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Symmetric functions

A:Q[hlah%h?w'“]
deg(hy) =k
Basis:
h)\ .= hAlh)\Q v hke(k)
)\:<)\1 > Ny > e Z)\go\) >O>
A=A+ A+ Ay
{(X) = # of non-zero parts

— n(N) = 3,6~ DA,




= (Q)‘T)VT)])

A=(4,3,3,3,1,1)




More symmetric functions

. k
er ‘= ex—_1h1 —eg_2ha + -+ (—1)"hy
€\ - — 6>\16)\2 c e 6)%()\)

sx = detlhy,+i—j|

SA/p = det’hki—ug‘+i—j ‘

{sxFarn {hx}aen {extrrn

bases for the symmetric functions of degree n

w(hy) = ex w(sy) = Sy



A:Q[h17h27h37”']
d@g(hk> =k hzhj — h]hz

Littlewood-Richardson coefficients
SASp = ), CX,Sv

Pieri Rule

his\ = Z Sy

pw=A+horiz strip

Kostka coefficients
hy =D\ Kausa




Non-commutative symmetric functions

NCA = Q (hy,hy,hs, ... )
deg(hy) = k h;h; #h;h; it @ # j

Basis:
ho = hge,Ng, - hae@
Oé:(Oél,CVQ,... 7046(04)) a; >0

¢ (Oz) — number of non-zero parts of o
| = a1 +ag + -+ o)
D(a) = {ag, a1 +ag,... ;o1 + -+ Qya) }

(@) = 2 ieD(a) !




(o) ={1"¥ 2 9}
(T'3'¥F1°5)

|
A5

a=(1,31,1,2,1,2)
D(a) = {1,4,5,6,8,9}




More non-commutative
symmetric functions

er =er_1h1 —ex_sha +--- + (=1)*hy

= >k ()N,
€y =€4,€q, €

Ay ()

S = X g (— 1)@~

For the map x : NCA — A by

X(ha) = hay - 'hae(a>
X(€a) = €q, "Caya)
X(S(12,6)) = S(b,19)

{Sa}a#n {ha}ahn {ea}ahn
are bases for NCSF of degree n

W(Sa) =Sa W (Sa)=Sac W(Sa)=S«



concatenate

aﬁ: (O{l’... ,aﬁ(a)yﬁ].)"' 7/86(6))

attach
Oé‘ﬂ == (0417- .. 7046(04)—17043(04) +517ﬁ27' * 76€(5))

a > (if and only if D(a) C D(G)




NCA = Q(hy,hy, hs,...)
deg(hx) =k  hshj #hjh; if 0 #

SaSs = Sap Salﬁ

Sohr = Sa-(k) T Sa|(k)

hOé — ZBZ(X Sﬁ




Hall-Littlewood symmetric functions

Sm(SA) — S(m,)\)
S)\ls>\2 s S>\e(>\)1 — S\

For V€ Hom(A, A)
V=poid®(VoS)oA
RI(f) = g9 f

for f € A of homogeneous degree
Ve—V Re

H,, = é\'n/@q
Hg =H, Hy, - H>\£(>\) 1

Theorem (Jing)
Hi =% Kxu(q)sx



Non-commutative
Hall-Littlewood symmetric functions

Srn(sa) — S(a,m)
Sle(a)sw(a)_1 " 'Sdll = Sa

For V.€ Hom(NCA, NCA)
V=poid® (VoS)oA

RI(f) = g9 f

for f € NCA of homogeneous degree
V-V R

H,=S,"
HE, ::IHLée(a) 0(a)—1 IHLl

Theorem (Z-Bergeron)

HY, = Zﬁ>a C(a’ﬁc)sﬁ
X(Hiye b)) = H 10



