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Classical application of symmetric functions to representation theory

Gl, X S, acts on the tensor space
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Classical application of symmetric functions to representation theory

Gl, X S, acts on the tensor space
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Representation theory prugt

nk =#{(P,Q) € SSYT{‘Wn X SYT* : shape(P) = shape(Q)}

Combinatorics . p
(X +xX+ - +x,) = Zf $1(X15 X9y 0y X7)

Symmetric functions
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Still classical, but less well known application of symmetric functions

0, —— V® _____ Brauer(n)
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Schur-Weyl duality R. Brauer (1937)
Weyl character formula - characters of the irreducible O, modules
Koike-Terada 1990’s defined basis  0,(x, X5, ..., X,)

Sundaram 1990’s orthogonal tableaux models



See-saw pair - restriction is the same on both sides

Brauer,(n)

ANd
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partition algebra
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Schur-Weyl duality Martin and Jones in 1990’s
Orellana and Zabrocki (2016) - character basis as symmetric functions §,(x;, x,, ..., x,)

Assaf-Speyer - transition §, — s, is alternating with respect to degree

vascillating tableaux - Halverson, Ram, Lewandowski 1990°s

set valued tableaux - Benkart, Halverson, Harman + COSSZ around 2020
Colmenarejo, Orellana, Saliola, Schilling, Z.
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®k propagating partition algebra

Prop,
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Kudryavtseva, Ganna; Mazorchuk, Volodymyr (2008).
"Schur—Weyl dualities for symmetric inverse semigroups”.

Schur-Weyl duality

Mishra, Ashish; Srivastava, Shraddha (2021).

rook Kronecker "Jucys—Murphy elements of partition algebras for the rook monoid"

Assaf-Speyer (2018) (+ Orellana-Zabrocki 2019 for comment of relation to rook monoid)

Xy(Xpy oaes X)) = Z S"ﬂ(xl, s X))

Alu 1s h—strip



See-saw pair - restriction is the same on both sides
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Focus of this work: determine how x,(x;,x,,...,x,) relates to this picture.



See-saw pair - restriction is the same on both sides
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Answer: X,(x;,X%,,...,x,) are the irreducible characters of the rook monoid
(partial permutation matrices)




O characterizations of the X /l(xl, ‘oo xn)

one: power sum expansion
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where A = (1™12™2...¢™¢) and p is the Mdbius function on integers.



O characterizations of the X /l(xl, ‘oo xn)

one: power sum expansion
P iy S
~ A v . YT .m, |
Ty = E Xs. ()= with px:=][i™ ]I (; ZN(Z/d)pd) —n
vFn Z’Y 1>1 n=0 d|i
where A = (1™12™2...¢™¢) and p is the Mdbius function on integers.

two: dual basis

The set {#,} is the graded dual basis to {s\[Q — 1]} with respect to the
scalar product on symmetric functions.

Q=1+ ) hy,

n>1



O characterizations of the X /l(xl, ‘oo xn)

three: evaluations are symmetric group characters
p| = [Al, then Zx[=,] = Xé'n(,“) | < [Al, ZA[Eu] =0

fl=,.] evaluation f at eigenvalues of rook monoid matrix with cycle structure



O characterizations of the X /l(xl, ‘oo xn)

three: evaluations are symmetric group characters
p| = [Al, then Zx[=,] = Xgn(ﬂ) | < [Al, ZA[Eu] =0

fl=,.] evaluation f at eigenvalues of rook monoid matrix with cycle structure [t
four: evaluations are rook characters
~ — . )\
ul = A, 2x[EL] = X&, (1)

characters of rook monoid - Solomon (2002)



O characterizations of the X /l(xl, ‘oo xn)

five: structure coefficients are the smash product or “Heisenberg” product

The set {Z)} is the unique basis whose structure coefficients are the same
as the smash (or Heisenberg) product coefficients on Schur functions and
Tir = e, for allr > 1.

smash product interpolates LR & Kronecker due to Aguiar-Ferrer-Moreira (2004)
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five: structure coefficients are the smash product or “Heisenberg” product

The set {x)} is the unique basis whose structure coefficients are the same
as the smash (or Heisenberg) product coefficients on Schur functions and
Ti1r =€, for allr > 1.

smash product interpolates LR & Kronecker due to Aguiar-Ferrer-Moreira (2004)

siX: transition coefficients from homogeneous basis count multiset tableaux

hu — E ]C)wff;)\ 13
A

11223

example with ¢ =(3,2,2) A= (2,1)

K. s the number of multiset tableaux of shape A and content



TODO:

AV

2~ monomial and Schur expansions of X,

Sz structure coefficients of 56/1 . )’Zﬂ — Z
yH|A]

zs combinatorics of multiset tableaux
(e.g. crystals, notion of lattice, etc.)



