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What is …. plethysm?

a composition of Schur functors

Schur functor
<latexit sha1_base64="kXHLjDy8ZXOTS0MePwd4B3GkrBI="></latexit>

Sω(V ) := HomSd(W
ω
Sd
, V →d

)

note: result is 0 if 
<latexit sha1_base64="APolSCZMEABY3H64nzqZKPOutmQ="></latexit>

ω(ε) > dim(V )

<latexit sha1_base64="8RXiRwyp2CLi6TSbQIt0gOLCG0g="></latexit>

Sω(Sµ(V )) :=
⊕

ε→|ω||µ|
ϑ(ε)↑dim(V )

Sε(V )↓aω
ε[µ]

think of  as “column strict tableaux shape  whose entries are basis of ”𝕊λ(V) λ V

plethysm
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How does one compute plethysm?
characters

symmetric functions

transition coefficients

(1936)



How does one compute plethysm?
characters

symmetric functions

transition coefficients

<latexit sha1_base64="H1ny+rnMijbqdioE9kPm7lPWUs4="></latexit>

pω[cpµ] = cε(ω)
ε(ω)∏

i=1

ε(µ)∏

j=1

pωiµj
power sum definition

<latexit sha1_base64="+Pyj1Z5eViO3eYqhiiz6+4PLyoM="></latexit>

sω[sµ] =
∑

ε→|ω||µ|

aεω[µ]sε

<latexit sha1_base64="aFpT3e7GsUvPXTCSnH96E7XhPR4="></latexit>

sω =
∑

ε

ωω(ε)

zε
pε

<latexit sha1_base64="HWYjdWfNMUdT+nhPjKPFEau/95c="></latexit>

pω =
∑

ε

ωε(ε)sε

(1936)
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Computation of plethysm in Sage:
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a4413[21] = 1



Computation of plethysm in Sage:

<latexit sha1_base64="oXgjWVONnWvr6DcUt/+dnbU+V5A="></latexit>

a4413[21] = 1

Goal: give some combinatorial description of these non-negative integers,

or, failing that, develop faster methods for computing these coefficients.



The monomial and fundamental expansion of plethysm:
<latexit sha1_base64="JSZlSjO11XbU2TCsG8e7TiZnuj4="></latexit>

sω[sµ](x1, x2, . . . , xn) =
∑

T

xwt(T )

are column strict tableaux of shape 
<latexit sha1_base64="DcSw6Ahj3uXApDitHQDqRnbRU00="></latexit>

T
<latexit sha1_base64="djE/uXyD65XESwjpwFvxLm0Dnfk="></latexit>

ω
with entries that are column strict tableaux of shape <latexit sha1_base64="+x8AlHytvNQdlA8feAh2p01t0II="></latexit>µ

general open problem: how does one (combinatorially) pass from the monomial

or fundamental expansion of a symmetric function expression to the Schur expansion?

Example:

1 1 1 1 1 3
222 <latexit sha1_base64="pdBV8GRKRxcN5qEewkV3a6y7TNM="></latexit>

wt(T ) = x6
1x

3
2x

1
3

<latexit sha1_base64="fJ7Agqr4PH1bqMfeKFpe38/Tn7Q="></latexit>

s3[s21]

French convention on tableaux
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Fundamental expansion due to Loehr-Warrington (2010)

•  one fundamental term for each standard tableau of tableaux

general open problem: how does one (combinatorially) pass from the monomial

or fundamental expansion of a symmetric function expression to the Schur expansion?

Example:

1 1 1 1 1 3
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Obvious approaches:



monomial expansion Schur expansion 

inverse Kostka matrix with “special rim hook tableaux” of Remmel-Eğecioğlu (1990)

Obvious approaches:



monomial expansion Schur expansion 

inverse Kostka matrix with “special rim hook tableaux” of Remmel-Eğecioğlu (1990)

fundamental expansion Schur expansion 

replace            with              Schur function indexed by composition (straighten with sign) 
Egge-Loehr-Warrington (2018)
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Fω
<latexit sha1_base64="9s7M+bUk1C2Sy+sDurgIX7b9rqE="></latexit>sω

Obvious approaches:



monomial expansion Schur expansion 

inverse Kostka matrix with “special rim hook tableaux” of Remmel-Eğecioğlu (1990)

fundamental expansion Schur expansion 

replace            with              Schur function indexed by composition (straighten with sign) 
Egge-Loehr-Warrington (2018)
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Fω
<latexit sha1_base64="9s7M+bUk1C2Sy+sDurgIX7b9rqE="></latexit>sω

Obvious approaches:

+ sign reversing involution and identify the fixed points



Next method: crystals
first non-trivial case:

focus on partitions  and  for λ = (w) μ = (h) w, h ∈ ℕ
solve the problem for two variables

<latexit sha1_base64="rrhTQQX+rioJOH4O7RfreKbJZbA="></latexit>

a(ω1,ω2)
w[h]

1 1 21 1 1 22 1 1 22

Monomial expansion in the case of 
<latexit sha1_base64="TVXtVUsfjkpcJ7/aJCIEX57Rq4Q="></latexit>

s3[s4](1, q)
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sw[sh](1, q) =
[
w+h

h

]
=

∑

µ
ω(µ)→2

aµw[h]sµ(1, q)
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qµ2 + qµ2+1 + · · ·+ qµ1 if ω(µ) → 2
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(1→ q)
[
w+h

h

]
= a(wh)

w[h] + qa(wh→1,1)
w[h] + q2a(wh→2,2)

w[h] + · · ·→ qwh→1a(wh→2,2)
w[h] → qwha(wh→1,1)

w[h] → qwh+1a(wh)
w[h]



;
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s3[s4](1, q) = 1 + q + 2q2 + 3q3 + 4q4 + 4q5 + 5q6 + 4q7 + 4q8 + 3q9 + 2q10 + q11 + q12
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Goal: Combinatorially describe the highest or lowest weights of these chains


Ideally: clearly describe the whole graph structure of one set of chains that

follows the poset structure of the set of partitions (symmetric chain

decomposition of the poset).
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(1→ q)s3[s4](1, q) = 1 + q2 + q3 + q4 + q6 → q7 → q9 → q10 → q11 → q13

Goal: Combinatorially describe the highest or lowest weights of these chains


Ideally: clearly describe the whole graph structure of one set of chains that

follows the poset structure of the set of partitions (symmetric chain

decomposition of the poset).

L(w,h) = poset of partitions in a  w x h  rectangle


symmetric chain decompositions are known for w=1,2,3,4 (and 5)

(see Álvaro’s talk from FPSAC ’25)


This is a weird problem because for any fixed w and h, large numbers of

symmetric chain decompositions (SCD) seem to exist.  Proving that one (human

describable) SCD always exists seems to be hard.

<latexit sha1_base64="04fH1W9VVDGw2H0P7jbJ4Fy/pO0="></latexit>

s3[s4] = s12 + s(10,2) + s(9,3) + s(8,4) + s(6,6) + terms of length 3



Select a single SCD from many:
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An answer for small w:

Geometry of points (h ≥ p1 ≥ p2 ≥ ⋯ ≥ pw)

Assume that chains with fixed width w and height h

extend to the chains of width w and max height h+1

+ some additional minor assumptions characterizes

the chains for w = 3 and w = 4

at w = 5 the conditions that we impose as

humans to understand one family of chains fails

to characterize and the result creates too much data

w = 3 and h = 10



Data science approach to SCDs:
Use “reinforcement learning” algorithm to teach a neural network what a “good” SCD looks like

start selection of edges:

Example how to teach a neural network what an SCD looks like:

(0,1)-vector representing a selection of cover relation

Fixed poset:



Create a score function:

Good:

Bad:

Idea: Don’t tell the neural network what an SCD is/is not,

instead tell it what you’d like to see/not like to see in a symmetric chain
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Bad:

Idea: Don’t tell the neural network what an SCD is/is not,

instead tell it what you’d like to see/not like to see in a symmetric chain

max rank - min rank in connected component is big

configurations with one incoming and multiple outgoing

configurations with at most one incoming/outgoing edge

large number of incoming/outgoing edges



Create a score function:

Good:

Bad:

Idea: Don’t tell the neural network what an SCD is/is not,

instead tell it what you’d like to see/not like to see in a symmetric chain

max rank - min rank in connected component is big

configurations with one incoming and multiple outgoing

configurations with at most one incoming/outgoing edge

large number of incoming/outgoing edges

number of connected components = expected number of symmetric chains



start selection of edges:

train NN with 
score function and 
select candidates 

that give a better score

ending selection of edges:



Remarks:

•Challenge #1 is that we don’t have a clear notion of a “good” SCD of L(w, h)

what should we weight positively or negatively?

•We might be able to use this machine learning technique to extract a single human

comprehensible SCD is for a fixed w and h

•Challenge #2 would be proving that the SCD can be extended to all h

•To solve the original goal of giving a combinatorial description of the plethysm 
coefficients, we don’t need an SCD of L(w,h), we just need a description of some 
analogue of the highest weights.



Connection to Ehrhart theory:
<latexit sha1_base64="jpaNdT1Nj5iHxtT7azkxqMpWjgE="></latexit>

P = {(p1, p2, . . . , pw) → Rw : 1 ↑ p1 ↑ p2 ↑ · · · ↑ pw ↑ 0}
<latexit sha1_base64="iCME4MHj2M+d8opkSHy2qgpE6ac="></latexit>

ehrP(q, h) =
∑

m→hP↑Zw

q|m| =
[
w+h

h

]
= sw[sh](1, q)

<latexit sha1_base64="uzl309YQlZBrn4poeQjOZ4hlrwQ="></latexit>

EhrP(z; q) =
∑

h→0

ehr(q, h)zh =
∑

h→0

sw[sh](1, q)z
h

<latexit sha1_base64="fnI8EeuwHwMIvP6R2U9BvlP45jE="></latexit>

=
1

(1→ z)(1→ qz)(1→ q2z) · · · (1→ qwz)
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Example w=3:



Difference of Ehrhart series:
<latexit sha1_base64="5ziRatUqucGa8yB1L94gAeTypVw="></latexit>

(1→ q)EhrP(z; q) =
∑

h→0

zh




↑wh/2↓∑

k=0

a(wh↔k,k)
w[h] qk →

↑wh/2↓∑

k=0

a(wh↔k,k)
w[h] qwh+1↔k





<latexit sha1_base64="w6TEauF2n+DerB4zcaIZgCtv+I4="></latexit>

(1→ q)sw[sh](1, q) = a(wh)
w[h] + qa(wh→1,1)

w[h] + q2a(wh→2,2)
w[h] + · · ·→ qwh→1a(wh→2,2)

w[h] → qwha(wh→1,1)
w[h] → qwh+1a(wh)

w[h]
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∑

h→0

zh




↑wh/2↓∑

k=0

a(wh↔k,k)
w[h] qk



 has a rational generating function

+ application of MacMahon partition analysis 

<latexit sha1_base64="p8ctxL7wKi7RCglDkRi87afCtZY="></latexit>

Tw(z; q) =

Theorem

<latexit sha1_base64="VMRiuaaOE3KMQQohHd6IxqKwy84="></latexit>

EhrP(z; q) =
∑

h→0

sw[sh](1, q)z
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Carlitz identity 
due to MacMahon

<latexit sha1_base64="jJQ3lkJ7aigFN7sfM/oKVfGnlQw="></latexit>

(s1[sh])
w(1, q) =

∑

T→SYTµ

sshape(T )[sh](1, q)

<latexit sha1_base64="lQBUvjm0NgrRGceES+ThqmZYkM0="></latexit>

Ehr[0,1]w(z; q) =
∑

h→0

(s1[sh])
w(1, q)zh =

∑
ω↑Sw

qmaj(ω)zdes(ω)

(1→ z)(1→ qz) · · · (1→ qwz)

Theorem<latexit sha1_base64="ogPlyMPmJRa/s+zFgV5kdq4mtSw="></latexit>

Tµ(z; q) =
∑

h→0

zh




↑wh/2↓∑

k→0

a(wh↔k,k)
µ[h] qk



 has a rational generating function

Other plethysms:


