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| will present an overview of what Combinatorial Hopf
Algebras (CHAs) are about by introducing definitions and
examples. | will try to show how examples of CHAs are
related to each other and where they can appear in the
literature before they are recognized as CHAs. | will also give

some examples where these objects appear in other areas of
mathematics.
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® JUST ABOUT ANY ALGEBRA WITH BASIS
INDEXED BY PARTITIONS IS ISOMORPHIC:
E.G. SYMMETRIC FUNCTIONS,
REPRESENTATION RING OF SYMMETRIC
GROUP, RING OF CHARACTERS OF GLN
MODULES, COHOMOLOGY RINGS OF THE
GRASSMANNIANS, ETC.

HAS A HOPF ALGEBRA STRUCTURE
PRODUCT + COPRODUCT + ANTIPODE
WHICH ALL INTERACT NICELY WITH EACH

OTHER
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WHAT IS SO GOOD ABOUT A HOPF
ALGEBRA?

#® THE GRADED KIND ASSOCIATED WITH
COMBINATORIAL OBJECTS HAVE LOTS OF
STRUCTURE

THERE SEEMS TO BE JUST ‘“ONE’” GRADED
COMBINATORIAL HOPF ALGEBRA FOR
EACH TYPE OF COMBINATORIAL OBJECT

MANY OF THE COMBINATORIAL
OPERATIONS ARE REFLECTED IN THE
ALGEBRAIC STRUCTURE




WHAT IS SO GOOD ABOUT A HOPF
ALGEBRA?

® THERE IS ‘“USUALLY” AN INTERNAL
PRODUCT STRUCTURE AND ON SOME
BASES OF SOME ALGEBRAS THIS IS HARD
(BUT IMPORTANT) TO EXPLAIN

AGUIAR-BERGERON-SOTTILE SAYS

A COMBINATORIAL HOPF ALGEBRA IS A
GRADED CONNECTED HOPF ALGEBRA WITH
A MULTIPLICATIVE LINEAR FUNCTION.




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE
ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE

ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]

NON-COMMUTATIVE SYMMETRIC FUNCTIONS
WILL BE NON-COMMUTATIVE AND GENERATED
BY ONE ELEMENT AT EACH DEGREE




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE

ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]

NON-COMMUTATIVE SYMMETRIC FUNCTIONS
WILL BE NON-COMMUTATIVE AND GENERATED
BY ONE ELEMENT AT EACH DEGREE

COMPOSITIONS




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE

ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]

NON-COMMUTATIVE SYMMETRIC FUNCTIONS
WILL BE NON-COMMUTATIVE AND GENERATED
BY ONE ELEMENT AT EACH DEGREE

e

CONCATENATION
PRODUCT

COMPOSITIONS




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE

ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]

NON-COMMUTATIVE SYMMETRIC FUNCTIONS
WILL BE NON-COMMUTATIVE AND GENERATED
BY ONE ELEMENT AT EACH DEGREE

ﬁ K {pi,p3, 35008

CONCATENATION
PRODUCT

COMPOSITIONS




CHA’S IN THE MID-90S

THE SYMMETRIC FUNCTIONS ARE
COMMUTATIVE AND GENERATED BY ONE

ELEMENT AT EACH DEGREE
PARTITIONS

K[p17p27p37 . ]

NON-COMMUTATIVE SYMMETRIC FUNCTIONS
WILL BE NON-COMMUTATIVE AND GENERATED
BY ONE ELEMENT AT EACH DEGREE

> K <p17p27p37 J >
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|. Gelfand, D. Krob, A. Lascoux, B.
Leclerc, V. Retakh, and J.-Y. Thibon
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Malvenuto-Reutenauer (‘95)

NSym < - SSym FQSym
315426798
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® ONE GOAL OF / 1
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(15,6},12,8}, 11, 3,4}, 17})

Set composition definition:
(517527”'7576) 01 oo W - 5 :{1727 7n}

Set partition definition:
{S17527°°°7Sk}:SlLﬂSQLﬂ'"LﬂSk :{1727 ,TL}
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ANOTHER TYPE OF NON-COMMUTATIVE
SYMMETRIC FUNCTIONS

INVARIANTS UNDER THE LEFT ACTION
ON THE POLYNOMIAL RING Q[X,]

O-<a7z) S */Ea(z')

Sym

FREE ALGEBRA GENERATED BY ONE
NSym
ELEMENT AT EACH DEGREE

INVARIANTS UNDER THE LEFT ACTION
NCSym oN THE NoN-coMmM PoLY RING Q (X,)

WOLF 1936, ROSAS-SAGAN O3



MONOMIAL >»SET PARTITION

FOR EACH MONOMIAL
$i1xi2 >3 S S

mn

ASSOCIATE A SET PARTITION
V(il,ig, ol ,Zn) = At [n]
r,s € A; whenever ¢, = 1,
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CONSIDER THE ELEMENTS M 4

TO BE THE OBJECT BY LETTING THE
NUMBER OF VARIABLES n — o0

IN mA[Xn]
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COMBINATORIAL RULE
FOR PRODUCT

QRS0 A1) 1{{1,2.4) {3V} =
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COMBINATORIAL RULE
FOR PRODUCT

RS (0 4)) T {1,2,4},{3})} =
M{{1,3},{2,4},{5,6,8},{7}} T TM{{1,3,5,6,8},{2,4},{7}} T
R 31 02 4 5 6 8Y N7 EL i Tinn s no s 61 sl i

Me11,3},42,4,7} {56,811 T TMI1113 7} 12.456,8}}T

Ie11.3.56,8%,{2,4,7}}
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INSPIRATION:

m A [XTM Ym]

A(m{{1},{2,4,5,6},{3,7}}) i

M{{1},{2,4,5,6},{3,71} ® L + My{13,45},{2,6}} ® M{{1}3F
M{{1},{2,3}} @ M{{1,2,3,4}} T M{{1},{2,3,4,5}} © M{{1,2}} T
M{{1}} ® M{{1,3,4,5},{2,6}} T M{{1,2,3,4}} Q@ M{{1},{2,3}} T

M{1,2}} ® My{1},{2,3,4,5}} T 1 @ M1} {2,4,5,6},{3,7}}




COPRODUCT

INSPIRATION:

m A [XTU Ym]

A(mig1y (2,4,5.61,{3,73}) =
M{{1},{2,4,5,6},{3,7}} @ 1 + M{1345}, {2,613 @ M{{1}3+

M{{1},{2,3}} @ M{{1,2,3,4}} T M{{1},{2,3,4,5}} © M{{1,2}} T
M{{1}} @ Mi{1,3,4,5},{2,6}} T M{{1,2,3,4}} ® M{{1} {2,3}} T

M{{1,2}} ® MY{1},{2,3,4,5} T 1 & M1} ,12,4,5,6},{3,7}}




DEFINITION oF NCSym

i

NON-COMMUTATIVE
CO-COMMUTATIVE
HOPF ALGEBRA OF SET PARTITIONS




ANALOGY BETWEEN SYM AND NCSYM

S(V™) = symmetric tensor algebra

~ QX

T(V™) = tensor algebra
~ Q (Xy)

Sym is to S(V*) as NCSym is to T(V™)
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PROPERTIES OF NCSYM

® NON-COMMUTATIVE AND CO-COMMUTATIVE

B HAS BASES ANALOGOUS TO POWER,
ELEMENTARY, HOMOGENEOUS, MONOMIAL
SYMMETRIC FUNCTIONS IN THE ALGEBRA OF
SYM (ROSAS-SAGAN O3, BERGERON-BRLEK)

® THE DIMENSION OF THE PART OF DEGREE N
ARE THE BELL NUMBERS

1,1, 2,5, 15, 52, 203, 877, 4140, ...




SOME QUESTIONS TO ASK




SOME QUESTIONS TO ASK

B WHAT IS A FUNDAMENTAL BASIS OF THIS SPACE
(ANALOGUE OF SCHUR BASIS)?




SOME QUESTIONS TO ASK

B WHAT IS A FUNDAMENTAL BASIS OF THIS SPACE
(ANALOGUE OF SCHUR BASIS)?

® WHAT IS THE CONNECTION WITH
REPRESENTATION THEORY?




SOME QUESTIONS TO ASK

B WHAT IS A FUNDAMENTAL BASIS OF THIS SPACE
(ANALOGUE OF SCHUR BASIS)?

® WHAT IS THE CONNECTION WITH
REPRESENTATION THEORY?

® WHAT IS THE STRUCTURE OF THIS ALGEBRA?




SOME QUESTIONS TO ASK

WHAT IS A FUNDAMENTAL BASIS OF THIS SPACE
(ANALOGUE OF SCHUR BASIS)?

F i

WHAT IS THE CONNECTION WITH
REPRESENTATION THEORY?

WHAT IS THE STRUCTURE OF THIS ALGEBRA?

WHAT IS THE RELATIONSHIP WITH THE ‘OTHER’

NON-COMMUTATIVE SYMMETRIC FUNCTIONS?
(NSYM)

1l,3,45,12,8},15,65,17}}

COMPOSITIONS SET PARTITIONS
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THE CONNECTION BETWEEN
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NCSYM HAS GRADED DIMENSIONS
1,1, 2,5, 15, 52, 203, 877, 4140, ...

NSYM HAS GRADED DIMENSIONS
. 1,.244.i8 06 32 64 28 i

THERE EXISTS A HOPF MORPHISM

NSym — NCSym




FAMILIES OF MORPHISMS

315426798
NSym < - GSym

-

NCSym
L S A 2 S AL




FAMILIES OF MORPHISMS

NSym <

-

315426798

- GSym

NCSym <

11,3,4},{2,8},

19,61, 17}

Y

({5,6},12,8;

p -

- NCQSym

{1,3,4},{7})




.

315426798

- GSym

(15,6},12,85,

» NCQSym

(13,4}, 17})
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