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plethysm is the answer you are looking for

Littlewood (1950’s): 7'\, = <3>\7 Su[l + 81+ 82+ 83+ .. ]> warning: very old problem and hard
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-Confucius

Paraphrase:

It may be a while before we figure out a satisfactory solution to this problem,

but at least the mathematics along the way has been interesting.
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set valued tableaux
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symmetric group algebra is dimension equal to n!
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A difficulty with understanding the representation theory of the general linear group
In terms of the symmetric group is we pass from an infinite group to a finite one.
However, the partition algebra has dimension equal to the Bell numbers and the
symmetric group algebra is dimension equal to n!
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Representation theory of uniform block partitions

\ = ()\(1), A2 )\(k)) each )\(i) is a partition
A+ 202+ BN = &

irreducibles of UBP; are indexed by vector partitions of k

WéBPk is spanned by standard vector tableaux of shape X

Example: typical basis element
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Theorem (Orellana-Saliola-Schilling-Z ’22)
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* the uniform block permutation (UBP) algebra is a monoid algebra
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Structure of uniform block partition monoid

* the uniform block permutation (UBP) algebra is a monoid algebra

* monoid theory —> UBP, isaunionof J -classes

r=g71Yy < MxM = MyM

JJ -classes are indexed by partitions of k

J 1= sorted list of block sizes equal to 4

UBP;, = |} J,
J<3>—<(I:i} uhk
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Structure of uniform block partition monoid

* the uniform block permutation (UBP) algebra is a monoid algebra

* For each idempotent € of a monoid there is a maximal subgroup Ge containing €

~7 L XL T AT

typical idempotent €2|7/14|36|589 —

& » o o o X Y%

representative

G+ )\ = maximal subgroup whose sizes of parts are (in order) the partition \

Gon={ L] EEX 2X0IX X1}

Gr =Gy, XG,, X -6,
A= (k% ...2021%)

the maximal subgroups are isomorphic to direct products of symmetric groups



For v F k with v # 1F, let g, be the smallest part of v not equal to 1. Then
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For k a positive integer, the set of submonoids of UBP. that contain Gy,
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/b(}‘ Every submonoid S of UBP} that contains G is of the form
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for some down set I of the partial order <.

Hasse diagram for (Pg \ {1°}, <)
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Theorem: (Orellana-Saliola-Schilling-Z ’25)
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Structure of uniform block partition monoid

* the uniform block permutation (UBP) algebra is a monoid algebra

» monoid theory —=> UBP, isaunionof J-classes & [ -classes
r=71Yy<= MxM = MyM r=ry<— Mzx= My

L -classes are indexed by set partitions of &

L7T = bottom row of diagram is equal to 7T
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