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Lapointe-Morse (2005)
A®) = Qlhy, ha, ..., hy]

definition of a basis {S g\ ) } A 1ndexed by partitions

(k+1)-cores=partitions with

A partitions )\1 < k no (k+1)-hooks




Lapointe-Morse defintion of k-Schur functions

{Sg\k)})\ basis of algebra AR — Qlh1, ha, ..., hg)

satistying

hrsg\k> — Z SEJJ]{)
[

c¢(1t)/c(A) is a horizontal strip, A< u
) = Al 47




This 1s a recursive definition because of triangularity
considerations

Example: k=3  to calculate 853?2,1)

the 3-Pier1 rule says:
hQS(S) )= 8(3) 4 8(3)

(271 (27271) (37171)

We may assume (inductively) that expansions of

(3) (3)

8(3’1’1) and 8(2,1) are known 1n terms of the generators

In particular, if hook \ 1s small (less or equal k) then




Athne symmetric group W of type A\;

W generated by elements {Sg, S1, 82, ..., Sk}
2 __
sy =1

S§iSi4+157 — Si+15¢5i+1 ii+1 (mod k+ 1)

S48 — 5454 i—j % k,0,1 (mod k+ 1)

W() is the subgroup generated by {81, S2,..., Sk}

W/ W0y =cosetsof Wy  are in bijection with
k-bounded partitions/(k+1)-cores
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Weak order on 3-cores







3-cores/2-bounded partitions
Cosets of S as subgroup of atfine S;

!

minimal length Paths in the weak

coset representatives order from
/ the empty core

Reduced word for minimal length
coset representatives

515052515250




Weak order on 4-cores




























Limitas f — o0

Young’s lattice =

order by inclusion




Thomas Lam

Consider elements of the athine nil-Coxter algebra

2
u; =0

U;Uj41U; = Uj41U; U417 i,i+ 1 (mod k+ 1)

Ui Uy  Us i—j= k0,1 (modk+1)

U A cychcally decreasing word k-1

with content A

if 3,2+ 1 € A, u; comes before uiﬂ




Let 7V be a (k+l)-core
Ui acts on 7} by adding j-addable corner if possible

k=2

the result 1s 0 otherwise




U A cychcally decreasing word

with content
if 3,4+ 1 € A u; comes before U;41

213
0

3
0l 112[3]

adds a horizontal strip

3[0
Ol

acting by all cyclically decreasing words adds

all possible horizontal strips

h,(v) = ZV




A®) = Qlhy, ha, ..., hy] ~ Q[hy, h, ...

w: Qlha, ha, ..., hx] = Qhy, b, ...

k k
3 = u(s\")

Say then that we determine:

sg\k) — Z Cop W

w
w 1s 1in the athine Nil-Coxeter algebra

Cw coefhicients




k-Littlewood-Richardson coetficients:
Sg\k)s(k) _ Z Cigc)s(yk)

L
v

Viewing this in terms of actions on cores:

5500 = ¢(p)
k v(k : k
sg\ )c(,u) = Z c/\L )c(u) with sg\ ) = chw

|4 w

1s equal to ¢y, 1if there exists a w s.t.

we(p) = ¢(v)
















We haven’t come up with a k-LLR rule, but can reduce
it to a more manageable problem

LLet R be a rectangle with hook = k
(k) (k)

SRS\ = SRUA

AN — °Ri1°Ra° Rq°5

where each of the R; are rectangles with hook =k

and the partition \ contains less than k+2-r parts of size r




combinatorial formula #1

R=((k+1-—7r)")

U isa reading of the

grey = contents + k+1-r

white = contents

Example: k=4 R=(2,2,2)

U4UIUQULUTUY T U2ULUZUQULU] T USU2ULUIUQU4 + UTU2ULUIUOU] + UTUZU2ULUZUQ

TU2UTUIU2ULUZ F UoUT U2U4LUQUL F UQUTUZU2ULUY + UoU2UL UIU2U4 + UTUUIUT U U2




combinatorial formula #2

R=((k+1-—7r)")

SR — E UAUALITUALD """
|A|=k+1—1r

Example: k=4 R=(2,2,2)

4 0|12
0 1123
1 2|13 |4




More geometric formula

F:{(a17a27°°°7ak+1):a’i S {071},Zaz:]€+1—r}

SR — Z pseudo-translation by 7
yel
Example: k=2,

R = EE




























So then what remains to give an explicit k-Littlewood
Richardson rule 1s to give more explicit formulas for
0
A

where )\ contains no rectangles with a k-hook.

For a fixed k there are k! such partitions.




