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Λ = Q[h1, h2, h3, . . . ]
deg(hk) = k

hλ := hλ1hλ2 · · ·hλ�(λ)

λ = (λ1 ≥ λ2 ≥ · · · ≥ λ�(λ) > 0)
|λ| = λ1 + λ2 + · · ·+ λ�(λ)


(λ) = # of non-zero parts

Basis:

Symmetric functions

n(λ) =
∑
i(i− 1)λi



 

λ = (4, 3, 3, 3, 1, 1)

λ
′

=
(6
,4
,4
,1
)



   

ek := ek−1h1 − ek−2h2 + · · ·+ (−1)khk
eλ := eλ1eλ2 · · · eλ�(λ)

sλ = det|hλi+i−j |

{sλ}λ�n {hλ}λ�n {eλ}λ�n
bases for the symmetric functions of degree n

ω(hλ) = eλ ω(sλ) = sλ′

sλ/µ = det|hλi−µj+i−j |

More symmetric functions



  

sλsµ =
∑
ν c

ν
λµsν

hksλ =
∑

µ=λ+horiz strip

sµ

hµ =
∑
λKλµsλ

Λ is a graded Hopf algebra

µ(f ⊗ g) = fg

∆(hk) =
∑k
i=0 hi ⊗ hk−i

S(hλ) = (−1)|λ|eλ

multiplication:
co-multiplication:

anitpode:

Littlewood-Richardson coefficients

Pieri Rule

Kostka coefficients

Λ = Q[h1, h2, h3, . . . ]
deg(hk) = k hihj = hjhi



    

Non-commutative symmetric functions

NCΛ = Q 〈h1,h2,h3, . . . 〉
deg(hk) = k hihj �= hjhi if i �= j

hα = hα1hα2 · · ·hα�(α)

α = (α1, α2, . . . , α�(α)) αi > 0

(α) = number of non-zero parts of α

|α| = α1 + α2 + · · ·+ α�(α)

D(α) = {α1, α1 + α2, . . . , α1 + · · ·+ α�(α)}

n(α) =
∑
i∈D(α) i

Basis:



 

α = (1, 3, 1, 1, 2, 1, 2)
D(α) = {1, 4, 5, 6, 8, 9}
←−α=(2,1,2,1,1,3,1)
D(←−α)={2,3,5,6,7,10}

α
′

=
(1
,3
,4
,1
,2
)

D
(α
′)

=
{1
,4
,8
,9
}

α
c
=
(2,1,4
,3
,1)

D
(α
c )
=
{2
,3,7,10}



    

More non-commutative
symmetric functions

ek = ek−1h1 − ek−2h2 + · · ·+ (−1)khk

=
∑
α|=k(−1)k+�(α)hα

eα = eα1eα2 · · ·eα�(α)

sα =
∑
β≥α(−1)�(α)−�(β)hβ

For the map χ : NCΛ→ Λ by
χ(hα) = hα1 · · ·hα�(α)

χ(s(1a,b)) = s(b,1a)

ω′(sα) = sα′ ωc(sα) = sαc ←−ω (sα) = s←−α

χ(eα) = eα1 · · · eα�(α)

{sα}α n {hα}α n {eα}α n|= |= |=

are bases for NCSF of degree n



  

concatenate
α · β = (α1, . . . , α�(α), β1, . . . , β�(β))

attach
α|β = (α1, . . . , α�(α)−1, α�(α) + β1, β2, . . . , β�(β))

α ≥ β if and only if D(α) ⊆ D(β)

· =

=

≥



   

NCΛ = Q 〈h1,h2,h3, . . . 〉
deg(hk) = k hihj �= hjhi if i �= j

sαsβ = sα·β + sα|β

sαhk = sα·(k) + sα|(k)

hα =
∑
β≥α sβ

NCΛ is a graded Hopf algebra

µ(f ⊗ g) = fg

∆(hk) =
∑k
i=0 hk−i ⊗ hi

S(hα) = (−1)�(|α|)e←−α

multiplication:
co-multiplication:

anitpode:



    

Hall-Littlewood symmetric functions

Sm(sλ) = s(m,λ)

Sλ1Sλ2 · · ·Sλ�(λ)1 = sλ

For V ∈ Hom(Λ,Λ)
V = µ ◦ id⊗ (V ◦ S) ◦∆
Rq(f) = qdeg(f)f
for f ∈ Λ of homogeneous degree
Ṽ q = V Rq

Hm = S̃m
q

Hq
λ = Hλ1Hλ2 · · ·Hλ�(λ)1

Theorem (Jing)
Hq =

∑
Kλµ(q)sλλµ



    

Non-commutative
Hall-Littlewood symmetric functions

Sm(sα) = s(α,m)

α�(α) α�(α)−1 · · · 1 = sα

For V ∈ Hom(NCΛ, NCΛ)
V = µ ◦ id⊗ (V ◦ S) ◦∆
Rq(f) = qdeg(f)f
for f ∈ NCΛ of homogeneous degree
Ṽ q = V Rq

m = m̃
q

Hqα := α�(α) α�(α)−1 · · ·H 1

Theorem (Z-Bergeron)
Hqα =

∑
β≥α q

c(α,βc)
β

χ(Hq(1a,b)) = Hq
(b,1a)
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