
symmetric group S,, thought of as the group
of n X n permutation matrices, is a subgroup of
GL,,. Therefore, for any A\, V* is a representa-
tion of S,,. We write Resg, V* for this restricted
representation. The following is a well-known
open problem, for more details and references
see [0Z21D).

The Restriction Problem: Given an irre-
ducible polynomial representation of GL,, V*,
give a combinatorial algorithm to compute the
coefficients, ry ,, that occur when restricted to
the symmetric group in the equation

A~ Iz
Resg, V* = @r,\)HS .
o

We can obtain the character of the re-
stricted representation Resg, VX by evaluating
sx(x1,xa,...,x,) only at eigenvalues of permu-
tation matrices.

For example, if n = 3 we can restrict V(?) with
character

2 2 2
5(2) (1, T2, 23) = ] +T1T2+T1 03+ 25+ T203+23

to S3. To get the character, for each conjugacy
class of S3 choose a representative and compute
its eigenvalues. The identity, e, has eigenval-
ues 1,1,1, a two-cycle has eigenvalues 1,1, —1
and 1, &, €2 are the eigenvalues for a three-cycle,
where £ is a primitive third root of unity. Then
evaluate, s(2y(1,1,1) = 6, 5(9)(1,1,-1) = 2 and
5(2)(1,5,52) = 0. Thus, again using the charac-
ter table in Figure 3, the character of ResSBV@)



is the vector (6,2,0) = 2 x) +2 x>V, We can
see that r(s) (3) = 2 and r(g) (2,1) = 2.

Figure 6: A combinatorial view of the decompo-
sition of V®3 into GLg representations by pri-
mary colors and then the restriction of those
into Sg representations by the different shades
of those regions.

A dual approach to restriction. Schur used
the diagonal action of GL, on V& = (C")®k
and computed its centralizer in order to study
the polynomial representations of GL,. As we
said above, the commutant or centralizer in this
case is the symmetric group Sy, which can be
visualized in terms of diagrams as in Figure 2.
Schur’s work inspired others to use this tech-
niques to study representations of subgroups G
of GL,, using centralizers. For example, if G is
the orthogonal group, the centralizer algebra is
the Brauer algebra. The Temperley-Lieb algebra
is a subalgebra of the Brauer algebra and itself
a centralizer of the quantum group of type A,
Uq(slz). The study of diagram algebras, central-
izer algebras and connections with topology and
physics has become a subfield in combinatorial
representation theory.

A key centralizer algebra in our story arises
when G = S, is realized as the subgroup of per-
mutation matrices in GL,,. Jones [Jon94] and
Martin [Mar94] (independently) computed the

centralizer algebra of the diagonal action of S,,.
For o € S,,, the diagonal action is

- RUV® - Qug) =0V oV ® -+ Q oV, ,

where ov; is the product of the permutation ma-
trix ¢ with the column vector v;. For example,
(1,2) - v1 ® v1 = v2 ® va. Notice that this is
different from the (right) action of Sj, on V&
that permutes tensor factors. Under that action
illustrated in Figure 4, (1,2) would leave v; ® vy
invariant. The algebra consisting of the linear
transformations D : V®* — V®F which com-
mutes with this action is known as the partition
algebra, Px(n).

The partition algebra Py (n) has a linear basis
that is in bijection with set partitions of the set
{1,...,k} U{T1,...,k}. These set partitions can
be visualized as graphs and hence are often re-
ferred to as partition diagrams. We draw these
graphs by arranging the vertices in two rows:
1,...,k appear from left to right in the top row;
and 1,. ..,k from left to right in the bottom row.
The connected components in the graph corre-
spond to the blocks of the set partition, there-
fore many graphs can be used to represents the
same linear transformation in the partition alge-
bra. An example of a diagram in the partition
algebra Ps(n) is given in Figure 7.

AT~

Figure T: The partition
gram corresponding to the

{{1,3},{2,1,2},{4},{3,4,5,5}}.

algebra dia-
set partition

The product in Pg(n) is completely described
using diagrams. Given two set partitions, d
and d’, to compute their product dd’, we put
the diagram of d on top of the diagram of d'.
We count the number of connected components
that use only middle vertices, call this num-
ber m. Then dd' consists of the diagram con-
sisting of the components containing only top
vertices of d and bottom vertices of d’ in the



concatenated graph, ignoring middle vertices,
and there is a coefficient of n™ multiplied by
the resulting diagram. As an example con-
sider d = {{1,2},{1,2},{3},{4,3,4}} and d' =

{{1},{2},{3,1},{4,2,3,4}}, then

- °

~ °
=7 :nl/\/\/\['

The partition algebra Py (n) is the C-span of the
partition diagrams with this concatenation prod-
uct. The algebra is associative, has an iden-
tity {{1,1},{2,2},...,{k,k}} and its dimension
is the Bell number B(2k).

When n > 2k, the irreducible representa-
tions of Py(n) are indexed by partitions of n,
(n—|Al, A1, .., Ag), such that Ay + -+ Xy < k.
Jones [Jon94] described the duality between rep-
resentations of the partition algebra, Px(n), and
those of the symmetric group S,. He showed
that the direct product S,, x Py(n) acts on V&k
and this representation decomposes as follows

vek = (S oL, (2)

where L* is an irreducible representation of
Pi(n) and the sum is over all partitions A =
(n — ||, A1y .., A¢) such that Ay +--- + Ay < k.
n [BDVOI15], the authors studied this duality
and connections to the Kronecker coefficients. In
particular they showed that restricting represen-
tations of the partition algebra gives an alternate
way to study the Kronecker coefficients.

In Figure 6 we have taken the decomposition of
V® into GLg irreducible representations shown
in Figure 5 and used finer shadings of colors to
indicate how Equation (2) is related to the re-
striction problem by breaking each of the com-
ponents further into Sy irreducibles.

The character of V®*. The action on V®F
is a polynomial representation of GL,, x Si. Its
character at an element (A,0) € GL, x Sy is

the power symmetric polynomial, p,(z1,. .., zy)
where p is a partition representing the sizes of
the cycles of o and x4, . .., x, are the eigenvalues
of A.

For a positive integer r, p, = a7 + ...
and for a partition p = (u1,...,Mm),
PuiPusz P+

From the isomorphism in (1) we obtain the
following equation of symmetric polynomials,
known as the Frobenius formula,

Ty) = ZSA({El,...,
)

where x*(o,,) is the irreducible character of Sy
evaluated at an element o, with cycle structure
. The sum runs over all partitions A of k& with
at most n parts.

The vector space V®F is also a representa-
tion of S,, x Px(n) and its character at an ele-
ment (o,d,) € S, X Px(n) can be obtained from
pu(T1,...,2,), where x1,..., 2z, are the eigen-
values of the permutation matrix o. We will not
explicitly define d,, here, but it is a generalized
conjugacy class representative in Pg(n), for de-
tails see [Hal01]. Hence from the isomorphism in
(2) we also have

+ 7
Pu =

p#(fvlw“v xn)X/\(Uu) (3)

Zx

where Xj\,k(n)(du) are irreducible characters of
the partition algebra. Since the left-hand side
of (4) is a symmetric function, we conjectured
that there should be symmetric functions that
evaluate the irreducible characters of the sym-
metric group. More precisely, there should exist
polynomials 5y such that

p,u(zla"'a XP;C d ) (4)

pu(T1,...,2n) = z Sa(zy,. .. ,xn)xf;k(n)(d#)
A
where z1, ..., z, are eigenvalues of the permuta-

tion matrix o.

Characters of symmetric groups as sym-
metric polynomials. The Schur polynomials,
{sx| A a partition}, form a basis for symmetric
polynomials with the following properties:



(A) When we evaluate s, at the eigenvalues of
A € GL,, we get characters of irreducible
polynomial representations of GL,,.

(B) When we multiply two Schur polynomials
the coefficients are the same as those which
occur when we decompose tensor products
of irreducible polynomial representations of

GL,,.

In [0Z21D)], we defined a new basis of symmet-
ric polynomials {5, | A a partition} that connects
the ideas mentioned in this article through the
following properties:

(1) For any partition A and n > |A|+ )1, § evalu-
ates to the irreducible characters of the sym-
metric group,

Sx(zy, ... xy) = x (P IALA) (o)
where x1,...,x, are the eigenvalues of the
permutation matrix o.

Recall gX , are the reduced Kronecker coef-
ficients which occur as stable limits of Kro-
necker coefficients. Then,

- . -
S5A8, = E 9 uSv -
v

If 7y, are the restriction coefficients when
a polynomial representation V* of GL,, is
restricted to S,,. Then,

S\ = E T)\,ugu .
“w

Observe that properties (1) and (2) of the poly-
nomials §, are analogous to properties (A) and
(B) of the Schur polynomials. In addition, prop-
erty (3) connects these two bases.

For example, when n = 3,

8()21, 5(1)=$1+LL‘2+$3—1

and

5(1,1) =T122 + Ir1x3 + ToXg — L1 — X9 — T3 + 1.

As mentioned above the eigenvalues of the iden-
tity matrix are 1,1, 1, the permutation matrix of
a two cycle has eigenvalues 1,1, —1 and the per-
mutation matrix of a three cycle has eigenvalues
1,€, €2, where € is a primitive third root of unity.
The interested reader can evaluate these three
polynomials at the three sets of eigenvalues to
recover the character table from Figure 3.

Conclusion and Further Reading. To make
progress on open problems related to the combi-
natorial representation theory of the symmetric
group, we can study representations of GL,,, di-
agram algebras, or symmetric functions.

Diagram algebras

Restriction

Polynomial
Representations

G =GLn
Tensor Products

Symmetric Functions
Multiplication

) S 4

Figure 8: A diagram representing how the math-
ematical ideas mentioned in this paper are re-
lated.

A good resource to learn about the represen-
tation theory of the symmetric group is [Sag01].
Chapter 7 in [Sta99] gives a combinatorial intro-
duction to symmetric functions. For a nice sur-
vey on the representation theory of the partition
algebra see [HRO5]. For details on the properties
of the basis {55} see [0Z21a,0Z21b] and ref-
erences therein. For progress on the Kronecker
coefficients related to the basis {55} see [OZ19].
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