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ABSTRACT. We give several characterizations of a nonhomogeneous basis of
the ring of symmetric functions whose evaluations are the character values of
the irreducible representations of the rook monoid (symmetric inverse semi-
group). Using Schur-Weyl duality, we show that the transition coefficients of
this basis with the power symmetric basis are the characters of the propagating
partition algebra (dual symmetric inverse monoid algebra). In addition, the
structure coefficients of this basis are equal to the coefficients in the smash (or
Heisenberg) product of Schur functions.

1. INTRODUCTION

In [19], the authors constructed an inhomogeneous basis of symmetric functions
whose evaluations are symmetric group characters. This perspective extends and
complements the classical Frobenius characteristic map by introducing new bases
that capture characters more directly, allowing characters to be handled with the
tools of symmetric function theory. In addition, the new basis has a natural con-
nection to the Kronecker and restriction problems.

The rook monoid (also known as the symmetric inverse semigroup), R,,, was
introduced by Solomon [22] as an extension of the symmetric group that models
partial permutations. Its representation theory is closely related to that of the
symmetric group. In this paper we study properties of an inhomogeneous basis of
the ring of symmetric functions, {Z,}, that evaluates to the irreducible characters
of the rook monoid. For this reason we call this basis the rook character basis. It
first appeared implicitly in the work of [2] as characters of elements [M/] in the
representation ring Rep(S;). Later they appeared explicitly as a basis of the ring
of symmetric functions {Z,} defined by a power sum expansion [18, Equation (4)].
For additional information on character bases, see the references [10, 17, 19, 26].

In this paper, we are interested in developing the properties of the Z-basis as
we believe this basis might provide an intermediary step in tackling the restriction
and Kronecker problems. The main result of this paper is the following theorem,
which summarizes formulae derived in this paper that can be used to calculate the
elements Z,. Condition (1) is the definition of the basis presented in Section 3.

Theorem 1.1. Let Xgn () be the irreducible symmetric group character and Xj\%ﬂ (1)
be the irreducible rook character each indexed by the partition A and evaluated at an
element of cycle type p. The rook character basis is defined by any of the following
equivalent conditions.
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(1) For each A+ n,
- p
b=

N

yEn v
where P., is defined in Equation (1).

(2) For any fized partition X and all partitions |p| < |X|, Zx\[E,] = 0 and if
lul = ||, then 2\[2,] = x§, (1). See the introduction of Section 3 for the
definition of Z,,.

(3) For any fized partition X and all partitions |u| > |A|, Z2A[2,.] = x%, (1),
where Xf\%n are the irreducible characters of the rook monoid.

(4) The set {Zx} is the graded dual basis to {s [ — 1]} with respect to the
scalar product on symmetric functions.

(5) The set {Zx} is the unique basis whose structure coefficients are the same
as the smash (or Heisenberg) product coefficients on Schur functions and
T1r = e, for allr > 1.

(6) The set {Z)\} is the unique basis such that

hy =Y Kauda
A
where Ky, 1s the number of multiset tableauz of shape A and content p.

The characterizations in (2) and (3) follow from Lemma 3.1, Proposition 3.4 and
Equation (5). Additional information on the characterizations in (4), (5) and (6)
can be found in Section 6 where they are restated as Theorems 6.1, 6.4 and 6.5
respectively.

The basis {Z,} has connections with recent work on the representation the-
ory of the propagating partition algebra (dual symmetric inverse monoid algebra)
[3, 4, 13, 15, 14], the rook monoid [16, 22, 27, 28], and the Schur-Weyl duality of
these two algebraic structures [5, 6, 8]. Because of the Schur-Weyl duality between
the rook algebra and the propagating partition algebra, we have that the transition
coefficients from the power sum basis to the rook character basis are the characters
of the propagating partition algebra (Theorem 5.7). As a corollary of this result, we
are able to compute the characters of the propagating partition algebra using sym-
metric functions; in addition, we provide plethystic formulae for two factorizations
of the character table of the propagating partition monoid (Proposition 5.11).

The characters of the rook algebra as elements of the ring of symmetric functions
are interesting because the structure coefficients are closely related to the reduced
Kronecker coefficients, but are slightly simpler. The structure coefficients of the
Z-basis interpolate between the Kronecker and Littlewood-Richardson coefficients.
Both the algebra and the combinatorics do not seem to have a dependence on the
vector space in the Schur-Weyl duality being sufficiently large. In a forthcoming
paper we will explore the combinatorics of the structure coefficients of these sym-
metric functions.

Section 2 of this paper introduces notation that will be used in the remaining
sections. Section 3 defines the rook character basis via an expansion in the power
sum basis of symmetric functions. We then review the basic properties of the rook
monoid and its characters in Section 4 and the propagating partition monoid and its
characters in Section 5. Along the way we make connections to symmetric functions
and note how they can be used as a tool to compute character values. Finally,
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we provide some calculations in symmetric functions using plethystic notation in
Section 6.
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2. NOTATION

2.1. Partitions. A partition of the integer k is a sequence A = (A1, A2,...,\p)
such that k =X 1 + Ao+ -+ Agand Ay > Ao > --- > Xy > 0. The set of cells of a
partition is denoted cells(A) := {(4,7) : 1 <i < A;,1 < j < L(\)}. We write Ak
to denote that A is a partition of k. The size of the partition is denoted || = k
and the length is (\) := ¢. The \; are referred to as the parts of the partition and
we will sometimes use the notation A = (1"12™2 ... k™k) to indicate that for each
1 <4 <k, the parts of size i occur m; times and denote this multiplicity by m;(X).
If i > ¢(X), we take the convention that A; = 0.

A skew partition is a pair of partitions, denoted A/u, such that A; > pu; for each
1 < i < £(p). We will use the notation A/ € H (read “u differs from A by a
horizontal strip”) to indicate that A\;1 < p; for 1 < ¢ < £(p) and A/p € V (read
“u differs from X by a verical strip”) to indicate that pu; > X\; — 1 for 1 <14 < ¢(p)
and A\; = 1 for £(u) < i < L(A).

2.2. Representation theory notation. A representation of a monoid M is a
complex vector space W upon which M acts linearly. A subspace V of W is a
subrepresentation if for any m € M and v € V, we have that mwv € V. A
representation W is called irreducible if it has no nontrivial subrepresentations.
We denote the irreducible representations of M by W3, where \ ranges over some
indexing set (in this paper, A will always be a partition with some restriction on its
size). For an irreducible representation W3, we denote by x3, its character. That
is, the map X?\‘/f : M — C where Xﬁ/l(m) is the trace of m as a linear transformation
of W3;. When p indexes a generalized conjugacy class of M, we write x},(u) for
the character value on any representative of the generalized conjugacy class indexed
by u.

Throughout the paper, we will use S,, to represent the symmetric group, and
ng‘n to represent the irreducible representation of .S,, indexed by A - n.

2.3. Symmetric functions. We will connect the representation theory of the rook
monoid, propagating partition algebra, and the symmetric group to expressions
within the ring of symmetric functions. The references [12, 20, 23] provide a good
introduction to symmetric functions. In what follows we summarize some of this
for the convenience of the reader.

The ring of symmetric functions A := Q[p1, p2, ps3, . . .] are the polynomials in the
power sum symmetric function generators p; with deg(p;) =i for ¢ > 1. Two other
sets of generators for this ring are the complete (homogeneous) and elementary
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generators,
Px Px
h"r = — er = Z(—l)l)\‘_‘—[()\)f
P P Zx
where if A = (1™12™2... k™k) then p) = Hlepimf’ and z), = Hle m;li™i . We
will use the convention that pg = eg =hg=1and p_; =e_; =h_; =0 for i > 0.
We will also use the Cauchy element

Q=1+ hy
n>1
as an element in the completion of the symmetric functions.

Four standard bases of the symmetric functions are the {s)} Schur, {h)} homo-
geneous, {e)} elementary and {p)} power sum bases. Each of these bases are of
homogeneous degree, however in the next section we will also give some additional
background on bases of inhomogeneous degree [18, 19].

As a useful notational tool to extract individual coefficients in a symmetric func-
tion expression, we will use the scalar product on symmetric functions where the
Schur functions are self dual and the power sum basis is self dual up to a scalar
multiple:

1
<5>\75u> = <p,\,pu> =0 -
2\

To properly state the results in this paper we will use the operation of plethysm.
For an element f € A, we define py[f] to be f with p, replaced by pg,.. We then
define px[f] = pa, [fIpr.[f] o, [f] and if g = >° a,p, for coefficients a, € Q,
then g[f] = Z’y ayp~[f].

3. INHOMOGENEOUS CHARACTER BASES

Given a multiset = = {z1, 22, ..., z¢} of complex numbers and a symmetric func-
tion f € A, let f[E] € C be the evaluation of f at this multiset where the evaluation
is calculated by replacing each p; in f with the sum of the values in = raised to the
power of i since we have that p;[Z] = Zizl 21t

Let =, be the multiset of eigenvalues of a permutation matrix representing a
permutation with cycle type . In this section, we introduce some inhomogeneous
bases of the space of symmetric functions that have particularly nice evaluations at
E,. The evaluations at these eigenvalues will characterize the bases in the sense of
the following lemma.

Lemma 3.1. (see [19, Proposition 39, Corollary 41]) Let f,g € A be symmetric
functions of degree less than or equal to some positive integer n. Assume that

f[E'y] = Q[E'y]

for all partitions v such that |y| < n (or alternatively for all |y| > m for some fized
integer m greater than the degree of f and g), then

f=9
as elements of A.

Define an inhomogeneous basis of the symmetric functions as

mifl

1) po=I1m I | (G S wti/dpa) —n
dli

i>1 n=0
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where A = (1"12™2 ... ¢™¢) and p is the Mdbius function on integers.
Lemma 3.2. For any partitions A and «,

5. [Ea] = {O if mi(a) < my(X) for any i

Za
Zoa—X

otherwise

where oo — X is the partition in which the part i appears with multiplicity m;(a) —

Proof. First note that by [9, Lemma 5.10.1],

o] = r ifr|d
Pdl=n] = 0 otherwise’

80 pa[Zal = 3 yjqg @'ma(@). By Mébius inversion,

ST G /d) [ S dmar () | = mal).

dji d'|d
Therefore evaluating Equation (1) at Z,, we obtain
Pi[Ea] = Himim (mi(@)) . (n)
i>1
where the notation (x)g := x(x —1)--- (x — k + 1). Note that if m;(a) < m;(X) for
any 4, then (m;(a)),,, ) = 0, hence P5[Ea] = 0. In the case that m;(a) = m;(})
for all ¢ then

PilEa] = Himi(/\) (mi(@)) 1, (0)
i>1

(a)!
:Himi()\)fmi(a)imi(a) mi(a)! _ _*a 0

(mi(a) =mi(A\)! za—n

i>1
Proposition 3.3. For any partitions \ and «,
Pi[Eal = (PR 2] Pa)-

Proof. Since (p,,pa) = 2 if 4 = o and 0 otherwise, we have that <p,\h|a‘,|)\|,pa> =
0 unless m;(a) > m;(\) for each i. In this case,

_ PAP~
Pahjal-p = D
AHlal=Al 7T

and (pahja|—|r|; Pa) = 72— The result follows from Lemma 3.2. O

a7

Now that we have related the classical basis {py} to this inhomogeneous basis
{P,}, we use it to describe the inhomogeneous basis that analogously relates to
the Schur functions {s)}. This basis appeared implicitly in the work of Assaf and
Speyer [2] when they used the module

t_ Sy A (t=IAD
My = IndS|A|XSt—|A| Wsm X Wst—m

as a basis of the representation ring of the symmetric group S;. In [18], the first and
third authors of this paper defined the symmetric function elements that correspond
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to their characters through the following power sum expansion. For an integer n
and a partition A - n,

. P
(2) Thi= ) x8,(0 "
yEn v
Proposition 3.4. For any partitions A and «,
Zx[Ea] = (sahja|-|A]; Pa)-

Proof. By Equation (2) and Proposition 3.3,

ENERI v gy 210

yEn 2y
<p hjaj—|x 7pa>
= ngn(’ﬂ% = (ANa|—|A]» Pa)- O
yHn Zy

For a fixed n, we may define the Frobenius image of a symmetric function by
— 1Pu
on(F) =Y _JIEN"
“u
pEn
A result of Littlewood [11] and Scharf and Thibon [21, Theorem 5.1] states that for
a symmetric function g of degree n, and symmetric function f, that the operator
¢, is dual to plethysm in the following sense. Say that f € A is of bounded degree
and g € A of homogeneous degree n, then:

(3) (Dn(f),9) = ({f,9lY) .

If g € A with g not homogeneous of degree zero, then g[Q] = g[1 +hy +ha+---] is
not an element of A. Instead, like €2, it lies in the graded completion of A because
it has unbounded degree (see Remark 1 of Section 2 of [12]). However, since the
symmetric functions are a graded space and f is specified to be of bounded degree,
computations such as Equation (3) can be completed up to a finite fixed degree and
computations of elements in the completion can be truncated.

By Proposition 3.4, for all partitions A and for any n > 0,

(4) On(Zx) = hp— xS

where we recall that h; = 0 for 7 < 0.

As noted in [18, Remark 1], the {Z,} are the irreducible characters of the rook
algebra in the same way that the irreducible characters of the symmetric group are
defined as a basis in [19]. Additional details connecting the character values of the
T to results in the literature are in Section 4 in order to motivate further study of
the {Z,} as a basis of symmetric functions.

4. THE ROOK MONOID CHARACTERS AND STRUCTURE COEFFICIENTS

A partial permutation on [n] is a pair (D, f) of a subset D C [n] called the
domain and an injective function f : D — [n]. The monoid of partial permutations
on [n] is called the symmetric inverse monoid. This monoid is isomorphic to the set
of n X n matrices with at most one 1 in each row and column with remaining entries
all zero with the usual matrix multiplication. Because these matrices resemble the
placement of non-attacking rooks on a chessboard, this monoid is often called the
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rook monoid, R,. Going forward, we will use the name rook monoid and think of
the elements interchangeably as partial permutations or as these rook matrices.

Green’s relations are five equivalence relations that characterize the elements
of a semigroup by the principal ideals they generate. For our purposes, we are
interested only in the [J-classes of a monoid M: Two elements m,n € M are in
the same [J-class if and only if MmM = MnM. A J-class is called regular if it
contains an idempotent.

Given an idempotent e € M, the maximal subgroup of e, denoted G, is the
largest subset of M containing e for which the monoid multiplication restricts to a
group structure with e as the identity.

There is a notion of generalized conjugacy classes for monoids (see [25, Section
7.1] for more details). For our purposes, we only need to know that generalized
conjugacy classes of an inverse monoid M are in correspondence with the conjugacy
classes of its maximal subgroups G, where e ranges over representative idempotents
for the regular J-classes of M [25, Proposition 7.4].

The generalized conjugacy classes of R,, are indexed by partitions A with 0 <
|A] < n. A representative of the conjugacy class indexed by A b k is given by any
element of Sy with cycle type A written as a permutation matrix padded by enough
zeros to create an n X n matrix. We say that o € R,, has cycle type A if it belongs
to the generalized conjugacy class indexed by A (and this is sometimes referred to
as the Munn class [16]). Note that the nonzero eigenvalues of o as a matrix are the
multiset =y. For more details about generalized conjugacy in the rook monoid see
[25, Section 3.2].

The generalized conjugacy classes of a finite monoid M are in correspondence
with irreducible representations of M [25, Theorem 7.10], so we can construct a
square character table for a finite monoid in much the same way that we construct
one for a finite group. Each column is indexed by a generalized conjugacy class of M,
and each row is indexed by an irreducible representation of M. In [16], W. D. Munn
studied this character table for R,,. In [22], L. Solomon gave the following formula
for computing these characters in terms of those for the symmetric group.

Lemma 4.1. [22, Proposition 3.11] Fizn and let A, o be partitions with |\, |a| < n.
Then
a@= 3\ (@

w/ANEH
where the sum is over partitions u b |a| such that u/X is a horizontal strip.
Since Xgﬁ‘a‘(a) = (84,Pa) and because hjq|_|zsx = ZM/AEH Sy, in symmetric
function notation this lemma is equivalent to
(5) X2, (@) = (hjaj—x15x; Pa) = E[Ea] -
Note that the character value Xj\;zn@) is independent of n so long as n >

max{|\|, |a|}.

Example 4.2. Because the character of a representation evaluated at the identity
element of the monoid gives the dimension of the representation, the dimension of
the irreducible representation of R, indexed by A can be computed by evaluating T
at Eny. That is,

dim(W3 ) =, (1").
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As an explicit example computed from formula (2),

- 1 1
ZT21 =Pp1 — P11+ §p111 — §p3a

so the dimension of WI%}I 18

1
F21(1,1,1 1)74716+7 64— 2 -4=8.

Corollary 4.3. For allT > 1, &1r = e,.

Proof. The symmetric function Z1- is an element such that if |a| < r, then #1-[E,] =
0 and if |a] = r, then Z1r = Xg:)(a) = Xgl:)(a) which is equal to the sign of a
permutation of cycle type a.

Recall [12, p. 19] that e.[X] = >, _; ... .; @i Ti, -~ ¥;, and that if the al-
phabet X has cardinality less than r, then e.[X] = 0. We know therefore that
er[Ea] =0 if |a] < r and if |a| = r then e.[E,] is equal to the product of all of the
eigenvalues of a permutation matrix of cycle type « (and this in turn is equal to
the determinant of the permutation matrix and therefore equal to the sign of the
permutation). Therefore, by Lemma 3.1, Z1- = e,.. O

Given two irreducible characters X)I%n and XAIL%n of R, their pointwise product

Xf‘?n . x’f%n is also a character of R, corresponding to the character of a tensor
product of irreducible rook monoid modules with a diagonal action. This character
then decomposes into a nonnegative sum of irreducible characters. We write k:\yu
for the multiplicity of Xﬂl/%n in this decomposition. That is,

A
(6) X X, = D KX,
yilvI<n
The following proposition is a consequence of Lemma 3.1. It states that the {Z,}
basis has the same structure coefficients as this internal product of the irreducible
rook characters.

Proposition 4.4. Let A\, i be partitions,

Exip= Y. ki
YIS
Proof. Let n > |A| +|u|. The k] 5 are the structure coefficients of the characters of
the rook monoid, hence by Equation (6)7 for any partition 7 such that |7] < n,

X?%n Z kagXR

We have that for partitions A, Zx[Z,] = x% (v), then by Lemma 3.1 it follows that
the Z-basis have the same structure coefficients. O

In [1] the authors introduced what they referred to as the Heisenberg product
(smash product) on species and developed notation for its computation on the Hopf
algebras of permutations, quasisymmetric functions, noncommutative symmetric
functions and symmetric functions. Their motivation for introducing this product
was to both interpolate and unify the classical external and internal products on
Hopf algebras.
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Follow up work on this product by Ying [29, 30] gave more explicit formulae for
the smash product on Schur functions in terms of Littlewood-Richardson coefficients
and Kronecker coefficients. In particular, the smash product coefficients interpolate
between the Littlewood-Richardson coefficients (the highest degree components)
and the Kronecker coeflicients (the lowest degree components).

In a surprise connection, Equation (14) for the structure coefficients of pointwise
product of the rook characters also appears as the coefficients of the smash product
of Schur functions [30] as Lemma 4.2. We formalize this statement as the following
proposition, but the actual proof of this result is a comparison of [14, Theorem 1]
and [30, Lemma 4.2]:

Proposition 4.5. For partitions a, 8 and v such that |y| < |a|+|8], the coefficient
of & in the product T2 is equal to the coefficient of s, in the product s.#sg
(following Definition 2.1 of [30]).

5. THE PROPAGATING PARTITION MONOID AND CHARACTERS

The rook monoid R,, naturally acts on C™ as rook matrices, hence we can have R,
act on the tensor power (C")®* diagonally. By [8], this action of R,, is Schur-Weyl
dual to the action of the propagating partition monoid, denoted PPy, on the same
space so long as n > k. Using the decomposition of (C")®* as an R,-module in
[22, Example 3.18] and the double-centralizer theorem, we have the decomposition

(7) (Cm)er = D Wa @ Wip,
A:0<|A | <max{n,k}

as an R, X PPg-module.

Explicitly, PP consists of set partitions 7 of {1,2,...,k} U{1,2,...,k} such
that every block of 7 has both an unbarred and a barred number. Such a set
partition can be represented graphically by a diagram consisting a top row of dots
labeled {1,2,...,k} and a bottom row of dots labeled {1,2, ..., k} whose connected
components give the blocks of 7.

Example 5.1. The set partition 7 = {{1,1,2},{2,4,3},{3,4},{5,5}} € PP; is
given diagrammatically by

—_
[\
w
I

V
Uw%ow

=
(]
wl
N

The action of 7 € PPy, on (C")®* can be computed on a basis element e;, ® e;, ®
-+ ® e;, by placing the tensor factors beneath the bottom row of the diagram of
m. If any distinct vectors sit below vertices that are connected, the result is zero.
Otherwise, the vertices in the top row are decorated with whatever vector they are
connected to on the bottom row, and the resulting tensor product on top is the
output of 7 acting on this basis element.

Example 5.2. For 7 the diagram in Example 5.1, we see that

e1Re3Re ez ®es  if ep = e
0 otherwise

7T.(€1®62®€3®64®65):{
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The product of two elements of PPy is given by their composition as maps on
(C™)®k. Note that the rank of 7 as a map on this space is equal to £(7), which
leads to the useful observation that for any w1, ms € PPy,

(8) O(myma) < min{l(m), £(ma)}.

5.1. Characters of PPj. By [4, Theorem 2.2], the J-classes of PPy are {J; : 1 <
i < k} where
Ji = {71' € PPy Zf(ﬂ') = Z}
For each 1 < i < k, we choose an idempotent
e = {{1,1},{2,2}, ..., {i—1,i =1}, {i,i+1,... . ki, i+ 1,...,k}} € J;.

In order to compute with characters of PPy, we now give an explicit set of
generalized conjugacy class representatives.

Fix k > 1. Given a permutation o € S; for i < k, define o[k] € PPy as follows.
Consider the set partition {{o(1),1},{0(2),2},...,{0(i),i}}. To form o[k], we add
{i+1,i+2,...,k} to the block containing i and {i + 1,7 + 2,...,k} to the block
containing 7

Proposition 5.3. The map
Si — Gei
o olk]

s a group isomorphism between the symmetric group S; and the maximal subgroup
G., C PP.

Proof. First note that only the identity element of S; indeed maps to the idempotent
e; and the definition of the product in PP, makes the map a homomorphism. We
then need only show that the map is surjective.

By Equation 8, if 7 € G,,, it must have at least ¢ blocks. Furthermore, because
me; = e;m = 7, we must have that the values 4,7+ 1,...,k are in the same block of
7 and likewise with the values 7,7 + 1,. .., k. Taken together, these two facts imply
that the values 1,2,...,7 — 1 must be in separate blocks of 7 and likewise for the
values 1,2,...,7 — 1. Hence, 7 must be of the form o[k] for some o € S;. O

Fix k> 1 and let p i < k. For i < j, define the cycle ¢(i,j) = (i,i+ 1,...,7).
Define

op=c(l,p)e(pr + 1,0+ p2) - -clpn +po+ -+ -1+ 1,i) € °5;
and set d, = o, [k].

Theorem 5.4. The set
{dp:pFi<k}
forms a complete set of representatives for the generalized conjugacy classes of PPy.

Proof. By [25, Proposition 7.4], there is a correspondence between generalized con-
jugacy classes of PP, and conjugacy classes of the maximal subgroups G, for
1 < i < k. More precisely, each conjugacy class [g] of G., is contained in a corre-
sponding generalized conjugacy class of PP.

The elements {0, : 11 - i} form a set of conjugacy class representatives for each
S;. Via the correspondence in Proposition 5.3, these representatives correspond to
the elements {d,, : p I i}. O
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Example 5.5. In PPy, the generalized conjugacy class representative d(3 2y is
given diagrammatically by

1 23 45 6 7 89

s

1 3456 789

DN

Lemma 5.6. Let atFj<nand i<k and let o € R,, have cycle type a. The
bitrace of (o,dg) € R, x PPy acting on (C™)®F s

pslEal-

Proof. Let W C (C")®k be the subspace spanned by basis elements whose last
k — i+ 1 tensor factors are the same. That is, basis elements of the form

eml ®em2®"'®em¢®emi®"'®emi-

Note that dg sends basis elements outside of W to zero and the image of dg is
contained in W. Hence, the bitrace of (0,dg) acting on (CM)®* is equal to the
bitrace of (o,dg) on W = (C™)®" where dg is the result of restricting dg to entries
at most i. Note that dg is a permutation diagram for a permutation in S; with
cycle type S.

Schur proved that the bitrace of (g,v) € GL, x S; acting on (C”)®i is pu(x1, 22,

..., &y,) where p is the cycle type of v and 1, s, ..., z, are the eigenvalues of g.
Specializing this formula to (o, dg) yields the evaluation of pg at the eigenvalues of
o as an n X n matrix. That is, pg[=a]. O

Theorem 5.7. Let k be a positive integer and u a partition such that |u| < k.
Then,

A ~
D= Z Xpp, (1)
AL<IA <]

Proof. Let oo n > k. We can compute the bitrace of an element (o, dg) € R, X PPy
where o has cycle type « acting on (C")®k in two ways: we can compute it directly
using Lemma 5.6 as p,[Z,], and we can compute it using the decomposition of the
space as an R, X PP-bimodule in Equation (7). Equating these two computations
yields

PulBal = D X (@)xEp, (1)-
AI<|A<E
By Equation (5),
pulEa] = Z j/\[Efjl]X)}\DPk(.U)
A< A<k

S e i | [Ea) -

MI<|A <k

Because these two symmetric functions agree evaluated at =, for all partitions
« such that || > k and their degrees are bounded by k, we have by Lemma 3.1
that they agree as elements of A.
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Finally, choosing k = |u|, we see that the only A in the sum that contribute for
any k are those for which [A| < |ul. O

Corollary 5.8. Fiz an integer k and let A\ and p be partitions such that |\, |p| < k,
then

XPp, (1) = (s2[Q = 1], py)
and, in particular, if |u| < |\| then xpp, (1) = 0.

Proof. This follows from Theorem 5.7 and Theorem 6.1, since

([ =1}, pu) = <8A[Q —1. > Xpe, (u)fu>

vil<|v|<|pl

5.2. Decomposition Matrices. Let C be the character table of PP, with rows
and columns indexed by partitions in graded lexicographic order i.e.

0,(1),(2),(1,1),(3),...,(1").

Example 5.9. The character table for PP3 is given below.

[l e loNo Nl
[=NeNeBaNel =)
|
O OO = =O
O OO FEF=O
=)o OO
_ O R == O
=N WWw= O

Let Y be the block diagonal matrix of the same dimensions whose diagonal blocks
are the character tables of S; for 0 < ¢ < k. The character table C factors as

C=LY and C=YR

for unique upper unitriangular matrices L and R. Solomon [22] exploited this fact
to provide his formulas for the character table of the rook monoid, and Steinberg
[24] extended the method to the more general setting of finite inverse semigroups.
The matrix L is called the decomposition matrix of PP, because it records how
an irreducible representation of PP, decomposes upon restriction to a maximal
subgroup (see [25, Theorem 6.5]).
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Example 5.10. The character table in Example 5.9 for PPs factors in the following
two ways as LY and Y R respectively.

1000000 10 00 0 00
0110100 01 00 0 00
0010110 00 11 0 00
0001110 00 -11 0 00
0000100 00 00 1 11
0000010 00 00 -1 0 2
(000000100 00 1 -1 1|

(10 00 0 00][1T 00000 O]
01 00 0 00|01 11111
00 11 0 00||00T10000
00 -11 0 00[|]|000T101 3
00 00 1 1 1[l0000T100
00 00 -1 02|[00000T10

00 00 1 -1 1][0000O0O0 1|

We now give formulas for L and R in terms of plethysm.
Proposition 5.11. The matrices L and R for PPy are given by

Ly, = (sx[Q2—1],5,), and

1

— A2 —1,py) -
Zx

RML

Proof. By linearity of the scalar product and the fact that the Schur basis is self-
dual, we compute

Cau = (822 = 1, pu) = D (5x[2 — 1], 5) (50, 1)

= (a2 = 1], 50) Yau-

By uniqueness of the matrix L, we have shown the desired formula for L ,. Further
using linearity of the plethysm f[g] in f, we compute

Crp = (2= 1],pu) =Y (5,P0) !

; <pOt[Q - 1]apu>

1
- ZY)\,ai <poc[Q - 1]7p;t> .
Za
(e}
By uniqueness of the matrix R, we have shown the desired formula for R . O

In [7, Theorem 5.20], Halverson and Jacobson give a combinatorial method for
computing Ry , as enumerating a certain set of symmetric diagrams in PP;. No-
tably, they give no such method for computing Ly ,, which would give a combina-
torial interpretation of the Schur expansion of the plethysm sy[Q — 1], which would
in turn give a combinatorial interpretation for the decomposition of an irreducible
GL,, representation restricted to the n X n permutation matrices (the so-called
“restriction problem”).
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Applying the duality between {Z)} and {sx[Q2—1]} (Theorem 6.1 in the following
section), these values L , appear in the change of basis from the sy basis to the
I basis. The following proposition states this relationship precisely.

Proposition 5.12. For any partition u,

Sy = E L,\)ui‘)\.
A

6. ROOK CHARACTERS AND PLETHYSTIC NOTATION

In this section we prove a number of symmetric function expressions involving the
rook character basis. Since the proofs we provide here require additional notation
and identities, we introduce the required formulae in this section. In addition to
the standard notation for symmetric functions, we will also use plethystic notation
with multiple alphabets, which allows us to encode Hopf algebra operations on
symmetric functions compactly.

For a countable alphabet {z1,z2,x3,...}, we use the notation X to represent
the sum x1 + 29 + 3 + ---. Then for f € A, and an expression F(z1,z2,zs,...)
in these variables, f[E] represents the replacement of each instance of py in f by
E(2% 2% 2%, ...). We note that the expression f[g[X]] coincides with the plethysm
fl9][X] defined in Section 2.3. If a second set of variables {y1,y2, ys3, ...} is needed,
we will set Y := y; + y2 + y3 + --- and we can work with the sum X + Y and
product XY = Z” x;y; of alphabets.

We will express the structure coefficients of the Z basis in terms of the Littlewood-
Richardson coefficients cf;,j and the Kronecker coefficients gy ,.,,, which appear in the
following coefficients:

9) ¢ = (so[X]su[Y], s2[X + Y]) and ga = (s, [X]s, Y], sx[XY]) .

v T

The dual Pieri rules are expressed by taking the value 1 and adding it to or
(virtually) removing it from the alphabet X.

(10) X +1= ) suXJand si[X —1]= > (=1, [X].
WA/ PEH WA/ peY
The Cauchy element is the series of symmetric functions
1
(11) ox] =] = swlX].

1—x;
i v k>0

This element of the completion of the symmetric functions has the property that

(12) QX +Y]=0[X]QY] and  QXY]=) s\[X]sa[Y].
A
The Pieri rules for Schur functions imply that for any symmetric functions f, g €
A,
(13) (X + 1], g1X]) = (F1X], g [XIQUX]) -

Given these identities, we are now prepared to give the following characterization
of the z-basis.

Theorem 6.1. For partitions A and u,
(Zx, 5[ = 1]) = O
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That is, the elements {Zx} are basis dual to the elements {s,[2 — 1]} which are in
the completion of the symmetric functions.

Proof. Let A+ n, and pt m. We use Equations (10), (13) and (3) to show
(sx:8u) = (AlX] su[X +1-1])

{sx[X]Q[X], 5,[X —1])

Z (_1)“"_'7' <¢|v|(f/\)aSW[X]>

wu/YEV

= D (=P, s 0)
Hw/YEV
= (Fx 5, —1]) O

In the following two propositions, we give plethystic formulae for the structure
constants g, 5 and k) 5 as they enlighten the relationship between them.

A formula for the reduced Kronecker coeflicient is due to Littlewood [11, Theorem
IX]. For partitions «, 3,7,

?ZB = Z géECC(?O'TCEBpTCZpU
8,6,(,0,p,T

where sum in that expression is over all partitions, but implicitly the Littlewood-
Richardson coefficients and Kronecker coefficients are equal to 0 except when |J| =
el = [¢, 18] + o] + ] = lal, el + lol + || = |8, and || + |o] + o] = 1.

Translated into plethystic notation, Littlewood’s formula takes the following
form:

Proposition 6.2. For partitions «, 3,7 such that 0 < |y| < |a| + 8],
Gop = (sa[X]s[Y], 5, [X +Y + XYIQIXY])

Proof. We use the identities (9) and (12) where in our sums below each is implicitly
over the partitions that are free.

(sa[X]sg[Y],5¢[X +Y + XY]Q[XY])

= 30 (salXsplY . 55 [X]s, [V s [XY]0LXY])

= 3 e (50 X351V ], 30 X5, [¥ ]s5[X]sc [V IO[XYT)

= 3 ot (50X 1351V ], 50 [X]3,[¥ 55 X ][V ], [X]s,[¥])

= Z g(SECC?JTCEpTCpo' = glﬁ . -

In [1] the authors introduced what they referred to as the Heisenberg product
(smash product) on species and developed notation for its computation on the Hopf
algebras of permutations, quasisymmetric functions, non-commutative symmetric
functions, and symmetric functions. Follow up work on this product by Ying [29, 30]
gave more explicit formulae for the smash product on Schur functions in terms of
Littlewood-Richard coefficients and Kronecker coefficients.

The following identity appears in [14, Theorem 1] as the multiplicity of the tensor
representation of the rook monoid.

(14) klﬁ’ = Z géCCC?UCEpCZpG
9,6,C,0,p
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where (as was the case with Littlewood’s formula for the reduced Kronecker co-
efficients) the sum is over all partitions d, ¢, (, o, p but the Littlewood-Richard co-
efficients and Kronecker coefficients vanish unless |§] = |e| = |C], |a| = [d] + |o],
8] = lel + [pl and |y] = |¢[ + [p] + |o].

It was not noticed in that paper that the right hand side also coincides with the
same formula in [30, Lemma 4.2]. Again, we can translate these coeflicients into
plethystic notation because it more transparently shows the relationship between
the g} 4 and k] 5 coefficients.

Proposition 6.3. For partitions «, 8, such that max(|al,|8]) < |v| < o] + 18],
K1y = (salX]ssl¥], 54X + Y + XV])

(03

Proof. Again, in the following calculation the sum is implicitly over the partitions
that are free and follows from applications of Equations (9) and (12).

(sa[X]sp[Y], 5, [X +Y + XY])

=Y o (3alX]s[Y], 55 [X]sp[Y]sc [XY])

=Y Qpobsec (5alX]sp[Y], 56 [X]s,[Y]ss[X]sc[Y])

= gseccoclcl, =k, 0

We note that Equation (14) implies that if [a| = |8] = |7], then k)5 = gap,-
It also implies that if || + |3| = ||, then k)5 = ¢ 5. In that sense, we say that
the structure coefficients for the characters of the rook monoid are an interpola-
tion between the Kronecker coefficients (the smallest degree component) and the
Littlewood-Richardson coeflicients (the highest degree component).

Any algebra morphism applied to the Z-basis will have the same structure coef-
ficients. To characterize the basis, we specify that a subset of the elements are a
set of generators of the algebra. This is stated formally in the following theorem.

Theorem 6.4. The set {Z)\} is the unique basis satisfying Proposition 4.4 such
that T1r = e, for all T > 1.

Proof. We note that since Z1» = e,, then sy = det |Z x_.+;| = det ey, ;4| by the
Jacobi-Trudi formula for Schur functions [12, Equation (3.5)]. Since for the highest
degree components, the smash product coincides with the usual product of Schur
functions, we have that sy = @ plus terms involving &, indexed by partitions
p with |p| < |A|. We conclude that Z) is equal to s, minus these same terms.
By induction on the size of the partition A, Z, is determined by these structure
coefficients. O

6.1. Multiset tableaux. A multiset S is a collection of elements where repetition
is allowed. A multiset partition 7 = {S1, S2,...,S¢} of a multiset S is a multiset
whose elements S; are each multisets for 1 < i < ¢ and such that S = S W .Sy W
-+ .Sp. We will put a canonical (albeit arbitrary) total order on the the multisets
so that S; < S; if the size of S; is smaller than the size of S; and, if they both
have the same size, then the reading word of the elements of S; is a word that is
lexicographically smaller or equal to the reading of the elements in S;.

A column strict tableau of shape A is a map T from the set cells(A) to a set of
labels such that
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(1) T(i,§) < T(i +1,7) if both (4,5) and (i + 1, ;) are in cells(\) and
(2) T(i,5) <T(i,j+1) if both (4,5) and (4,j + 1) are in cells(A).
A multiset tableau of a multiset S is a column strict tableau T such that {T'(c) :
¢ € cells(\)} is a multiset partition of S.
The number of multiset tableaux of the multiset {1#t,2#2 ... ¢#¢} such that T
is shape A will be denoted K.

Theorem 6.5. For each partition pu,
hy =Y Kuix -
A

Proof. It follows from Theorem 6.1 that the coefficient of Z) in h, is equal to
(hu,sx[Q —1]). We will show that this is equal to Ky, by first recalling a few
additional symmetric function identites.

We note that since {h)} and {my} are dual bases, then for any symmetric
function f, the expression (f, h,) is equal to the coefficient of the monomial sym-
metric function m, in f. This expression is in turn equal to the coeflicient of
xH =z xh? .- 2} in the expansion f[X]. Therefore we have that (h,, sx[Q — 1])
is equal to the coefficient of x* in the series s [Q[X]—1]. The expression s;[Q[X]—1]
is a series, but for the purposes of this proof we need only need compute with the
monomials of degree smaller than or equal to |u| since others will not contribute to
the coefficient of x*.

Expanding Equation (11) as a geometric series we have that

(15) Q[X]—1:H15x4—122x5
¢ S

i>1

where the sum is over all non-empty multisets S. Here we have used the notation x°

to represent the monomial [, g #;. Implicitly, we will order our monomials with
the same order that we used for the multisets. The definition of s)[Q[X] — 1] is to
replace each instance of p, in s\ with Y ¢(x°)" and this is equal to the monomial
expression for s)[Y] where each variable y; is replaced with a monomial x*.

The monomial expansion of the Schur function [12, Equation (5.12)] is

salV]=>Y_ wt(T)

where the sum is over all column strict tableaux T of shape A and whose entries
are labels from the index set of the alphabet Y. Using Equation (15), when ¥ =
Q[X] — 1 we allow each T'(c¢) to be a non-empty multiset. The expression wt(T') is
a monomial equal to J[ .ccensn) ¥7(e) = [leecensn) x7(9), The number of tableaux
contributing a weight equal to x* is precisely the number of multiset tableaux of
shape A such that {T'(c) : ¢ € cells(c)} is a multiset partition of the multiset
Lama om0 e} |

Example 6.6. As an example, we compute the expansion of a the element hss in

the T-basis as :

hsa = Tgo + Ta1 + Ts + 28211 + 2T22 + 5T31 + 324
+ 3Z111 + 9Z21 + 623 + 5To + bT11 + X1 -
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In particular the coefficient of To1 in this expression is 9 and is equal to the
number of the following set of multiset tableaux.

129) 112 2 111 29
1] [1]2] [1fug [2]2] [1]u]

11 12 11 12
1]22] [1]12] [2]12] [2]11]

7. USING SAGE TO COMPUTE WITH THE ROOK CHARACTER BASIS

In this section we provide a brief tutorial of computations using the rook char-
acter basis using Sage. The definition implemented there is through the change of

basis with the power sums as given in Equation (2).
The ) is defined as one of the optional bases in the ring of symmetric functions.
It can be added to the namespace by the command:

sage: SymmetricFunctions(QQ).inject_shorthands(’all’, verbose=False)
or by defining it directly:

sage: xt = SymmetricFunctions(QQ).rook_character_basis()

or by the shorthand:

sage: xt = SymmetricFunctions(QQ).xt()

The rook character basis is defined by its expansion in the power sum basis
(Example 4.2).
sage: p(xt[2, 1]1)
pl1]l - pl1, 11 + 1/3*p[1, 1, 11 - 1/3*p[3]

The character table for the rook monoid R3 can be computed by evaluating the
basis elements at the eigenvalues of permutation matrices.

sage: [[xt(lam).eval_at_permutation_roots(mu)\
....: for dl in range(4) for mu in Partitions(d1)]\
....: for d2 in range(4) for lam in Partitions(d2)]

[re, 1, 1, 1, 1, 1, 17,
[o, 1, o, 2, 0, 1, 31,
[0, o, 1, 1, o, 1, 31,
[o, o, -1, 1, o, -1, 31,
[0, o, o, 0, 1, 1, 1],
[0, o, 0, 0, -1, 0, 21,
[0, o, o0, o0, 1, -1, 1]]

The character table for the propagating partition algebra is the matrix of change
of basis coefficients from the power sum basis to the rook character basis. The
character table for PP; in Example 5.9 can be computed using Theorem 5.7 using
the following command.

sage: [[xt(p(mu)).coefficient(lam)\
....: for dl in range(4) for mu in Partitions(d1)]\
....: for d2 in range(4) for lam in Partitions(d2)]
(s, o, o, o, o, 0, 01,

1, 1,1, 1, 1, 1],

0,1, 1,0, 1, 31,
o, o, -1, 1, 0, 1, 31,

0, 0, 0, 1, 1, 1],
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o, o, 0, o, -1, 0, 2],
(o, o, 0, 0, 1, -1, 1]1]
Other character bases such as the irreducible character basis, §y, and the induced

trivial character basis (or permutation characters), h,, are also implemented. The
coefficient of Z, in h, is the Kostka coefficient K,. The coeflicient of 55 in 7, is
1 if and only if /X is a horizontal strip. For these results see [2, 18].

sage: xt(ht[3, 2])

xt[3, 2] + xt[4, 1] + xt[5]

sage: xt(ht[4, 2, 2, 1]).coefficient([5, 4])

3

sage: SemistandardTableaux(shape=[5,4], eval=[4,2,2,1]).cardinality()
3

sage: st(xt[3,2])

st[2] + st[2, 1] + st[2, 2] + st[3] + st[3, 1] + st[3, 2]

sage: s[3,21(s[1] + 1)

s[2] + s[2, 11 + s[2, 2] + s[3] + s[3, 1] + s[3, 2]

The single cell Pieri rule is given in [15, Theorem 2.16].

sage: xt[3,2]*xt[1]
xt[2, 2, 1] + xt[3, 1, 1] + 2*xt[3, 2] + xt[3, 2, 1] + xt[3, 3] + xt[4, 1] + xt[4, 2]

More generally the structure coefficients are stated in [14, Theorem 1] and agree
with the smash (co)product of [1, 29, 30] on the Schur basis.

sage: lam = Partition([3,2]); mu = Partition([2,1,1])

sage: (xt(lam)*xt(mu)).coefficient([3, 1, 1, 1, 1])

8

sage: X = temsor([s[1], s.one()1); Y = tensor([s.one(), s[1]11)
sage: s[3,1,1,1,1] (X+Y+X*Y) .monomial_coefficients () [(lam,mu)]
8

The ring of symmetric functions is a Hopf algebra. The coproduct on the rook
character basis is the same as that on the Schur basis and the coefficients follow
the Littlewood-Richardson rule [18, Corollary 14].

sage: xt[2,2].coproduct()

xt[1 # xt[2, 2] + xt[1] # xt[2, 1] + xt[1, 1] # xt[1, 1] + xt[2] # xt[2]
+ xt[2, 11 # xt[1] + xt[2, 2] # xt[]

sage: s[2,2].coproduct()

s[] # s[2, 2] + s[1] # s[2, 11 + s[1, 1] # s[1, 1] + s[2] # s[2]

+ s[2, 11 # s[1] + s[2, 2] # s[]
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