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For this reason, the elements of Uk are called uniform block permutations. With this interpretation,
it follows that the number of elements in Uk is

|Uk| =
∑

ω=(1a1 ,...,kak )→k

spk(ω)
2a1! · · · ak!.

Starting with k = 0, the sequence of |Uk| begins

1, 1, 3, 16, 131, 1496, 22482, 426833, . . .

and is listed as sequence A023998 in the Online Encyclopedia of Integer Sequences [8].

2.3.3. Diagrams. A graph on the vertex set [k] → [k̄] represents a set partition d ↑ [k] → [k̄] if (the
vertices of) the connected components of the graph are the blocks of d. We draw these graphs by
arranging the vertices in two rows: 1, 2, . . . , k appear from left to right in the top row; and 1̄, 2̄, . . . , k̄
from left to right in the bottom row. In this way, the graph

represents the set partition {{1, 3, 1̄, 2̄}, {2, 4̄}, {4, 6, 3̄, 6̄}, {5, 7̄}, {7, 8, 9, 5̄, 8̄, 9̄}}. We call this the
(two-row) diagram of the set partition. Notice that it is possible that more than one graph represents
a given set partition; therefore, a diagram represents a class of labeled graphs that have the same
connected components.

2.4. Monoid structure. We next define a monoid structure on the set of all set partitions of
[k]→ [k̄]. It follows from this definition that the product of two uniform block permutations is again
a uniform block permutation, from which we obtain a monoid structure on Uk.

Let d, d↑ ↓ Uk (or more generally, any pair of set partitions [k]→ [k̄]), which we view as diagrams.
The product dd↑ is defined as follows:

• stack d on top of d↑ so that the bottom vertices of d line up with the top vertices of d↑;
• compute the connected components of the resulting three-row diagram;
• eliminate the vertices of the middle row from the connected components.

Example 2.1. We illustrate the product of the following two set partitions:

d = and d↑ = .

The product dd↑ is the set partition whose blocks correspond to the connected components of the
diagram obtained by stacking the diagrams of d and d↑:

dd↑ = = .

This multiplication of diagrams is associative and the product of two uniform block permutations
is a uniform block permutations, and hence makes Uk into a finite monoid whose identity element
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Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.
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Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.
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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

NOTES ON THE PIVOT ALGORITHM FOR THE SSYT TYPE

ROSA ORELLANA, FRANCO SALIOLA, ANNE SCHILLING, AND MIKE ZABROCKI

Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.

3
2 2 2 2
1 1 1 1

3
2 2 2 3
1 1 1 1

3
2 2 3 3
1 1 1 1

3
2 3 3 3
1 1 1 1

3
2 2 2 3
1 1 1 2

3
2 2 3 3
1 1 1 2

3
2 3 3 3
1 1 1 2

3
2 2 3 3
1 1 2 2

3
2 3 3 3
1 1 2 2

3
2 3 3 3
1 2 2 2

(R. Orellana) Mathematics Department, Dartmouth College, Hanover, NH 03755, U.S.A.
Email address: Rosa.C.Orellana@dartmouth.edu
URL: https://math.dartmouth.edu/~orellana/
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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

NOTES ON THE PIVOT ALGORITHM FOR THE SSYT TYPE

ROSA ORELLANA, FRANCO SALIOLA, ANNE SCHILLING, AND MIKE ZABROCKI

Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.

3
2 2 2 2
1 1 1 1

3
2 2 2 3
1 1 1 1

3
2 2 3 3
1 1 1 1

3
2 3 3 3
1 1 1 1

3
2 2 2 3
1 1 1 2

3
2 2 3 3
1 1 1 2

3
2 3 3 3
1 1 1 2

3
2 2 3 3
1 1 2 2

3
2 3 3 3
1 1 2 2

3
2 3 3 3
1 2 2 2

(R. Orellana) Mathematics Department, Dartmouth College, Hanover, NH 03755, U.S.A.
Email address: Rosa.C.Orellana@dartmouth.edu
URL: https://math.dartmouth.edu/~orellana/
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It may be a while before we figure out a satisfactory solution to this problem,

Paraphrase: 

but at least the mathematics along the way has been interesting.
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tableaux of size a.
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semistandard Young tableaux
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1 2 3
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2
1 3

<latexit sha1_base64="6c7/yr0kT2MOfgNKw7PNzVUfZrc="></latexit>

3
1 2

<latexit sha1_base64="FOqatSL56GGrUENJIGVbk2ighwY="></latexit>

3
2
1

standard Young tableaux

<latexit sha1_base64="tFFdTSFti5xgEyWvGdQx2nayThA="></latexit>

GLn(C)

<latexit sha1_base64="beGUE35quAymBNNEYh+a7dLdF3A="></latexit>

Sn

<latexit sha1_base64="67AOMBLXia9sEYdqZxl/WmZa+Lk="></latexit> ω→
<latexit sha1_base64="kudUVa0WuEm7JkI4OCtjmGzTM6Y="></latexit>


a11 a12 a13
a21 a22 a23
a31 a32 a33





matrices

<latexit sha1_base64="HLG2wNl7mC8fR1lBVqQhtkQTSlA="></latexit>


0 1 0
1 0 0
0 0 1


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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

NOTES ON THE PIVOT ALGORITHM FOR THE SSYT TYPE

ROSA ORELLANA, FRANCO SALIOLA, ANNE SCHILLING, AND MIKE ZABROCKI

Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.

3
2 2 2 2
1 1 1 1

3
2 2 2 3
1 1 1 1

3
2 2 3 3
1 1 1 1

3
2 3 3 3
1 1 1 1

3
2 2 2 3
1 1 1 2

3
2 2 3 3
1 1 1 2

3
2 3 3 3
1 1 1 2

3
2 2 3 3
1 1 2 2

3
2 3 3 3
1 1 2 2

3
2 3 3 3
1 2 2 2

(R. Orellana) Mathematics Department, Dartmouth College, Hanover, NH 03755, U.S.A.
Email address: Rosa.C.Orellana@dartmouth.edu
URL: https://math.dartmouth.edu/~orellana/
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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

permutation diagrams



From classical 
groups to diagram 

algebras

NOTES ON THE PIVOT ALGORITHM FOR THE SSYT TYPE

ROSA ORELLANA, FRANCO SALIOLA, ANNE SCHILLING, AND MIKE ZABROCKI

Abstract.

1. Introduction

Recall that We wish to define a type of SSYT of content (ka) where the type is a standard
tableaux of size a.

3
2 2 2 2
1 1 1 1

3
2 2 2 3
1 1 1 1

3
2 2 3 3
1 1 1 1

3
2 3 3 3
1 1 1 1

3
2 2 2 3
1 1 1 2

3
2 2 3 3
1 1 1 2

3
2 3 3 3
1 1 1 2

3
2 2 3 3
1 1 2 2

3
2 3 3 3
1 1 2 2

3
2 3 3 3
1 2 2 2

(R. Orellana) Mathematics Department, Dartmouth College, Hanover, NH 03755, U.S.A.
Email address: Rosa.C.Orellana@dartmouth.edu
URL: https://math.dartmouth.edu/~orellana/
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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

semistandard Young tableaux

<latexit sha1_base64="rJqUp6RNKkNflBAIDajnQNIKGk8="></latexit>

1 2 3

<latexit sha1_base64="BPg4dSeSqxruyMYvObfxDzTXIX8="></latexit>

2
1 3

<latexit sha1_base64="6c7/yr0kT2MOfgNKw7PNzVUfZrc="></latexit>

3
1 2

<latexit sha1_base64="FOqatSL56GGrUENJIGVbk2ighwY="></latexit>

3
2
1

standard Young tableaux

MULTISET PARTITION INSERTION 21

6.3. From standard multiset tableaux to Bratteli diagrams. Let Ak denote one of
the subalgebras from Lemma 6.6. We establish a bijection between the standard multiset
tableaux for Ak and the paths in the Bratteli diagram for A0 ✓ A1 ✓ A2 ✓ · · · .

A Bratteli diagram associated to a tower of algebras A0 ✓ A1 ✓ A2 ✓ · · · is an infinite
N-graded graph defined as follows. The vertices at level k 2 N are in bijection with the iso-
morphism classes of the irreducible representations of Ak; if the irreducible representations
are parameterized by some index set, then we label the vertices by the elements of the

Table 4. Examples of the tableaux in Lemma 6.6 for k = 9 and n > 2k.

Algebra Diagram Insertion Tableaux (T ) Recording Tableaux (S)

Pk(n)
987654321

987654321 26

345 9
... 1 78

567

124 89

... 3

CSk
987654321

987654321 9

4 6 7

1 2 3 5 8
...

9

3 4 8

1 2 5 6 7
...

Bk(n)
987654321

987654321 8

4 7

1 5
... 23 69

5

3 9

2 8
... 14 67

Rk(n)
987654321

987654321 8

4

2 3 7
... 1 5 6 9

6

5

3 7 9
... 1 2 4 8

RBk(n)
987654321

987654321
3

1 5
... 46 27 8 9

4

1 7
... 23 6 58 9

TLk(n)
987654321

987654321
1 2 7

... 45 36 89

5 6 9
... 12 34 78

Mk(n)
987654321

987654321
4 5 6 8

... 2 13 7 9

5 7 8 9
... 12 34 6

PRk(n)
987654321

987654321
1 2 4 5 7 8

... 3 6 9

2 4 5 7 8 9
... 1 3 6

PPk(n)
987654321

987654321
1 567 9

... 234 8

134 5 7

... 2 6 89
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Canada

Email address: saliola.franco@uqam.ca

(A. Schilling) Department of Mathematics, University of California, One Shields Avenue,
Davis, CA 95616-8633, U.S.A.

Email address: anne@math.ucdavis.edu
URL: http://www.math.ucdavis.edu/~anne

(M. Zabrocki) Department of Mathematics and Statistics, York University, 4700 Keele
Street, Toronto, Ontario M3J 1P3, Canada

Email address: zabrocki@mathstat.yorku.ca
URL: http://garsia.math.yorku.ca/~zabrocki/

Date: July 1, 2025.
Key words and phrases. Uniform block permutations, representation theory, plethysm.

1

permutation diagrams



Summary of partition algebra

The partition algebra was introduced in the early 90’s independently by Martin and Jones

Resths Yea I F

partition algebra is spannedby diagrams

k 8
NZ

diagrams represent c EndVnkD
Sn

Irreducible of Petn indexed by partitions ofEk

din
an

of setvalued tableaux ofshaped
with entries 1,2 k each
appearing once

index set for 13 n module indexed by 2,1

f z p z 23 B
z

12
z

l
z

2 3 123
12

Rests v vs fBcn

Gk
Pala

r.nqii.fi hxoeyd.Yra

Eiii

Sn
gk Lex Renner



Summary of partition algebra

The partition algebra was introduced in the early 90’s independently by Martin and Jones

A difficulty with understanding the representation theory of the general linear group

in terms of the symmetric group is we pass from an infinite group to a finite one.

However, the partition algebra has dimension equal to the Bell numbers and the

symmetric group algebra is dimension equal to n!

Resths Yea I F

partition algebra is spannedby diagrams

k 8
NZ

diagrams represent c EndVnkD
Sn

Irreducible of Petn indexed by partitions ofEk

din
an

of setvalued tableaux ofshaped
with entries 1,2 k each
appearing once

index set for 13 n module indexed by 2,1

f z p z 23 B
z

12
z

l
z

2 3 123
12

Rests v vs fBcn

Gk
Pala

r.nqii.fi hxoeyd.Yra

Eiii

Sn
gk Lex Renner



Summary of partition algebra

The partition algebra was introduced in the early 90’s independently by Martin and Jones

A difficulty with understanding the representation theory of the general linear group

in terms of the symmetric group is we pass from an infinite group to a finite one.

However, the partition algebra has dimension equal to the Bell numbers and the

symmetric group algebra is dimension equal to n!

Resths Yea I F

partition algebra is spannedby diagrams

k 8
NZ

diagrams represent c EndVnkD
Sn

Irreducible of Petn indexed by partitions ofEk

din
an

of setvalued tableaux ofshaped
with entries 1,2 k each
appearing once

index set for 13 n module indexed by 2,1

f z p z 23 B
z

12
z

l
z

2 3 123
12

Rests v vs fBcn

Gk
Pala

r.nqii.fi hxoeyd.Yra

Eiii

Sn
gk Lex Renner

<latexit sha1_base64="39EStzc5bfKmJE0M1UFBrUJG3Bc="></latexit>

ResGLn
Sn

Wω
GLn

→=
⊕

µ→n
(Wµ

Sn
)rωµ see-saw 

pair

<latexit sha1_base64="ENdqgRrXLsLaosb/nSawtaHQGaQ="></latexit>

ResPk(n)
Sk

Wµ
Pk(n)

→=
⊕

ω→n
(Wω

Sk
)rωµ



partition

symmetric 
group

all set partitions of 2k

propagating  
blocks of size 2



partition

symmetric 
group

all set partitions of 2k

propagating  
blocks of size 2

MULTISET PARTITION INSERTION 21

6.3. From standard multiset tableaux to Bratteli diagrams. Let Ak denote one of
the subalgebras from Lemma 6.6. We establish a bijection between the standard multiset
tableaux for Ak and the paths in the Bratteli diagram for A0 ✓ A1 ✓ A2 ✓ · · · .

A Bratteli diagram associated to a tower of algebras A0 ✓ A1 ✓ A2 ✓ · · · is an infinite
N-graded graph defined as follows. The vertices at level k 2 N are in bijection with the iso-
morphism classes of the irreducible representations of Ak; if the irreducible representations
are parameterized by some index set, then we label the vertices by the elements of the

Table 4. Examples of the tableaux in Lemma 6.6 for k = 9 and n > 2k.

Algebra Diagram Insertion Tableaux (T ) Recording Tableaux (S)

Pk(n)
987654321

987654321 26

345 9
... 1 78

567

124 89

... 3

CSk
987654321

987654321 9

4 6 7

1 2 3 5 8
...

9

3 4 8

1 2 5 6 7
...

Bk(n)
987654321

987654321 8

4 7

1 5
... 23 69

5

3 9

2 8
... 14 67

Rk(n)
987654321

987654321 8

4

2 3 7
... 1 5 6 9

6

5

3 7 9
... 1 2 4 8

RBk(n)
987654321

987654321
3

1 5
... 46 27 8 9

4

1 7
... 23 6 58 9

TLk(n)
987654321

987654321
1 2 7

... 45 36 89

5 6 9
... 12 34 78

Mk(n)
987654321

987654321
4 5 6 8

... 2 13 7 9

5 7 8 9
... 12 34 6

PRk(n)
987654321

987654321
1 2 4 5 7 8

... 3 6 9

2 4 5 7 8 9
... 1 3 6

PPk(n)
987654321

987654321
1 567 9

... 234 8

134 5 7

... 2 6 89

set valued tableaux
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For this reason, the elements of Uk are called uniform block permutations. With this interpretation,
it follows that the number of elements in Uk is

|Uk| =
∑

ω=(1a1 ,...,kak )→k

spk(ω)
2a1! · · · ak!.

Starting with k = 0, the sequence of |Uk| begins

1, 1, 3, 16, 131, 1496, 22482, 426833, . . .

and is listed as sequence A023998 in the Online Encyclopedia of Integer Sequences [8].

2.3.3. Diagrams. A graph on the vertex set [k] → [k̄] represents a set partition d ↑ [k] → [k̄] if (the
vertices of) the connected components of the graph are the blocks of d. We draw these graphs by
arranging the vertices in two rows: 1, 2, . . . , k appear from left to right in the top row; and 1̄, 2̄, . . . , k̄
from left to right in the bottom row. In this way, the graph

represents the set partition {{1, 3, 1̄, 2̄}, {2, 4̄}, {4, 6, 3̄, 6̄}, {5, 7̄}, {7, 8, 9, 5̄, 8̄, 9̄}}. We call this the
(two-row) diagram of the set partition. Notice that it is possible that more than one graph represents
a given set partition; therefore, a diagram represents a class of labeled graphs that have the same
connected components.

2.4. Monoid structure. We next define a monoid structure on the set of all set partitions of
[k]→ [k̄]. It follows from this definition that the product of two uniform block permutations is again
a uniform block permutation, from which we obtain a monoid structure on Uk.

Let d, d↑ ↓ Uk (or more generally, any pair of set partitions [k]→ [k̄]), which we view as diagrams.
The product dd↑ is defined as follows:

• stack d on top of d↑ so that the bottom vertices of d line up with the top vertices of d↑;
• compute the connected components of the resulting three-row diagram;
• eliminate the vertices of the middle row from the connected components.

Example 2.1. We illustrate the product of the following two set partitions:

d = and d↑ = .

The product dd↑ is the set partition whose blocks correspond to the connected components of the
diagram obtained by stacking the diagrams of d and d↑:

dd↑ = = .

This multiplication of diagrams is associative and the product of two uniform block permutations
is a uniform block permutations, and hence makes Uk into a finite monoid whose identity element

Algebraic Combinatorics, draft (27th June 2025) 6
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Representation theory of uniform block partitions

R. ORELLANA, F. SALIOLA, A. SCHILLING, & M. ZABROCKI

Example 3.20. There are five irreducible U3-representations. We give their bases below:

W ((3))
U3

= span
{
ω1|2|31|2|3 →

(
1 2 3

)}
,

W ((2,1))
U3

= span

{
ω1|2|31|2|3 →

(
3

1 2

)
, ω1|2|31|2|3 →

(
2

1 3

)}
,

W ((1,1,1))
U3

= span





ω1|2|31|2|3 →




3

2

1









,

W ((1),(1))
U3

= span
{
ω1|231|23 →

(
1 , 23

)
, ω2|131|23 →

(
1 , 23

)
, ω3|121|23 →

(
1 , 23

)}
,

W (⊋,⊋,(1))
U3

= span
{
ω123123 →

(
⊋,⊋, 123

)}
.

Example 3.21. In this example, we illustrate the action of an element in Uk on a basis element.
To demonstrate with an example that is su!ciently large, take k = 17 and represent the labels 10
through 17 by the letters a through h.

Let εϑ = ((2, 1), (2, 2), (1, 1)) ↑ I17 so that ϑ =
↓↓↔
type(εϑ) = (13 24 32). Choose our basis element to

be ωωε →T ↑ W
ϑϖ
U17

, where

ωωε = 21 | 7 2 | g 3 | 1 3 4 5 | 5b 6 7 | 6d 8 9 | 9 e a b | 4 a c c d e | 8 f h f g h
and

T =



 3

1 2
,

67 ab

45 89
,

f gh

cde



 .

Now any element d ↑ U17 such that the number of blocks in dωωε is smaller than the number of
blocks in ωωε will act as 0.

As an example then, let us consider the action of an element d such that the number of blocks
in dωωε is equal to the number of blocks of ωωε. That is, bot(d) must be finer than ϖ. Let

d = 28 | 8 2 | 9 g | a d | b 7 | c 6 | e a | f 3 | h 1 | 1 4 5 b | 6 7 9 e | 3d 4 c | 5 g f h.

Then the action of d on ωωε →T is ωω
→

ε → g ·T, where

ϖ→ = 8 | 9 | b | 1 4 | 6 7 | a c | f h | 3 d e | 2 5 g
and

g = 11 | 2 3 | 3 2 | 4 5 6 7 | 6 7 a b | 8 9 8 9 | a b 4 5 | c d e c d e | f g h f g h ↑ Geω ,

since dωωε = ωω
→

ε g. We must then apply some straightening relations on g ·T to express it as a linear
combination of the basis elements.

3.6. Tableau model for the irreducible Uk-representations. We prove that the basis of

W
ϑϖ
Uk

in Proposition 3.18 is in bijection with certain sequences of set-valued tableaux and we describe
the action of Uk directly in terms of these sequences.

Definition 3.22. A uniform tableau of shape εϑ = (ϑ(1), . . . ,ϑ(k)) ↑ Ik is a sequence of tableaux
S = (S(1), . . . , S(k)) such that:

(1) S(i) is a tableau of shape ϑ(i) filled with subsets of [k] of size i;
(2) S(i) is standard, i.e. , increasing along rows and columns in the last letter order; and
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= span
{
ω1|231|23 →

(
1 , 23

)
, ω2|131|23 →

(
1 , 23

)
, ω3|121|23 →

(
1 , 23

)}
,

W (⊋,⊋,(1))
U3

= span
{
ω123123 →

(
⊋,⊋, 123

)}
.

Example 3.21. In this example, we illustrate the action of an element in Uk on a basis element.
To demonstrate with an example that is su!ciently large, take k = 17 and represent the labels 10
through 17 by the letters a through h.

Let εϑ = ((2, 1), (2, 2), (1, 1)) ↑ I17 so that ϑ =
↓↓↔
type(εϑ) = (13 24 32). Choose our basis element to

be ωωε →T ↑ W
ϑϖ
U17

, where

ωωε = 21 | 7 2 | g 3 | 1 3 4 5 | 5b 6 7 | 6d 8 9 | 9 e a b | 4 a c c d e | 8 f h f g h
and

T =



 3

1 2
,

67 ab

45 89
,

f gh

cde



 .

Now any element d ↑ U17 such that the number of blocks in dωωε is smaller than the number of
blocks in ωωε will act as 0.

As an example then, let us consider the action of an element d such that the number of blocks
in dωωε is equal to the number of blocks of ωωε. That is, bot(d) must be finer than ϖ. Let

d = 28 | 8 2 | 9 g | a d | b 7 | c 6 | e a | f 3 | h 1 | 1 4 5 b | 6 7 9 e | 3d 4 c | 5 g f h.

Then the action of d on ωωε →T is ωω
→

ε → g ·T, where

ϖ→ = 8 | 9 | b | 1 4 | 6 7 | a c | f h | 3 d e | 2 5 g
and

g = 11 | 2 3 | 3 2 | 4 5 6 7 | 6 7 a b | 8 9 8 9 | a b 4 5 | c d e c d e | f g h f g h ↑ Geω ,

since dωωε = ωω
→

ε g. We must then apply some straightening relations on g ·T to express it as a linear
combination of the basis elements.

3.6. Tableau model for the irreducible Uk-representations. We prove that the basis of

W
ϑϖ
Uk

in Proposition 3.18 is in bijection with certain sequences of set-valued tableaux and we describe
the action of Uk directly in terms of these sequences.

Definition 3.22. A uniform tableau of shape εϑ = (ϑ(1), . . . ,ϑ(k)) ↑ Ik is a sequence of tableaux
S = (S(1), . . . , S(k)) such that:

(1) S(i) is a tableau of shape ϑ(i) filled with subsets of [k] of size i;
(2) S(i) is standard, i.e. , increasing along rows and columns in the last letter order; and
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Example 3.20. There are five irreducible U3-representations. We give their bases below:

W ((3))
U3

= span
{
ω1|2|31|2|3 →

(
1 2 3

)}
,

W ((2,1))
U3

= span

{
ω1|2|31|2|3 →

(
3

1 2

)
, ω1|2|31|2|3 →

(
2

1 3

)}
,

W ((1,1,1))
U3

= span





ω1|2|31|2|3 →




3

2

1









,

W ((1),(1))
U3

= span
{
ω1|231|23 →

(
1 , 23

)
, ω2|131|23 →

(
1 , 23

)
, ω3|121|23 →

(
1 , 23

)}
,

W (⊋,⊋,(1))
U3
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{
ω123123 →
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⊋,⊋, 123

)}
.
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type(εϑ) = (13 24 32). Choose our basis element to

be ωωε →T ↑ W
ϑϖ
U17

, where

ωωε = 21 | 7 2 | g 3 | 1 3 4 5 | 5b 6 7 | 6d 8 9 | 9 e a b | 4 a c c d e | 8 f h f g h
and

T =



 3

1 2
,

67 ab

45 89
,

f gh

cde



 .

Now any element d ↑ U17 such that the number of blocks in dωωε is smaller than the number of
blocks in ωωε will act as 0.

As an example then, let us consider the action of an element d such that the number of blocks
in dωωε is equal to the number of blocks of ωωε. That is, bot(d) must be finer than ϖ. Let

d = 28 | 8 2 | 9 g | a d | b 7 | c 6 | e a | f 3 | h 1 | 1 4 5 b | 6 7 9 e | 3d 4 c | 5 g f h.

Then the action of d on ωωε →T is ωω
→

ε → g ·T, where

ϖ→ = 8 | 9 | b | 1 4 | 6 7 | a c | f h | 3 d e | 2 5 g
and

g = 11 | 2 3 | 3 2 | 4 5 6 7 | 6 7 a b | 8 9 8 9 | a b 4 5 | c d e c d e | f g h f g h ↑ Geω ,

since dωωε = ωω
→

ε g. We must then apply some straightening relations on g ·T to express it as a linear
combination of the basis elements.

3.6. Tableau model for the irreducible Uk-representations. We prove that the basis of

W
ϑϖ
Uk

in Proposition 3.18 is in bijection with certain sequences of set-valued tableaux and we describe
the action of Uk directly in terms of these sequences.

Definition 3.22. A uniform tableau of shape εϑ = (ϑ(1), . . . ,ϑ(k)) ↑ Ik is a sequence of tableaux
S = (S(1), . . . , S(k)) such that:

(1) S(i) is a tableau of shape ϑ(i) filled with subsets of [k] of size i;
(2) S(i) is standard, i.e. , increasing along rows and columns in the last letter order; and
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For this reason, the elements of Uk are called uniform block permutations. With this interpretation,
it follows that the number of elements in Uk is

|Uk| =
∑

ω=(1a1 ,...,kak )→k

spk(ω)
2a1! · · · ak!.

Starting with k = 0, the sequence of |Uk| begins

1, 1, 3, 16, 131, 1496, 22482, 426833, . . .

and is listed as sequence A023998 in the Online Encyclopedia of Integer Sequences [8].

2.3.3. Diagrams. A graph on the vertex set [k] → [k̄] represents a set partition d ↑ [k] → [k̄] if (the
vertices of) the connected components of the graph are the blocks of d. We draw these graphs by
arranging the vertices in two rows: 1, 2, . . . , k appear from left to right in the top row; and 1̄, 2̄, . . . , k̄
from left to right in the bottom row. In this way, the graph

represents the set partition {{1, 3, 1̄, 2̄}, {2, 4̄}, {4, 6, 3̄, 6̄}, {5, 7̄}, {7, 8, 9, 5̄, 8̄, 9̄}}. We call this the
(two-row) diagram of the set partition. Notice that it is possible that more than one graph represents
a given set partition; therefore, a diagram represents a class of labeled graphs that have the same
connected components.

2.4. Monoid structure. We next define a monoid structure on the set of all set partitions of
[k]→ [k̄]. It follows from this definition that the product of two uniform block permutations is again
a uniform block permutation, from which we obtain a monoid structure on Uk.

Let d, d↑ ↓ Uk (or more generally, any pair of set partitions [k]→ [k̄]), which we view as diagrams.
The product dd↑ is defined as follows:

• stack d on top of d↑ so that the bottom vertices of d line up with the top vertices of d↑;
• compute the connected components of the resulting three-row diagram;
• eliminate the vertices of the middle row from the connected components.

Example 2.1. We illustrate the product of the following two set partitions:

d = and d↑ = .

The product dd↑ is the set partition whose blocks correspond to the connected components of the
diagram obtained by stacking the diagrams of d and d↑:

dd↑ = = .

This multiplication of diagrams is associative and the product of two uniform block permutations
is a uniform block permutations, and hence makes Uk into a finite monoid whose identity element
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Note that biωωε → Lε if and only if biωωε = ωωε, or equivalently, if and only if i and i + 1 are in the
same block of ε. Thus,

bi · (ωωε ↑T) =

{
ωωε ↑T, if i and i+ 1 are in the same block of ε,

0, otherwise.

Comparing with Equation (6), it follows that ϑ(bi · (ωωε ↑T)) = bi · ϑ(ωωε ↑T).
Next, we consider the action of si. Tracing through the definitions, we have

si · (ωωε ↑T) = (si ↓ ωωε)↑T = siω
ω
ε ↑T,

where the last equality follows from the observation that siωωε → Lε because bot(siωωε) = ϖ.
To describe siωωε explicitly, write ε = {ε1, . . . , εϑ} and ϖ = {ϖ1, . . . ,ϖϑ} with the blocks order

using graded last letter order, and recall that ωωε is the bijection that maps εh to ϖh. If exchanging
i and i + 1 in ε does not change the order of the blocks (i.e. , si(ε1) < · · · < si(εϑ) in graded last

letter order), then siωωε = ωsi(ω)ε so that si · (ωωε ↑ T) = ωsi(ω)ε ↑ T. Its image under ϑ is obtained
from T by replacing each block ϖj appearing in T with si(εj), which is precisely the definition of
the action of si. Thus, ϑ(si · (ωωε ↑T)) = si · ϑ(ωωε ↑T).

Otherwise, there exist blocks εj and εj+1 with max(εj) = i, max(εj+1) = i+1, |εj | = |εj+1| and

(7) si(ε) =
{
si(ε1), si(ε2), . . . , si(εj→1), si(εj+1), si(εj), si(εj+2), . . . , si(εϑ)

}
,

where the blocks are listed in graded last letter order. Then siωωε = ωsi(ω)ε g, where

g =

(
ϖ1 · · · ϖj ϖj+1 · · · ϖϑ

ϖ1 · · · ϖj+1 ϖj · · · ϖϑ

)

is the permutation in Gϖ that exchanges ϖj and ϖj+1. Therefore, the image of si · (ωωε ↑ T) =

ωsi(ω)ε ↑ g ·T under ϑ is obtained from T by exchanging ϖj and ϖj+1 and then each ϖh is replaced
with the block in position h of si(ε) (as listed in Equation (7)). Thus, ϑ(si · (ωωε ↑ T)) is again
obtained from ϑ(ωωε ↑T) by interchanging i and i+ 1. ↭

Example 3.25. Under the bijection ϑ described in Theorem 3.24 the basis elements of W ((1),(1))
U3

correspond to the tableaux in Tϱϖ as follows:

ω1|231|23 ↑
(

1 , 23
)
↔↗

(
1 , 23

)
,

ω2|131|23 ↑
(

1 , 23
)
↔↗

(
2 , 13

)
,

ω3|121|23 ↑
(

1 , 23
)
↔↗

(
3 , 12

)
.

Example 3.26. Let ϱς = ((2, 1), (2, 2), (1, 1)) → I17 so that ς =
↘↘↗
type(ϱς) = (13 24 32). As in Example

3.21, we represent 10 through 17 by the letters a through h. Consider

S =




g

2 7
,

5b 9e

13 6d
,

8f h

4ac





which is the image under ϑ of the basis element in Example 3.21. Consider the action of

d = 28 | 8 2 | 9 g | a d | b 7 | c 6 | e a | f 3 | h 1 | 1 4 5 b | 6 7 9 e | 3d 4 c | 5 g f h
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and type(top(d→)) = type(ω). Therefore, it su!ces to prove that eω and eε are in the same J -class
if and only if type(ε) = type(ω).

If type(ε) = type(ω), then there exists a ϑ → Sk such that ω = ϑ(ε). Also, ϑ↑1eωϑ = eϑ(ω). Hence,
UkeεUk = Ukϑ↑1eωϑUk = UkeωUk, since Ukϑ↑1 = Uk = ϑUk due to the fact that ϑ is invertible in
Uk. This implies that any two idempotents eω and eε such that type(ε) = type(ω) are in the same
J -class.

Observe that UkeωUk contains elements d such that top(d) and bot(d) are equal to or coarser than
ϑ(ε) for some ϑ → Sk. Assume that type(ω) ↑= type(ε) with ω,ε ↓ [k] and type(ω) = (1b12b2 . . . kbk)
and type(ε) = (1a12a2 . . . kak). Then for some i, ai ↑= bi. Without loss of generality assume that
a1 = b1, . . . , ai↑1 = bi↑1 and ai < bi for some i. This means that ω has more blocks of size i than
ε. Therefore, it is not possible for ω to be coarser than ϑ(ε) for any ϑ → Sk. Hence, eε /→ UkeωUk.

(c) This is a direct consequence of (b).
(d) Multiplying eω on the left by a permutation results in a diagram whose top is a permutation of

ε and hence has the same type as ε. Similarly, multiplying eω on the right by a permutation results
in a diagram with bottom that has the same type as ε. Hence {ϖeωϑ : ϖ, ϑ → Sk} ↔ Jϖ. Conversely,
suppose d → Jϖ. We may write d = etop(d)ϖ for some ϖ → Sk. Since type(top(d)) = type(ε),
there exists a ϑ → Sk such that ϑ(ε) = top(d). Hence d = eϑ(ω)ϖ = ϑ↑1eωϑϖ, proving that
Jϖ ↔ {ϖeωϑ : ϖ, ϑ → Sk}. ↭

Example 3.6. There are three J -classes for U3:

J(3) =

{ }
,

J(1,1,1) =

{
, , , , ,

}
,

J(2,1) =

{
, , , , , , , ,

}
.

When constructing irreducible representations of Uk, we need only one maximal subgroup for
each J -class. It is useful to make this choice standard. Recall that the J -classes are indexed by
partitions of k. Hence, if ϱ = (1a12a2 . . . kak), we define the representative set partition associated
to ϱ as

(3) εϖ = {{1}, {2}, . . . , {a1}, {a1 + 1, a1 + 2}, . . . , {a1 + 2a2 ↗ 1, a1 + 2a2}, . . .}.

This is the set partition that uses 1, . . . , a1 for blocks of size one, a1 + 1, . . . , a1 + 2a2 for blocks of
size two, etc.. For example if k = 11 and ϱ = (142231), then

εϖ = {{1}, {2}, {3}, {4}, {5, 6}, {7, 8}, {9, 10, 11}}.

In this case, we write Gϖ := Geωε
and call it the representative maximal subgroup associated to ϱ.

Note that {Gϖ : ϱ ↓ k} is a set of maximal subgroups of Uk with each subgroup associated with a
distinct J -class of Uk.

3.3. Irreducible representations of the maximal subgroups. We now describe the ir-
reducible representations of the maximal subgroups Geω . From Proposition 3.2, we know that
Geω = Sω(1) ↘ Sω(2) ↘ · · · ↘ Sω(k) , where ε(i) is the set of blocks of ε of size i. Hence, each ir-
reducible representation of Geω is isomorphic to a tensor product of the form V1 ≃ V2 ≃ · · · ≃ Vk,
where Vi is an irreducible representation of Sω(i) for all 1 ↫ i ↫ k.
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2 NOTES ON THE PIVOT ALGORITHM FOR THE SSYT TYPE

Figure 1. Hasse diagram for (P6 \ {16},→).
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Since ω0→ · · ·→ωω has type µ, there exist u0, . . . , um ↑ Sk such that εi = ui(ω0→ · · ·→ωω) =
ui(ω0) → · · · → ui(ωω) for all 0 ↭ i ↭ m. Thus,

ε0 → · · · → εm = u0(ω0) → · · · → u0(ωω) → · · · → um(ω0) → · · · → um(ωω)

is a join of set partitions of type ϑ, showing that ϖ ↓ ϑ.

Antisymmetry. If µ ↓ ϑ and ϑ ↓ µ, then µ is coarser than ϑ and ϑ is coarser than µ in the
refinement order on integer partitions and so µ = ϑ. ↫

3.2. Comparison with refinement order. The next result describes the precise rela-
tionship between ↓ and refinement order on integer partitions.

Theorem 3.4. For ϖ ↔ k with ϖ ↗= 1k, let ϱε be the smallest part of ϖ not equal to 1. Then

µ ↓ ϑ if and only if µ is coarser than ϑ and ϱµ ↬ ϱϑ.

The proof is given below after the presentation of a few necessary lemmas.
Recall that if µ⊋ϑ is a cover relation in the refinement order on integer partitions, then

µ is obtained from ϑ by merging two parts ϑi and ϑj . We first prove that µ ↘· ϑ is a cover
relation if at least one of the two merged parts is greater than 1.

Lemma 3.5. If µ is obtained from ϑ by summing two parts ϑi and ϑj not both equal to 1,
then µ ↘· ϑ.

Proof. Let ω = {B1, . . . , Bω} be of type ϑ with |Bk| = ϑk for all k ↑ [ς]. Fix bi ↑ Bi and
bj ↑ Bj and let

ω→ =
(
{B1, . . . , Bω} \ {Bi, Bj}

)
≃
{
B→

i, B
→
j

}
,

where

B→
i = (Bi \ {bi}) ≃ {bj} and B→

j = (Bj \ {bj}) ≃ {bi}.

Assume without loss of generality that |Bi| = ϑi ↬ 2. Then the intersection Bi ⇐ B→
i

is nonempty because it contains Bi \ {bi}. Also, Bj ⇐ B→
i ↗= ⇒ because it contains bj .

Furthermore, ω ↗= ω→. Hence,

ω → ω→ =
(
{B1, . . . , Bω} \ {Bi, Bj}

)
≃
{
Bi ≃Bj

}

is of type µ and so µ ↘ ϑ because type(ω→) = type(ω) = ϑ.
If µ ↘ ϑ is not a cover relation, then µ ↘ ϖ ↘ ϑ for some ϖ, which implies µ is coarser

than ϖ and ϖ is coarser than ϑ in refinement order. But since µ ⊋ ϑ in refinement order,
this is a contradiction. Thus, µ ↘· ϑ. ↫

Lemma 3.6. Suppose µ is obtained from ϑ ↗= 1k by merging s ones: explicitly,

ϑ = (ϑ1, . . . ,ϑm, 1t) and µ = sort(ϑ1, . . . ,ϑm, s, 1t↑s),

where ϑm > 1 and t ↬ s. If s ↬ ϑm, then µ ↘ ϑ.
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THE LATTICE OF SUBMONOIDS OF THE UNIFORM BLOCK
PERMUTATIONS CONTAINING THE SYMMETRIC GROUP

ROSA ORELLANA, FRANCO SALIOLA, ANNE SCHILLING, AND MIKE ZABROCKI

Abstract. We study the lattice of submonoids of the uniform block permutation monoid
containing the symmetric group (which is its group of units). We prove that this lattice
is distributive under union and intersection by relating the submonoids containing the
symmetric group to downsets in a new partial order on integer partitions. Furthermore,
we show that the sizes of the J -classes of the uniform block permutation monoid are
sums of squares of dimensions of irreducible modules of the monoid algebra.

1. Introduction

A block permutation is a bijection between the set of blocks of a set partition A of
[k] = {1, 2, . . . , k} and the set of blocks of a set partition B of [k] = {1, 2, . . . , k}. A block
permutation is uniform if the image of each block Ai of A has the same cardinality as
Ai. There are at least three approaches to the algebra of uniform block permutations that
are established in the literature. The first is as a factorizable inverse semigroup [3, 5, 4].
The second is as a centralizer algebra [8, 9, 10, 12], where it is a limiting case of the
Tanabe algebra [18]. The third is as a Hopf algebra [1] where the set of all uniform block
permutations are graded by size and there is an external product and coproduct.

In [13], we studied the representation theory of the algebra of uniform block permutations
as a monoid algebra in the pursuit of computing the restriction of an irreducible GLn

module to the symmetric group Sn of permutation matrices, where note that Sn → GLn.
For a positive integer k, let Uk denote the monoid of uniform block permutations of the

set [k]↑ [k] with the usual diagram algebra product. The irreducible representations of Uk

are indexed by sequences of partitions ωε = (ε(1),ε(2), . . . ,ε(k)) such that |ε(1)|+ 2|ε(2)|+
· · ·+k|ε(k)| = k. Let W

ωε
Uk

denote the irreducible Uk-module indexed by ωε. One of the main
results of [13] is a formula in terms of the operation of plethysm on symmetric functions

for the multiplicity of an irreducible symmetric group module in ResUk
Sk

W
ωε
Uk

.
Since both Uk and Sk are monoids, it is natural to ask for a description of the monoids

which lie in between Sk and Uk. The following theorem summarizes the results in this
paper and provides a precise description.

Theorem 1.1. For k a positive integer, the set of submonoids of UBPk that contain Sk

forms a distributive lattice with the operations of union and intersection.
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(Corollary 5.4) Define a partial order on partitions µ,ω of k that are not equal to 1k such
that µ → ω if and only if µ is coarser than ω in refinement order and εµ > εω, where
εµ denotes the smallest part of µ not equal to 1. For µ a partition of k, let Jµ denote a
J -class of Uk. Every submonoid S of UBPk that contains Sk is of the form

S = Sk ↑
⋃

µ→I
Jµ

for some down set I of the partial order →.

The group of units of a monoid M is the largest group, G ↓ M , containing the identity
element of the monoid. The group of units of the uniform block permutation monoid Uk

is the symmetric group Sk. The poset of submonoids of M which contain G [14] does
not seem to have such nice properties as in the case of Uk. For instance, our experiments
calculating the lattice of monoids of the dual symmetric inverse semigroup [5] indicate that
this lattice of submonoids for k = 5 does not form a distributive lattice.

The paper is organized as follows. In Section 2, we define the necessary notation. Sec-
tions 3 and 4 characterize the new partial order on integer partitions used in Theorem 1.1.
The connection between the partial order and the lattice of submonoids of Uk containing
symmetric group Sk is completed in Section 5. Section 6 concludes with some remarks
about the consequences of this result. In particular, we show that the sizes of the J -classes
of the uniform block permutation monoid are sums of squares of dimensions of irreducibles.
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2. Notation

In this section, we introduce notation related to the uniform block permutation monoid.
We follow the presentation in [13] and refer the reader to this reference for additional details
and references. Fix a positive integer k in this section.

We say that ω = (ω1,ω2, . . . ,ωr) is a partition of k if for all 1 ↭ i < r, ωi is a positive
integer, ωi ↫ ωi+1, ωr > 0 and

∑r
i=1 ωi = k. If ω is a partition of k, we write ω ↔ k. We

denote by Pk = {ω ↔ k} the set of partitions of k. Let ϑ(ω) := r denote the length of
the partition. We also use exponential notation to represent partitions. If the partition
has b occurrences of an integer i, we represent it by ib (e.g. ω = (4, 4, 4, 2, 1, 1, 1, 1) is also
represented by 142143).

For a finite set X, we say that ϖ is a set partition of X (indicated by ϖ ↔ X) if
ϖ = {A1, A2, . . . , Ar}, where ↗ ⊋ Ai ↓ X for 1 ↭ i ↭ r, Ai ↘ Aj = ↗ if i ≃= j, and
A1 ↑ A2 ↑ · · · ↑ Ar = X. Denote by ϑ(ϖ) = r the length of the set partition. The type of
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Since ω0→ · · ·→ωω has type µ, there exist u0, . . . , um ↑ Sk such that εi = ui(ω0→ · · ·→ωω) =
ui(ω0) → · · · → ui(ωω) for all 0 ↭ i ↭ m. Thus,

ε0 → · · · → εm = u0(ω0) → · · · → u0(ωω) → · · · → um(ω0) → · · · → um(ωω)

is a join of set partitions of type ϑ, showing that ϖ ↓ ϑ.

Antisymmetry. If µ ↓ ϑ and ϑ ↓ µ, then µ is coarser than ϑ and ϑ is coarser than µ in the
refinement order on integer partitions and so µ = ϑ. ↫

3.2. Comparison with refinement order. The next result describes the precise rela-
tionship between ↓ and refinement order on integer partitions.

Theorem 3.4. For ϖ ↔ k with ϖ ↗= 1k, let ϱε be the smallest part of ϖ not equal to 1. Then

µ ↓ ϑ if and only if µ is coarser than ϑ and ϱµ ↬ ϱϑ.

The proof is given below after the presentation of a few necessary lemmas.
Recall that if µ⊋ϑ is a cover relation in the refinement order on integer partitions, then

µ is obtained from ϑ by merging two parts ϑi and ϑj . We first prove that µ ↘· ϑ is a cover
relation if at least one of the two merged parts is greater than 1.

Lemma 3.5. If µ is obtained from ϑ by summing two parts ϑi and ϑj not both equal to 1,
then µ ↘· ϑ.

Proof. Let ω = {B1, . . . , Bω} be of type ϑ with |Bk| = ϑk for all k ↑ [ς]. Fix bi ↑ Bi and
bj ↑ Bj and let

ω→ =
(
{B1, . . . , Bω} \ {Bi, Bj}

)
≃
{
B→

i, B
→
j

}
,

where

B→
i = (Bi \ {bi}) ≃ {bj} and B→

j = (Bj \ {bj}) ≃ {bi}.

Assume without loss of generality that |Bi| = ϑi ↬ 2. Then the intersection Bi ⇐ B→
i

is nonempty because it contains Bi \ {bi}. Also, Bj ⇐ B→
i ↗= ⇒ because it contains bj .

Furthermore, ω ↗= ω→. Hence,

ω → ω→ =
(
{B1, . . . , Bω} \ {Bi, Bj}

)
≃
{
Bi ≃Bj

}

is of type µ and so µ ↘ ϑ because type(ω→) = type(ω) = ϑ.
If µ ↘ ϑ is not a cover relation, then µ ↘ ϖ ↘ ϑ for some ϖ, which implies µ is coarser

than ϖ and ϖ is coarser than ϑ in refinement order. But since µ ⊋ ϑ in refinement order,
this is a contradiction. Thus, µ ↘· ϑ. ↫

Lemma 3.6. Suppose µ is obtained from ϑ ↗= 1k by merging s ones: explicitly,

ϑ = (ϑ1, . . . ,ϑm, 1t) and µ = sort(ϑ1, . . . ,ϑm, s, 1t↑s),

where ϑm > 1 and t ↬ s. If s ↬ ϑm, then µ ↘ ϑ.
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Abstract. We study the lattice of submonoids of the uniform block permutation monoid
containing the symmetric group (which is its group of units). We prove that this lattice
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Since both Uk and Sk are monoids, it is natural to ask for a description of the monoids

which lie in between Sk and Uk. The following theorem summarizes the results in this
paper and provides a precise description.
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(Corollary 5.4) Define a partial order on partitions µ,ω of k that are not equal to 1k such
that µ → ω if and only if µ is coarser than ω in refinement order and εµ > εω, where
εµ denotes the smallest part of µ not equal to 1. For µ a partition of k, let Jµ denote a
J -class of Uk. Every submonoid S of UBPk that contains Sk is of the form

S = Sk ↑
⋃

µ→I
Jµ

for some down set I of the partial order →.

The group of units of a monoid M is the largest group, G ↓ M , containing the identity
element of the monoid. The group of units of the uniform block permutation monoid Uk

is the symmetric group Sk. The poset of submonoids of M which contain G [14] does
not seem to have such nice properties as in the case of Uk. For instance, our experiments
calculating the lattice of monoids of the dual symmetric inverse semigroup [5] indicate that
this lattice of submonoids for k = 5 does not form a distributive lattice.

The paper is organized as follows. In Section 2, we define the necessary notation. Sec-
tions 3 and 4 characterize the new partial order on integer partitions used in Theorem 1.1.
The connection between the partial order and the lattice of submonoids of Uk containing
symmetric group Sk is completed in Section 5. Section 6 concludes with some remarks
about the consequences of this result. In particular, we show that the sizes of the J -classes
of the uniform block permutation monoid are sums of squares of dimensions of irreducibles.
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2. Notation

In this section, we introduce notation related to the uniform block permutation monoid.
We follow the presentation in [13] and refer the reader to this reference for additional details
and references. Fix a positive integer k in this section.

We say that ω = (ω1,ω2, . . . ,ωr) is a partition of k if for all 1 ↭ i < r, ωi is a positive
integer, ωi ↫ ωi+1, ωr > 0 and

∑r
i=1 ωi = k. If ω is a partition of k, we write ω ↔ k. We

denote by Pk = {ω ↔ k} the set of partitions of k. Let ϑ(ω) := r denote the length of
the partition. We also use exponential notation to represent partitions. If the partition
has b occurrences of an integer i, we represent it by ib (e.g. ω = (4, 4, 4, 2, 1, 1, 1, 1) is also
represented by 142143).

For a finite set X, we say that ϖ is a set partition of X (indicated by ϖ ↔ X) if
ϖ = {A1, A2, . . . , Ar}, where ↗ ⊋ Ai ↓ X for 1 ↭ i ↭ r, Ai ↘ Aj = ↗ if i ≃= j, and
A1 ↑ A2 ↑ · · · ↑ Ar = X. Denote by ϑ(ϖ) = r the length of the set partition. The type of
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Figure 2. The distributive lattices of submonoids of Uk containing the
symmetric group Sk for k = 4, 5, 6. Each submonoid is labeled by a box
containing an antichain of the poset (Pk\{1k},↑). The antichains of ↑ are
in bijection with the downsets of this poset (see [15, Section 3.4]) and in
turn are in bijection with the submonoids by Corollary 5.4. Below each box
is the size of the corresponding submonoid.

Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now every d → M is either a permutation in Sk and hence a product
of elements of {s1, s2, . . . , sk↑1}, or d = σbµτ for some µ → Pars(M)

and σ and τ are products of generators.

For a submonoid M such that Sk ↓ M ↓ UBPk, let Pars(M) be the
subset of partitions of k defined in Lemma 78. By the construction of
this set, we have that if N is a submonoid of UBPk such that Sk ↓ M ↓
N ↓ UBPk, then Pars(M) ↓ Pars(N).

Let ε and µ be two partitions of k such that neither ε nor µ are equal
to (1k). We will say that µ is diagram coarser than ε (denoted µ ↔↗ ε) if
bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.

Alternatively this can be expressed in terms of J-classes (the J-class
of a → M is the {b → M : MaM = MbM}). The J-classes of UBPk
are indexed by partitions µ ↘ k and Jµ = {d : d → UBPk, µ(d) = µ}.
Therefore we can say that µ ↔↗ ε iff Jε ↓

〈
Jµ
〉
.

Example 79. For k = 3, (3) ↔↗ (2, 1). For k = 4 and k = 5, the Hasse
diagram of the diagram coarser relation is the following:

(4)

(31)(22)

(211)

(5)

(41)(32)

(311)(221)

(2111)

Notice that the Hasse diagram for this relation on partitions of k has (k)
as the minimal element and (21k↑2) as the maximal element. The poset
is fails to be graded for k = 6 as seen in the Hasse diagram for the order
on the partitions of 6 below.

(6)

(42) (51) (33)

(222) (321) (411)

(2211) (3111)

(21111)

4 4 This is almost what I had for the sub-
monoids listed in Example 74 but there
is an extra H16 at the bottom of my
poset and I forgot an edge from H3111
to H33. However there are a bunch of
submonoids which are not listed in that
diagram (e.g. the submonoid generated
by S6 and b42 and b51 should also be in-
cluded in that diagram).

The order ideal of this poset is the diagram that I have draw by Sage
and have added colored numbers for the sizes of the submonoids below.
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Figure 2. The distributive lattices of submonoids of Uk containing the
symmetric group Sk for k = 4, 5, 6. Each submonoid is labeled by a box
containing an antichain of the poset (Pk\{1k},↑). The antichains of ↑ are
in bijection with the downsets of this poset (see [15, Section 3.4]) and in
turn are in bijection with the submonoids by Corollary 5.4. Below each box
is the size of the corresponding submonoid.

Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now every d → M is either a permutation in Sk and hence a product
of elements of {s1, s2, . . . , sk↑1}, or d = σbµτ for some µ → Pars(M)

and σ and τ are products of generators.

For a submonoid M such that Sk ↓ M ↓ UBPk, let Pars(M) be the
subset of partitions of k defined in Lemma 78. By the construction of
this set, we have that if N is a submonoid of UBPk such that Sk ↓ M ↓
N ↓ UBPk, then Pars(M) ↓ Pars(N).

Let ε and µ be two partitions of k such that neither ε nor µ are equal
to (1k). We will say that µ is diagram coarser than ε (denoted µ ↔↗ ε) if
bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.

Alternatively this can be expressed in terms of J-classes (the J-class
of a → M is the {b → M : MaM = MbM}). The J-classes of UBPk
are indexed by partitions µ ↘ k and Jµ = {d : d → UBPk, µ(d) = µ}.
Therefore we can say that µ ↔↗ ε iff Jε ↓

〈
Jµ
〉
.

Example 79. For k = 3, (3) ↔↗ (2, 1). For k = 4 and k = 5, the Hasse
diagram of the diagram coarser relation is the following:

(4)

(31)(22)

(211)

(5)

(41)(32)

(311)(221)

(2111)

Notice that the Hasse diagram for this relation on partitions of k has (k)
as the minimal element and (21k↑2) as the maximal element. The poset
is fails to be graded for k = 6 as seen in the Hasse diagram for the order
on the partitions of 6 below.

(6)

(42) (51) (33)

(222) (321) (411)

(2211) (3111)

(21111)

4 4 This is almost what I had for the sub-
monoids listed in Example 74 but there
is an extra H16 at the bottom of my
poset and I forgot an edge from H3111
to H33. However there are a bunch of
submonoids which are not listed in that
diagram (e.g. the submonoid generated
by S6 and b42 and b51 should also be in-
cluded in that diagram).

The order ideal of this poset is the diagram that I have draw by Sage
and have added colored numbers for the sizes of the submonoids below.
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Figure 2. The distributive lattices of submonoids of Uk containing the
symmetric group Sk for k = 4, 5, 6. Each submonoid is labeled by a box
containing an antichain of the poset (Pk\{1k},↑). The antichains of ↑ are
in bijection with the downsets of this poset (see [15, Section 3.4]) and in
turn are in bijection with the submonoids by Corollary 5.4. Below each box
is the size of the corresponding submonoid.

Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Notice that the Hasse diagram for this relation on partitions of k has (k)
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is fails to be graded for k = 6 as seen in the Hasse diagram for the order
on the partitions of 6 below.
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4 4 This is almost what I had for the sub-
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is an extra H16 at the bottom of my
poset and I forgot an edge from H3111
to H33. However there are a bunch of
submonoids which are not listed in that
diagram (e.g. the submonoid generated
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The order ideal of this poset is the diagram that I have draw by Sage
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The order ideal of this poset is the diagram that I have draw by Sage
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is the size of the corresponding submonoid.

Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now every d → M is either a permutation in Sk and hence a product
of elements of {s1, s2, . . . , sk↑1}, or d = σbµτ for some µ → Pars(M)

and σ and τ are products of generators.

For a submonoid M such that Sk ↓ M ↓ UBPk, let Pars(M) be the
subset of partitions of k defined in Lemma 78. By the construction of
this set, we have that if N is a submonoid of UBPk such that Sk ↓ M ↓
N ↓ UBPk, then Pars(M) ↓ Pars(N).

Let ε and µ be two partitions of k such that neither ε nor µ are equal
to (1k). We will say that µ is diagram coarser than ε (denoted µ ↔↗ ε) if
bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.

Alternatively this can be expressed in terms of J-classes (the J-class
of a → M is the {b → M : MaM = MbM}). The J-classes of UBPk
are indexed by partitions µ ↘ k and Jµ = {d : d → UBPk, µ(d) = µ}.
Therefore we can say that µ ↔↗ ε iff Jε ↓

〈
Jµ
〉
.

Example 79. For k = 3, (3) ↔↗ (2, 1). For k = 4 and k = 5, the Hasse
diagram of the diagram coarser relation is the following:
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(31)(22)

(211)

(5)

(41)(32)

(311)(221)

(2111)

Notice that the Hasse diagram for this relation on partitions of k has (k)
as the minimal element and (21k↑2) as the maximal element. The poset
is fails to be graded for k = 6 as seen in the Hasse diagram for the order
on the partitions of 6 below.
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(21111)

4 4 This is almost what I had for the sub-
monoids listed in Example 74 but there
is an extra H16 at the bottom of my
poset and I forgot an edge from H3111
to H33. However there are a bunch of
submonoids which are not listed in that
diagram (e.g. the submonoid generated
by S6 and b42 and b51 should also be in-
cluded in that diagram).

The order ideal of this poset is the diagram that I have draw by Sage
and have added colored numbers for the sizes of the submonoids below.
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bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.
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are indexed by partitions µ ↘ k and Jµ = {d : d → UBPk, µ(d) = µ}.
Therefore we can say that µ ↔↗ ε iff Jε ↓
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Let ε and µ be two partitions of k such that neither ε nor µ are equal
to (1k). We will say that µ is diagram coarser than ε (denoted µ ↔↗ ε) if
bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.
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Therefore we can say that µ ↔↗ ε iff Jε ↓
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Notice that the Hasse diagram for this relation on partitions of k has (k)
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For a submonoid M such that Sk ↓ M ↓ UBPk, let Pars(M) be the
subset of partitions of k defined in Lemma 78. By the construction of
this set, we have that if N is a submonoid of UBPk such that Sk ↓ M ↓
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Let ε and µ be two partitions of k such that neither ε nor µ are equal
to (1k). We will say that µ is diagram coarser than ε (denoted µ ↔↗ ε) if
bµ is in the monoid generated by s1, s2, . . . , sk↑1, bε.

Alternatively this can be expressed in terms of J-classes (the J-class
of a → M is the {b → M : MaM = MbM}). The J-classes of UBPk
are indexed by partitions µ ↘ k and Jµ = {d : d → UBPk, µ(d) = µ}.
Therefore we can say that µ ↔↗ ε iff Jε ↓

〈
Jµ
〉
.

Example 79. For k = 3, (3) ↔↗ (2, 1). For k = 4 and k = 5, the Hasse
diagram of the diagram coarser relation is the following:

(4)

(31)(22)

(211)

(5)

(41)(32)

(311)(221)

(2111)

Notice that the Hasse diagram for this relation on partitions of k has (k)
as the minimal element and (21k↑2) as the maximal element. The poset
is fails to be graded for k = 6 as seen in the Hasse diagram for the order
on the partitions of 6 below.

(6)

(42) (51) (33)

(222) (321) (411)

(2211) (3111)

(21111)

4 4 This is almost what I had for the sub-
monoids listed in Example 74 but there
is an extra H16 at the bottom of my
poset and I forgot an edge from H3111
to H33. However there are a bunch of
submonoids which are not listed in that
diagram (e.g. the submonoid generated
by S6 and b42 and b51 should also be in-
cluded in that diagram).

The order ideal of this poset is the diagram that I have draw by Sage
and have added colored numbers for the sizes of the submonoids below.
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Figure 2. The distributive lattices of submonoids of Uk containing the
symmetric group Sk for k = 4, 5, 6. Each submonoid is labeled by a box
containing an antichain of the poset (Pk\{1k},↑). The antichains of ↑ are
in bijection with the downsets of this poset (see [15, Section 3.4]) and in
turn are in bijection with the submonoids by Corollary 5.4. Below each box
is the size of the corresponding submonoid.
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⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks
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Example 3.20. There are five irreducible U3-representations. We give their bases below:

W ((3))
U3

= span
{
ω1|2|31|2|3 →

(
1 2 3

)}
,

W ((2,1))
U3

= span

{
ω1|2|31|2|3 →

(
3

1 2

)
, ω1|2|31|2|3 →

(
2

1 3

)}
,

W ((1,1,1))
U3

= span





ω1|2|31|2|3 →




3

2

1









,

W ((1),(1))
U3

= span
{
ω1|231|23 →

(
1 , 23

)
, ω2|131|23 →

(
1 , 23

)
, ω3|121|23 →

(
1 , 23

)}
,

W (⊋,⊋,(1))
U3

= span
{
ω123123 →

(
⊋,⊋, 123

)}
.

Example 3.21. In this example, we illustrate the action of an element in Uk on a basis element.
To demonstrate with an example that is su!ciently large, take k = 17 and represent the labels 10
through 17 by the letters a through h.

Let εϑ = ((2, 1), (2, 2), (1, 1)) ↑ I17 so that ϑ =
↓↓↔
type(εϑ) = (13 24 32). Choose our basis element to

be ωωε →T ↑ W
ϑϖ
U17

, where

ωωε = 21 | 7 2 | g 3 | 1 3 4 5 | 5b 6 7 | 6d 8 9 | 9 e a b | 4 a c c d e | 8 f h f g h
and

T =



 3

1 2
,

67 ab

45 89
,

f gh

cde



 .

Now any element d ↑ U17 such that the number of blocks in dωωε is smaller than the number of
blocks in ωωε will act as 0.

As an example then, let us consider the action of an element d such that the number of blocks
in dωωε is equal to the number of blocks of ωωε. That is, bot(d) must be finer than ϖ. Let

d = 28 | 8 2 | 9 g | a d | b 7 | c 6 | e a | f 3 | h 1 | 1 4 5 b | 6 7 9 e | 3d 4 c | 5 g f h.

Then the action of d on ωωε →T is ωω
→

ε → g ·T, where

ϖ→ = 8 | 9 | b | 1 4 | 6 7 | a c | f h | 3 d e | 2 5 g
and

g = 11 | 2 3 | 3 2 | 4 5 6 7 | 6 7 a b | 8 9 8 9 | a b 4 5 | c d e c d e | f g h f g h ↑ Geω ,

since dωωε = ωω
→

ε g. We must then apply some straightening relations on g ·T to express it as a linear
combination of the basis elements.

3.6. Tableau model for the irreducible Uk-representations. We prove that the basis of

W
ϑϖ
Uk

in Proposition 3.18 is in bijection with certain sequences of set-valued tableaux and we describe
the action of Uk directly in terms of these sequences.

Definition 3.22. A uniform tableau of shape εϑ = (ϑ(1), . . . ,ϑ(k)) ↑ Ik is a sequence of tableaux
S = (S(1), . . . , S(k)) such that:

(1) S(i) is a tableau of shape ϑ(i) filled with subsets of [k] of size i;
(2) S(i) is standard, i.e. , increasing along rows and columns in the last letter order; and
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• ωd is the unique element in Gω satisfying dε
top(d)
εω = ε

top(d)
εω ωd.

Let ϑ
ϑω
UI
k
be the character of the irreducible representation W

ϑω
UI
k
of UI

k indexed by ϖϱ → Ik

such that →→ϖtype(ϖϱ) → I. Then Corollary 5.4 implies the following on the level of characters.

Corollary 6.5. Let ϖϱ → Ik such that →→ϖtype(ϖϱ) → I. Then

ϑ
ϑω
UI
k
= ResUk

UI
k
ϑ
ϑω
Uk
.

Combining this with Proposition 6.4 and using that G
I
ω = Gω if ϱ → I as shown in

Lemma 5.3, we conclude the following.

Corollary 6.6. Let ϖϱ, ϖµ → Ik with →→ϖtype(ϖϱ), →→ϖtype(ϖµ) → I and ϱ = →→ϖtype(ϖϱ). Then

ϑ
ϑω
UI
k
(dϑµ) =

∑

d↑C(dεµ;ω)

ϑ
ϑω
Gω

(ωd)

with C(dϑµ;ϱ) and ωd as in Proposition 6.4.

7. Restricting representations

We investigate the restriction of the irreducible Uk-representations to submonoids UI
k .

Recall from Corollary 5.4 that the irreducible UI
k -representationsW

ϑµ
UI
k
are indexed by ϖµ → Ik

with →→ϖtype(ϖµ) → I; moreover, they are obtained by restricting irreducible Uk-representations:

(7.1) W
ϑµ
UI
k
= ResUk

UI
k

(
W

ϑµ
Uk

)
.

We will show that the restriction ofW ϑµ
Uk

to UI
k remains irreducible if →→ϖtype(ϖµ) → I; and other-

wise it decomposes with multiplicities described by combining the Littlewood–Richardson
and plethysm coe!cients.

Proposition 7.1. Let I ↑ Pk be a down set of the partial order (Pk,↓), and let ϖϱ → Ik.

(1) If →→ϖtype(ϖϱ) → I, then ResUk

UI
k

(
W

ϑω
Uk

)
is irreducible and

ResUk

UI
k

(
W

ϑω
Uk

)
↔= W

ϑω
UI
k
.

(2) If there exists an r → [k] such that
(
1(

∑r→2
i=1 i|ω(i)|)

, (r ↗ 1)|ω
(r→1)|

, r
|ω(r)|

, . . . , k
|ω(k)|

)
/→ I

(
1(

∑r→2
i=1 i|ω(i)|)+(r→1)|ω(r→1)|

, r
|ω(r)|

, . . . , k
|ω(k)|

)
→ I

then

ResUk

UI
k

(
W

ϑω
Uk

)
↔=

⊕

µ↓k

(
W

(µ,⊋,...,⊋,ω(r),ω(r+1),...,ω(k))
UI
k

)↔a
µ,(ω(1),...,ω(r→1))

where aµϑω := ↘sµ, sω(1) [s1]sω(2) [s2] · · · sω(ϑ) [sϱ]≃ is defined in Section 3.3.
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• ωd is the unique element in Gω satisfying dε
top(d)
εω = ε

top(d)
εω ωd.

Let ϑ
ϑω
UI
k
be the character of the irreducible representation W

ϑω
UI
k
of UI

k indexed by ϖϱ → Ik

such that →→ϖtype(ϖϱ) → I. Then Corollary 5.4 implies the following on the level of characters.

Corollary 6.5. Let ϖϱ → Ik such that →→ϖtype(ϖϱ) → I. Then

ϑ
ϑω
UI
k
= ResUk

UI
k
ϑ
ϑω
Uk
.

Combining this with Proposition 6.4 and using that G
I
ω = Gω if ϱ → I as shown in

Lemma 5.3, we conclude the following.

Corollary 6.6. Let ϖϱ, ϖµ → Ik with →→ϖtype(ϖϱ), →→ϖtype(ϖµ) → I and ϱ = →→ϖtype(ϖϱ). Then

ϑ
ϑω
UI
k
(dϑµ) =

∑

d↑C(dεµ;ω)

ϑ
ϑω
Gω

(ωd)

with C(dϑµ;ϱ) and ωd as in Proposition 6.4.

7. Restricting representations

We investigate the restriction of the irreducible Uk-representations to submonoids UI
k .

Recall from Corollary 5.4 that the irreducible UI
k -representationsW

ϑµ
UI
k
are indexed by ϖµ → Ik

with →→ϖtype(ϖµ) → I; moreover, they are obtained by restricting irreducible Uk-representations:

(7.1) W
ϑµ
UI
k
= ResUk

UI
k

(
W

ϑµ
Uk

)
.

We will show that the restriction ofW ϑµ
Uk

to UI
k remains irreducible if →→ϖtype(ϖµ) → I; and other-

wise it decomposes with multiplicities described by combining the Littlewood–Richardson
and plethysm coe!cients.

Proposition 7.1. Let I ↑ Pk be a down set of the partial order (Pk,↓), and let ϖϱ → Ik.

(1) If →→ϖtype(ϖϱ) → I, then ResUk

UI
k

(
W

ϑω
Uk

)
is irreducible and

ResUk

UI
k

(
W

ϑω
Uk

)
↔= W

ϑω
UI
k
.

(2) If there exists an r → [k] such that
(
1(

∑r→2
i=1 i|ω(i)|)

, (r ↗ 1)|ω
(r→1)|

, r
|ω(r)|

, . . . , k
|ω(k)|

)
/→ I

(
1(

∑r→2
i=1 i|ω(i)|)+(r→1)|ω(r→1)|

, r
|ω(r)|

, . . . , k
|ω(k)|

)
→ I

then

ResUk

UI
k

(
W

ϑω
Uk

)
↔=

⊕

µ↓k

(
W

(µ,⊋,...,⊋,ω(r),ω(r+1),...,ω(k))
UI
k

)↔a
µ,(ω(1),...,ω(r→1))

where aµϑω := ↘sµ, sω(1) [s1]sω(2) [s2] · · · sω(ϑ) [sϱ]≃ is defined in Section 3.3.
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Proposition 7.1. Let I → Pk be a down set of the partial order (Pk,↑), and let ωε ↓ Ik.

(1) If →→ωtype(ωε) ↓ I, then ResUBPk

UBPI
k

(
W

εϑ
UBPk

)
is irreducible and

ResUBPk

UBPI
k

(
W

εϑ
UBPk

)
↔= W

εϑ
UBPI

k
.

(2) If there exists an r ↓ [k] such that
(
1(

∑r→2
i=1 i|ϑ(i)|)

, (r ↗ 1)|ϑ
(r→1)|

, r
|ϑ(r)|

, . . . , k
|ϑ(k)|

)
/↓ I

(
1(

∑r→2
i=1 i|ϑ(i)|)+(r→1)|ϑ(r→1)|

, r
|ϑ(r)|

, . . . , k
|ϑ(k)|

)
↓ I

then

ResUBPk

UBPI
k

(
W

εϑ
UBPk

)
↔=

⊕

µ↑k

(
W

(µ,⊋,...,⊋,ϑ(r),ϑ(r+1),...,ϑ(k))
UBPI

k

)↓a
µ,(ω(1),...,ω(r→1))

where aµεϑ := ↘sµ, sϑ(1) [s1]sϑ(2) [s2] · · · sϑ(ε) [sϖ]≃ is defined in Section 3.3.

Proof. (1) follows directly from Corollary 5.4: the irreducible UBPI
k-representations are

indexed by ωε ↓ Ik such that →→ωtype(ωε) ↓ I, and W
εϑ
UBPI

k

↔= ResUBPk

UBPI
k

(
W

εϑ
UBPk

)
.

(2)
we still need to prove this

— Franco

↭



12 ORELLANA, SALIOLA, SCHILLING, AND ZABROCKI

→
24

4
25

22
43

31
41

31, 22

59

211
131

→
120

5
121

32
221

41
146

41, 32

246
311
346

32, 311

446
221
696

311, 221

896

2111
1496

→
720

6
721

33
921

42
946

51
757

42, 33

1146

51, 33

957
222
2296

51, 42

982

33, 222

2496

51, 222

2332

51, 42, 33

1182

51, 33, 222

2532

411
1207

411, 33

1407

42, 411

1432

3111
3807

42, 411, 33

1632

42, 3111

4032

411, 222

2782

411, 33, 222

2982

321
4782

411, 321

5232

321, 222

6132

321, 3111

7632

411, 321, 222

6582

3111, 222

5382

321, 3111, 222

8982
2211
14682

3111, 2211

17082

21111
22482

Figure 2. The distributive lattices of submonoids of Uk containing the
symmetric group Sk for k = 4, 5, 6. Each submonoid is labeled by a box
containing an antichain of the poset (Pk\{1k},↑). The antichains of ↑ are
in bijection with the downsets of this poset (see [15, Section 3.4]) and in
turn are in bijection with the submonoids by Corollary 5.4. Below each box
is the size of the corresponding submonoid.

Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭
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Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence
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⋃

ε→I
Jε =

⋃

type(ω)→I
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Then by Theorem 5.3, Sk ≃
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Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.
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Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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Now conversely, if I is a downset of (Pk\{1k},↑), then by Proposition 5.2 part (2), for
each eω with type(ω) ↓ I, ↔Sk, eω↗ ↘ Sk ≃

⋃
ε→I Jε and hence
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⋃

ε→I
Jε =

⋃

type(ω)→I

↔Sk, eω↗ .

Then by Theorem 5.3, Sk ≃
⋃

ε→I Jε is a submonoid of Uk. ↭

Theorem 5.3 implies that the poset of submonoids of Uk containing Sk under union and
intersection is a distributive lattice. The lattices for k = 4, 5, 6 are presented in Figure 2.

6. Concluding remarks

In this section, we state some interesting consequences of the characterization of the
lattice of submonoids of Uk that contain Sk.
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⋃
ε→I Jε and hence

Sk ≃
⋃

ε→I
Jε =
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• the uniform block permutation (UBP) algebra is a monoid algebra

• monoid theory
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V ((2),(2))
Geω

with basis

{(

1 2 , 34 56

)}
.

3.4. L -classes and Schützenberger representations. For each idempotent e → Uk, we
define a (Uk, Ge)-bimodule CLe that is known in the semigroup theory literature as the left
Schützenberger representation associated with e. The Schützenberger representations will be used
in Section 3.5 to construct irreducible Uk-representations from irreducible Ge-representations. As
a vector space, CLe is spanned by the elements of the L -class of e, so we begin by studying the
L -classes of Uk.

Let x and y be elements of a monoid M . We say that x and y are L -equivalent if Mx = My.
This is an equivalence relation; hence, it partitions M into classes which are called the L -classes
of M . The L -class of an element x is denoted by Lx.

Proposition 3.9. Let k be a nonnegative integer.

(a) Two elements d1, d2 → Uk are in the same L -class if and only if bot(d1) = bot(d2).
(b) Every L -class in Uk contains a unique idempotent.
(c) The L -classes of Uk are in bijection with the set partitions ω of [k]. More precisely,

Lω := Leω = {d → Uk : bot(d) = ω} .

(d) For every ε ↑ k, the J -class Jε is a disjoint union of L -classes. More precisely,

Jε =
⊎

ω:type(ω)=ε

Lω.

Proof. (a) By Proposition 2.5, every element d → Uk can be written as d = ϑebot(d) for some
permutation ϑ → Sk. Thus, Ukd = Ukϑebot(d) = Ukebot(d). The last equality follows since ϑ is
invertible in Uk. Therefore, if m → Ukebot(d), then bot(m) is coarser than or equal to bot(d). Hence,
d1, d2 are in the same L -class if and only if bot(d1) = bot(d2).

(b) From part (a) we have that an L -class L contains elements that have the same set partition
ω as the bottom row. Since there is a unique idempotent, namely eω, that has bottom row ω, the
result follows.

(c) Since every L -class contains a unique idempotent, the L -classes are in bijection with the
set partitions of [k].

(d) By Proposition 3.5 (d), Jε = {ϑeωϖ : ϑ, ϖ → Sk and type(ω) = ε}, while Lω = {ϑeω : ϑ →
Sk}. Thus, the result follows. ↭

Example 3.10. There are five L -classes for U3:

L1|2|3 =

{
, , , , ,

}
,

L12|3 =

{ }
,

L1|23 =

{ }
,

L13|2 =

{ }
,
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UBPk =
⋃

ω→[k]

Lω
PLETHYSM AND UBP

L123 =

{ }
.

For any ω → [k], let CLω be the vector space with basis the elements of the L -class Lω. It has a
left Uk-action defined by

(4) m↑ ε =

{
mε, if mε ↓ Lω,

0, else,

for all m ↓ Uk and ε ↓ Lω, which is then extended C-linearly to all of CLω. The nonzero products
m↑ ε can be characterized as follows.

Lemma 3.11. Let m ↓ Uk and ε ↓ Lω. Then m↑ ε ↔= 0 if and only if bot(m) is finer than top(ε).

The right Geω -action on CLω is extended C-linearly from the action of Geω on Lω given by
right multiplication. Although it is true for any finite monoid that the maximal subgroup of an
idempotent e acts by right multiplication on the L -class of e [27, Proposition 1.10], below we
provide a proof that is specific to Uk and we identify the orbits of this action.

Proposition 3.12. Let ω be a set partition of [k].

(a) Geω acts by right multiplication on Lω and this right action is free. In other words,
• if ε ↓ Lω and g ↓ Geω , then εg ↓ Lω; and
• if ε ↓ Lω and εg = εh for some g, h ↓ Geω , then g = h.

(b) d1, d2 ↓ Lω are in the same Geω -orbit if and only if top(d1) = top(d2).
(c) For every set partition ϑ → [k] such that type(ϑ) = type(ω),

Lε
ω = {d ↓ Uk : top(d) = ϑ and bot(d) = ω}

is an orbit for the right Geω -action on Lω, and all the orbits are of this form. Thus, the
Geω -orbits in Lω are in bijection with the set partitions ϑ of type(ω).

Proof. (a) Let ε ↓ Lω and g, h ↓ Geω , and think of them as bijections as in Section 2.3.2. Since
bot(ε) = ω = top(g), we have that εg is the composition of ε and g (see Remark 2.2). Hence,
bot(εg) = bot(g) = ω and so εg ↓ Lω. Similarly, εh is the composition of ε and h. Thus, if εg = εh,
then g = h since ε is a bijection.

(b) If d2 = d1g for some g ↓ Geω , then top(d1) = top(d1g) = top(d2) since multiplying on the
right by an element in Geω has no e!ect on the top row of the diagram of d1.

Conversely, if d1, d2 ↓ Lω and top(d1) = top(d2), then both d1 and d2 are bijections from top(d1)
to ω. Since d̃1d2 is a size-preserving bijection from ω to itself, it is equal to an element g ↓ Geω . By

composing d̃1d2 = g on the right with d1, we conclude that d2 = d1g.
(c) This follows directly from (b). ↭

Example 3.13. Let ω = 12|34. The L -class Lω contains 6 elements all with the same bottom row.
The group Geω contains two elements, the identity and the permutation of the two blocks. Hence
we obtain that Lω decomposes into three Geω -orbits:

L13|24
12|34 =

{
,

}
,

L23|14
12|34 =

{
,

}
,
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Structure of uniform block partition monoid


